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Results are presented of detailed numerical calculations for the spin excitations of a two-dimensional elec-
tron gas confined to a quantum weDW) of finite width w, at magnetic fields corresponding to both fractional
and integral Landau levéLL) fillings v%%, 1, 3, and 5. The Hamiltonian matrix of up M= 14 interacting
electrons is diagonalized exactly in Haldane spherical geometry, neglecting excitations to higher orbital LL's or
to higher QW subbands. At sufficiently low Zeeman endigy spin wavegSW's) and skyrmions are found
at v:% that are composite fermion analogues of the reversed-spin-electron—hole excitations known to occur at
v=1. Only for sufficiently largev are stable skyrmions found fer=3 and 5. Their stability depends upon the
interaction pseudopotentials of their constituents. We propose a criterion on the pseudopotential needed for
skyrmion stability, and construct phase diagrafimsthe w-E, plane for skyrmions of different size. The
SW-SW and skyrmion-skyrmion interactions are also discussed, and the noninteracting SW condensates as
well as the skyrmion fluids with Laughlin correlatiofest intermediate skyrmion densitjeare proposed.
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. INTRODUCTION rangee-e (or h-h) repulsion we mean here such that causes
the tendency for the electroisr holes in the lowest-energy
The low-energy dynamics of a two-dimensional electronmany-body states to avoid one or more pair eigenstates with
gas(2DEG) in a strong magnetic fielB is determined by the the smallest average pair separatigr?). This tendency
particular form of the electron-electroe-g) interaction in a ~ can be considered a more general definition of Laughlin cor-
macroscopically degenerate, partially filled Landau levef€lations than the occurrence of the Jastrow prefactor
(LL).31n the lowest LL, the short range of thigepulsive  Ii<j(z—~2)™ in the many body wave function, the latter
interaction results in a particular form ofLaughlin ~ P€ing characteristic of the Laughlim=(2p+1)"" state

f 28-30
correlations! Namely, at each given density, yielding a onlly in the lowest kLbl hat both f 55 and G
fractional LL filing »= 0 dg/B=2m0\2 (dg—hcle is a t is quite remarkable that both featurésand (i) repeat

‘ ) *at different (integral or fractiondl filling factors v. The
magnetic flux quantum and = y#c/eB is the magnetic | aughlin correlations in a partially filled lowest LL allovat
length, the electrons tend to avdifl as much as possible |ow energy the mapping of the original electron system near
(within their Hilbert space severely limited by the LL quan- »=(2p+1)~! onto the system of weakly interacting quasi-
tization) the pair eigenstates with the highest repulsion, thaparticles(QP’s) with (2p+1) times smaller degeneragy
is with the smallest relative pair angular momentd®n  of their quasi-LL's?? It is a matter of preference whether the
=0, 1, 2, ... .This microscopic property is responsible for reduced quasi-LL degeneraqy* =g/(2p+1) is attributed
a variety of macroscopic, experimentally observable effectsl0 the fractional charge-e/(2p+1) of the QP's(Refs. 4
A well-known example is the fractional quantum Hall nd 23 or, as in the composite fermidiCF) picture;”*to
effect"” in which a finite gap for charge excitations at th'e partial canC(_aIIatlon of the magnetic fleBcby the Qh_ern-
12 N imons gauge field. In any case, the effective QP filling fac-
=§,g,'etc., causes quantlzzat|on of the Hall conQuctance a?or is v*~1 (which allows interpretation of the fractional
the universal values,, = ve‘/h. Another example is a non- - quantum Hall effect of electrons as an integral quantum Hall
linear dependence of the spin polarizatipon the magnetic  effecf” of QP’), with small residual interaction between the
field B (or density nearv=1 (in the systems in which the (charged QP’s.
Zeeman energ¥, can be made sufficiently small to allow  The answer to the question of whether the low-energy
spin excitation® 14 related with the existence of particle- spin excitations of all these similar systems are indeed simi-
like excitations carrying massive spin—generally calledlar (and, e.g., include stable skyrmigris in the details of
skyrmiong®~8and equivalent to the topological solitons of this residual interaction within the relevant electron or CF
the O(3) nonlinear sigma (N&) model in two LL. This question is not at all trivial. It is known, for ex-
dimensiong®-% ample, that the electron correlations in partially filled higher
Two main features determine the properties of the 2DEQ.L's are qualitatively different from those in the lowest
in the quantum Hall regime(i) the degenerate LL structure LL.?273C Similarly, the short-range behavior of the interac-
of the single-particle spectrum an@) the characteristic tion between QP’s of the Laughlin=3% state allows both
short-range repulsive interaction between the parti@ec-  quasiholed' (QH's) and minority-spin  quasielectroits
trons e or holesh) in a partially filled LL! By the short (QEg's) to form Laughlin vop=3 hierarchy stategcorre-
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sponding tov=2 and 53, respectively, but forbids the for-  spin excitation spectra at=3, 1, 3, and 5. We identify spin
mation of this state for majority-spin quasielectrdn®E’s).  waves and skyrmions in each system, and analyze their
To make things more complicated, the effective 2D interacsingle-particle properties as well as their mutual interactions.
tion in realistic systems depends also on the details of th¥ery similar spectra are obtained at 3 and 1, and, if the
confinement(in the z direction, perpendicular to the 2D layer widthw is sufficiently large, also at=3 and 5. We
layen.>3 confirm that skyrmions are the lowest-energy charged exci-
The validity of exact numerical studies of small systemstations in all these systems if the Zeeman enekgis suf-
in describing experiments is based on two observationdiciently small.
First, for problems in which short-range correlations play We show that the formation of particlelike skyrmions in
dominant role, the system size must only exceed the corresome systems but not in othefdepending on the filling
lation length. Second, the qualitative behavior of the relevanfactor, well width, and interactiongoincides with the occur-
QP-QP interactions as a function &f is independent oN, rence of the condensed states of a macroscopic number of
the number of electrons, and the pseudopoté’lM@L_QF(R) nearly noninteracting charge-neutral spin waves each with
converges rather quickly @~ ! is decreased. Moreover, for angular momentum of equal length=1 and oriented paral-
the physical situations in which neither screening nor disoriel to one another. The energy of these statdgiésrly lin-
der play an important role, excitations to higher LL's can beear in spin polarizatiory (and thus it remains finite af
neglected. Another common approximation used in this pa=0) giving rise to a gapless and continuous density of states.
per is the confinement of the electrons and holes to theiOn the other hand, the correlations between charged
lowest QW subbands, in narrow QW's justified by the largeticlelike) skyrmions are expected to be of Laughlin type,
excitation energy in the direction#2/2mw?. meaning that the skyrmion pair eigenstates with the smallest
The spin excitations at=1 have been investigated both R are maximally avoided®?®=**This can be rephrased in
experimentall§~* and theoreticall??*34~*%and not only  terms of an effective spatial isolation of skyrmions from one
in an extended 2DEG but also in finite-size quantum Hallanother, and the absence of high-energy skyrmion-skyrmion
droplets®~*?|t is noteworthy that an exact mapping betweencollision£®~%—even at their larger densities, beyond the
the unpolarized electron7¢]) and polarized electron— melting point of the Wigner cryst4f.=4°
valence-hole ¢-h) systems in the lowest L[Ref. 53 makes We also determine a criterion for the occurrence of skyr-
a skyrmionSy at v=1, consisting oK spin waves bound to mions in a system of spia- particles half-filling a spin-
a spinq electron or to a spin-hole, equivalent to a charged degenerate shelke.g., in a system of electrons or Laughlin
multiexcitorr®>® (X), consisting of K neutral excitons QP’s atv=1 and an arbitrary layer widttv). We find that
bound to a conduction electron or to a valence hole. Thighe particle-particle interaction pseudopotentialy(R)
mapping relies on the fact that the electrongnd |) and ~ must(i) be strongly repulsivésuperharmonf®?9 at R=0
hole LL bands are both dispersionless and thus equivaleri¢ cause decoupling of the many-body states that avoid hav-
despite different electron and hole effective masses. Thing R=0 pairs from all other statefskyrmions are exact
mapping allows cross interpretation of the results of (dwe eigenstate's of the ideal short-range repulsion with¢(0)
perimental and theoretigastudies of spin and optical exci- =], and(ii) decrease sufficiently quickly with increasifiy
tations. betweeriR=1 and 3;R=3 and 5, etc. to make the skyrmion
Unlike in the integral quantum Hall regime, skyrmions at energy decrease with increasing the topological chatge
v=1% (proposed by Kamillaet al>®) were only recently de- (size and, in particular, bring the skyrmion energy band be-
tected in a transport experimet® thanks to a sufficient low the energy of the spin-polarized QP state. For systems
reduction of the Zeeman gap, by means of hydrostatic with broken particle {)-hole (|) symmetry(e.g., atv=3),
pressure. Subsequent numerical calculdfi@iso indicated the latter condition must be rephrased in terms of the
the formation of small skyrmions and antiskyrmions in particle-hole pseudopotentisd., which (iii) must increase
finite-size fractional quantum Hall systems. However, themonotonically as a function of wave vectir
question of why similar spin excitations occur in the=1 The above criterion allows prediction and explanation of
electron system and the* =1 CF system despite different the occurrence or absence of skyrmigasd the resulting
e-e and CF-CF interactiori has not yet been answered.  type of dependence of spin polarizatignof the 2DEG on
The situation in higher LL's is not yet completely under- density or magnetic fiejdat an arbitrary filling factorv,
stood, either. First, it was predicf@d*that skyrmions do not layer widthw, density profile across the layen(z), etc.—
occur atv=3,5, etc. This prediction was soon confirmed based on the analysis of the involvee, e-h, QE-QE, QH-
experimentallyf? Then it was founff that a finite width of a  QH, or QE-QH interaction pseudopotentials. This criterion is
quasi-2DEG stabilizes skyrmions in higher LL's. Indeed,somewhat analogous to the one for Laughlin correlations in a
rapid spin depolarization aroundv=3 was recently partially filled shell®?®-*which explained compressibility
observeff* in a rather wide, 30 nm quantum well. While it is of the spin-polarizedv=7; state =3 state of Laughlin
clear that the finite width enters the problem of an isolatedQE’s) and incompressibilitf of the partially unpolarized
higher LL only through the weakening of tieee repulsion at ~ state at the same=1; (v=13 state of QR's).
short range, the class of interactions for which skyrmions are Although the model used as well as the qualitative physi-
stable has not yet been generally defined. cal picture obtained seem adequate for the actual 2D systems
This article is an extended version of our short rfStle  studied experimentally, at least at=1 (where the experi-
compare the results of detailed numerical calculations of thenents are most accuratsome of the numerical values
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poorly agree with experimental data. For example, thependicular magnetic field, only the layer widthh must be
charge-excitation gapstotal energy of a noninteracting distinguished from the well width. In typical GaAs wellsis
skyrmion-antiskyrmion pair; not showonsistently overes- larger than the well width by 3—3.5 nm due to a finite barrier
timate the experimental valud$.This inconsistency is height.

known from previous calculations using similar  The Hamiltonian of interacting electrons confined to the
approximation$? and it occurs even for the simplest case ofnth LL can be written as

the pair of smallest =0) skyrmion and antiskyrmion, that
is for the unbound reversed-spin electron and the hole. oot
Therefore, we attribute this inconsistency to using inad- H:z Cmyo©
equate self-energies for these two quasiparti¢liese to ne-

glecting the inter-LL and intersubband excitations, disorderWherec!,, andc,, are the electron creation and annihilation
the tilt of the magnetic field, and possibly other omitted ef-operators, and the interaction matrix elements are calculated
fects present in the experimemather than in inaccurate de- for the potentialVy(r) and they are connected with the

scription of their mutual interactions, which are the mainpseudopotentiaV(R) through the Clebsch-Gordan coeffi-
focus of the present study. cients. HamiltonianH is diagonalized in the basis of

N-electron Slater determinants

ng'CmSU’Cm4a< m1m2|V|m3m4>, (1)

Il. MODEL t

myoy

T |vag, 2

|myoy- - -myoy)=c “Cmyon
The model used here is essentially that of Ref. 32, except
that in the present calculation we do not include valencewhere|vac) stands for the vacuum state. While using basis
band holes. A finite system dfl electrons is confined on (2) allows automatic resolution of two good many-body
Haldane sphefd of radiusR. The radial magnetic fiel@ is  quantum numbers, projection of spi§,&=o;) and of an-
due to Dirac monopole, whose strengti) s defined in  gular momentum I(,=>m;), the length of spinS and of
units of flux quantume,, so that 4rR°B=2Q¢, and R>  angular momentuniL) are resolved numerically in the di-
=Q\2. The single-electron stafé$® are the eigenstates of agonalization of each,,L,) Hilbert subspace. In addition
magnitude and projection of angular momentuhefdm)  to SandS, we will also use the quantum numblr= 3N’
and of the spin projectiond«), and formg-fold (g=21+1) —S, whereN’=min(N,g—N), which measures the number
degenerate LL's labeled hy=1-Q=0, 1,2,.... of reversed spins relative to the maximally polarized state.
The cyclotron energyiw B is assumed much larger The results obtained on Haldane sphere can be easily con-
than the Coulomb interaction energy.=e?/\ =B, so that  Verted to the planar geometry. The charged partitdesex-
the excitations between LL's can be neglected, and only &itations in a magnetic field move along closed, circular
single, isolatednth LL need be considered. On the other (cyclotron orbits, which are similarly quantized in both pla-
hand, no assumption is made about the Zeeman spin splittif@ar and spherical geometry. To convert between the two ge-
E, (except thaE,<Ec), which in GaAs can be made arbi- OmetriesL and L, of the sphere must be appropriat€ly?
trarily small by applying hydrostatic pressure. The ratio replaced by the total and center-of-mass angular momentum
=E,/E. of energy scales associated with spin and charg®rojections on the planél andM; , . On the other hand, the
excitations(within an isolated LI is a small free parameter magnetic field does not affect the orbits of neutral particles
of the model. (or excitationg, which move along the straight lines on a
Unless it is much larger than, finite layer widthw enters ~ Plane and along the great circles on a sphere. The quantiza-
the prob]em by On|y mod|fy|r|ﬁ the quasi_ZD interaction tion of motion of these ObjeCtS Ooccurs Only in a finite SyStem
pseudopotentia¥(R). In the lowest LL, the effects due to a (such as a spheredue to the unphysical boundary condi-
finite w can be adequately modeled by merely reducing thdions. In our calculation this quantization is an artifact of that
Coulomb energy scalg. by a factoré, <1 compared to the disappears in the limit of an infinite sphere radiie.— 0.
ideal w=0 case £,~ % in typical samples However, the To convert to the planar geometry, the discrete §pherica| an-
situation is very different in higher LL's, where evenvifis ~ gular momentuni. must be replaced by the continuous lon-
sufficiently small that the intersubband mixing can be ne-gitudinal wave vectok defined by the following relatioh
glected, it affects not only the overall energy sEaleut the =KR=kAQ.
shape ofV(R), and thus the electron correlati6&—3°as
well. To address this problem, we have included fimitén lll. INTEGRAL QUANTUM HALL REGIME
the calculation for higher LL's by using the quasi-2D Cou- (LOWEST LANDAU LEVEL )
lomb e-e potentialV4(r)=e?/\r?+d?, which is knowr**¢®
to reproduce well the pseudopotentid(R) for w~5d.
Here,w is the effective layer width obtained from fitting the  Let us begin the discussion of spin excitations of the
actual lowest-subband density profil¢z) with cog(wz/w). 2DEG in the integral quantum Hall regime with the energy
Certainly, with only one parameter to descrip€z), this  spectrum at precisely=1. The single-spin-flip excitations
model may be quite inaccurate for some physical situationdspin waves(SW)] at this filling factor were first identified
such as for asymmetrically doped QW's or heterojunctionsby Kallin and Halperin? and the excitation spectra for an
or for the effects in tilted magnetic fields. However, it cap- arbitrary spin polarization were previously studied in some
tures all the essential physics of a symmetric layer in a perdetail in the context of the finite-size quantum Hall

A. Exactly filled level
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(b) N=2l+1, v=1
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FIG. 1. (@) The energy spectruniCoulomb energyE versus
angular momentuni) of the system ofN=12 electrons in the
lowest (=0) LL of degeneracyg=2l+1=12 calculated on the
Haldane sphereSis the total spin, an&k= %N—S is the number of
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level, and is also called a spin-exciton. Its dispersion curve is
given by Esy(k) =Eo+Ez+EcyVm/2[ 1—exp(— )l o)1,
wherex=Kk\/2 andl 4 is the modified Bessel function, and it
is shown in Fig. 1a) with a dashed line.

Interestingly, Fig. 1a) shows that a single SW is not the
lowest-energy excitation @t>1. Instead, the lowest excita-
tions form a band wittK =L and energynearly linearin K
(solid ling). This (nearly linear dependenc&(K) can be
interpreted as thénearly perfect decoupling of SW’'s each
with L=1, earlier pointed out by Oakniat al>! Denoting
the energy of one SW withh.=1 by &g allows us to ap-
proximate the lowest state withK reversed spins by
Esw(K)=Eg+Kegy. Note that a pair of SW’s each with
L=1 can be in either parallel or antiparallel state, with
=2 and pair angular momentulr=2 or 0, respectively. It

reversed spins. Dashed line: single spin wave; dash-dotted linefo!lows from Fig. 1a) that theL =2 state containing a pair

states containing equal numbers lof1 spin waves; solid line:
condensates of noninteracting=1 spin waves.(b) The energy
dispersionenergyE versus spin polarizatioti= K/N) for the spin-
wave condensate statesiat 1, calculated foN<14 electrons ex-
actly filling their lowest LL (N=2I+1). (c) The dispersion otb),
but with inclusion of a lateral confinement teinf) and plotted as
a function of normalized angular momentufn. \ is the magnetic
length and arrows mark the same state in each frame.

droplets°>®? In this section we review some of their results

of SW’s is noninteracting, while the= 0 state of such a pair
is repulsive(the SW-SW repulsion energy bt=0 decreases
as a function of system size, and fde=12 it is ~0.0FE,).
Similarly, the states containing the numbémnf SW’s each
with L =1 (see dash-dotted lingsan have total angular mo-
mentumL=K,K—-2,K—4,.... However, only theL=K
state does not contain any SW-SW pairs with 0, and thus
only this state has enerdy=Eg(K), while all others have
E>Egw(K).

Although we have not calculated the actual overlaps, the

as they are confirmed by our calculations for the purpose oibove arguments lead us to the conjecture thatLtkek

making the comparison with the=3 case more clear. Our

low-energy excitations of a 2DEG at=1 are the uniquely

original conclusions presented in this section are those reordered states of noninteracting SW's. In these states, the
garding the SW-SW interaction and, in particular, the connumberK of SW’s all have the same angular momentum of
densation of SW's into a state with finite angular momentumone (and the same energy,,), and they are all oriented in

In Fig. 1(a) we show the finite-size spectrum for=12
electrons on Haldane sphere with LL degenergey2| + 1

parallel to give a sum olL=K. In the following these
many-SW states will be denotélly and referred to as SW

=N. This and all other spectra in Secs. llI-V have beencondensates.

calculated assuming zero widthwE&0) of electron layer,
while the spectra fow>0 will be discussed in Sec. VI. In all
the spectra in the paper the excitation endfgyE, is given
in the units of Ec=e?/\, measured from the enerdy, of
the lowest maximally spin-polarized statbere, thev=1
ground statge excludes the Zeeman enerBy, and is plot-
ted as a function of total angular momentun(for waves,
related to longitudinal wave vectde by L=kR=kx\ JQ).
Different symbols mark multiplets of different total sp
and only the lowest state is shown at eacdndS. The labels
show the numbeK of reversed spingrelative to the maxi-
mally polarized state

It is well known'3'%that (at least without disordgrven
in the absence of the Zeeman energy gap<0) the ground
state(GS) of the 2DEG atv=1 is spin polarizedferromag-
netic and translationally invarianthence, nondegenerate

The exact mappimg between the two-spin electron sys-
tem (1-]) and the electron—valence-hole-f1)) system in the
lowest LL allows the expression of the above statement in
terms of the interaction between interband magnetoexcitons;
namely, theL=1 excitons in the lowest LL do not interact
with one another and they condense into correldtedK
states. Although similar, this symmetry is independent from
the well-known “hidden symmetry* of the e-h systems.
The latter is a direct consequence of the invariance of the
interaction energy of thé-| systems under the rotations of
the total spin. It is exact in the lowest LL and, among other
effects, causes decoupling bf=0 excitons>%¢~%|n con-
trast, the symmetry presented here expresses the tendency for
the system of many excitof§W'’s) each withL =1 to avoid
having exciton pairs in higher-energy eigenstates with0,
and instead havingg =2 for each pair. Since the energy of

At the exact half filling of a spin-degenerate LL, this GS istheL =0 pair is finite, the two-exciton angular momentum is
the only state with zero projection onto the most stronglynot conserved in the interacting many-exciton system, and

repulsive e-e pair eigenstate alR=0. Indeed, Fig. (&)
shows a GS aK=L=0. Because of the complete filling of
the spin{ n=0 LL in the ferromagnetic GS, the only exci-
tations below the cyclotron gapw. are the spin waves
(SW's) with L=1,2,3.... A single SW consists of a va-
cancy(hole) in the spin{ level and an electron in the spin-

this symmetry is only approximate. It is somewhat analogous
to the symmetry that describes the tendency of the electrons
in the lowest LL to avoid the high-energy pair eigenstates
and is responsible for Laughlin correlation%28—3°

To determine the energy spectrum of an infinite 2DEG we
have compared data obtained for different electron numbers
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N=14. As shown in Fig. (b), it turns out that the enerdyy 1
of W excitations is a nearly linear function of the “relative”
spin polarization{=K/N. Namely, E\y=Ey+u{, with the
slope that we estimate as~1.15%E. This fact reflects the
extended character of the SW’s and has a couple of obviou:
consequences for the thermodynamic limithofsco: (i) For
anyE,# 0, the interaction energy,(K) —EyxK/N of each
correlatedWy state is negligible compared to its total Zee- o
man energyKEz. (ii) The gap for spin excitations is pre-
cisely the Zeeman galp, ; if this gap can be close@.g., by

- (%)

(¢) Ez=0.026%/A [

E-E

, :
applying hydrostatic pressyrethe v=1 ferromagnetic GS 6 4 2 0 02 04

. o K K/N
becomes gapless, the density of states foMheexcitations
becom_es cont.inuous, and a macroscopip nu_mbNIkBT/g _ FIG. 2. (3 Same as Fig. (8 but for g=2I+1=13. Dashed
of noninteracting SW’s occur at an arbitrarily small finite line: single spin wave in the presence of a hole; solid line: spin-
temperature. wave condensates in the presence of a hole; dotted line: skyrmions.

To remove the dominant linear term froly,({) and (b) Same as Fig.(b) but forN=2I, i.e., one hole in the=1 state.
study the small nonlinear correction, in Figcllwe plot the  The skyrmion and spin-wave condensate energies are plotted as a
energy spectrum shifted by an additional linear tdri. function of numbered of reversed spiksand spin polarizatiorf
Physically, this term describes a harmonic lateral confine=K/N, respectively(c) Open and full symbols: skyrmion disper-
ment applied to a finite-size planar=1 droplet®®>2The  sion of (b) for N=14 without and with Zeeman enerd{E; .
confinement strengtlf) is chosen so that the=1 GS is
degenerate with the next “compact droplet” statekat 1
andL=N-1 (compact-droplet eigenstatds® C, with K
>1 are created byIlg'c/ ; ,c_j;, acting on C,
=I,,-_,ch [vag, i.e., on thev=1 GS. To compare data
for differentN, the energy is plotted as a function of normal-
ized angular momenturg, = (L —s?)/(N—2s), wheres is
equal toK of the nearesCy state, so thaf, increases with
L ?nd equalsK in eachCy state (note that{, =¢ for ¢
$§).

Clearly, the nonlinear correction #,— E, is also a well-
defined function of or £, with a minimum at, =%, i.e., in
the highly correlated singletS=0) state marked with ar- 1,16 clear. Because of the exact particle-hole symmetry in
rows. If bothE; andN are sufficiently small, the energy of the lowest LL, the system ai+1=g can be viewed as

this singlet stateEy,(3) —Eq+3NQ~—0.0Ec+3NEzcan  containing either one hole or one extra electron inal GS
remain negative. Then, the sublinear behavioE¢f,) be-  of 13 electrons, and will be labeled as-1*. Clearly, while
tween/, =0 and3 implies an abrupt transition from the  the right-hand part of the spectrutthe single SW and.
=1 ferromagnetic GS to thg =3 singlet GS(skipping in- =N-S bands al.= $N) resembles that of Fig.(4), a new
termediate spin§) of a finite-size quantum Hall droplet as a band of states with =S appears at &L <3N, at an energy
function of 0.°>*20n the other hand, the superlinear behav-below the lowesK =0 state. These are the skyrmion states
ior of E({,) between{, =% and 1 implies that a further of topological charge, denoted here b, and first identi-
decrease of) drives a quantum Hall droplet from th®  fied in nuclear physics by Skyrreand in the fractional
=0 state to theS=N—1 compact state through a series of quantum Hall systems by Sondéf alX® In these statesK
GS’s with all intermediate spins. =1,2,..., SW'shind to a hole(to be more accurate, these
are antiskyrmion states; skyrmions are their particle-hole
conjugate states consisting of SW's bound to an elegtian
B. Additional particle or hole in filled level the e-h picture, the S¢ states mai? onto the charged

What truly ignites the abrupt depolarization of a finitke ~multiexcitons$***X;, consisting oK e-h pairs bound to an
=1 droplet under the variation of the lateral confinement isextrae or h.
the insertion of an additional reversed-spin partiéfem the To understand the energy spectrum of an infinite 2DEG at
edge into the bulk of the droplet. This effect is a conse- »=17, in Fig. 2b) we compare data obtained for different
quence of a more general phenomenon—the occurrence & Similarly to theL=K band atv=1, the energy ofL
particlelike charged excitations with macroscopic spin called=N—S states aty=1* turns out to be aearly linearfunc-
skyrmionst®~1° Let us consider dpossibly infinit¢ system  tion of the spin polarizationE{,=Ey+u’{, only with a
of spin4 fermions half filling (v=1) a degenerateE,  slightly increased slopey’ =u+uv with v ~0.3E¢. Since the
=0) shell of single-particle states and forming a ferromag-angular momentunb.=N—S can be obtained by addirlg
netic GS in accordance with a standard atomic Hund’s rule=K for the Wy condensate ant=3N for the single hole
Depending on details of the interaction pseudopotential, adiassuming their parallel orientatiprthe positive energy/N

dition of a single particle or hole to such system may or may
not cause its complete depolarization, that is a transition to a
highly correlated singlet GS in which half of the electrons
flipped their spins. Examples of systems in which such de-
polarization does or does not occur are electrons in the low-
est LL or in an atomic shell, respectively.

The effect of removing an electron froma=1 GS is
presented in Fig. (@), showing the energy spectrum bf
=12 electrons at =12 (i.e., N smaller by one than the LL
degeneracyg=2l+1). Similar spectra were first analyzed
by Xie and He}” and again, we are repeating some of their
conclusions here to make the comparison with thes
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can be interpreted as the repulsion between a finite-size hokze(K) or density, the skyrmion&t sufficiently low density,
and (oriented “parallel” to it) one extended SW. i.e., atv sufficiently close tov=1) will be effectively iso-

In view of their charged multiexciton interpretatfrin lated from one another. This makes finite size skyrmions
the e-h picture® it is not surprising that the relevant quan- well-defined quasiparticles, virtually unperturbed by the
tum number to label the =S skyrmion excitationsSx in an  skyrmion-skyrmion scattering, and excludes many-skyrmion
infinite system isK (and not{=K/N appropriate forWy effects from a possible spin coupling of a 2DEG to magnetic
condensatgsIndeed, Fig. th) shows that the excitation en- particles.
ergy Es— E, of the S¢ states is a function dk (rather than A consequence of Laughlin skyrmion-skyrmion correla-
of ¢), with the discrete series of values Bf(K) quickly  tions with possible experimental implications is the follow-
converging asN is increased[careful extrapolation to ing dependence of the average skyrmion gike and mo-

N—o gives® bility in a macroscopic system on the filling factor. At
sufficiently close to 1{K) remains independent of and
Es(K)—Eq=-0.0529,-0.0828,-0.1018,.. ., equal to the valu& describing an isolated skyrmiga func-

) tion of »=E,/E; andw; see Figs. 11 and 12In this “di-
—i\m2=-0.3133 forK=1,2,3,.. ., % |0 regime, an increaséor decreaseof v away from 1
all in units of E¢]. The fact thaEg(K) — E,<0 means thatin ~causes the increase of the effective filling factor of skyrmi-
the Sy state the attraction between the htde electron and ~ Ons (or antiskyrmion$ vg,=K|1—»| from 0 to 1, without
K SW'’s overcomes the creation energy of these SW's, angistortion of their individual wave functions. ACtua”y, it is
the ferromagnetic state witK=0 may become unstable. well known from earlier, field-theoretical studies USing the
Most importantly, as shown in Fig(@, if E, is nonzero but NLo model approacti~* that at sufficiently smallvs,
smaller tharE,— E<(K), then regardless of its actual value a SKyrmions freeze into a Wigner crystdl:*® This crystal is
particle-like GS will occur with an excitation gap that is also knowd’*®to melt at a critical value obg,,, and we
much smaller than the gap at precisely 1 (which is E). only_not|ce here that the fluid phase will have Laughlin cor-
In other words, introduction of additional electrofos holeg ~ relations. -
to the incompressiblee=1 GS with a gapE, will cause When » reaches a critical value of 45(#,w), corre-
significant reduction of the gap for spin excitatiofignd the ~ sponding tovg,,= 1, the crossover to the incompressible re-
objects that are able to reverse spin at low enemych gim.e'takes' place. In this regime, skyrmions remai_n locked in
below E,) are finite-size charged particléskyrmiong that @ rigid (fluid) state and uniformly cover the entire 2DEG
move in the underlying’=1 fluid on electronlike cyclotron aréa. A further change of beyond 1+ & causes their com-
orbits. The ability of(mobile) skyrmions to increase and de- Pression, that is dinean decrease ofK), but it does not
crease spin at an energy cost that is small compared to ar@ifect the complete coverage. Clearly, any experimentally
largely independent o (all in contrast to thev=1 state observed feature sensitive to the individual skyrmion wave
was first pointed out by Fertigt al®® Among other conse- function will remain constant 4t — v|< 5 and depend om
quences, it causes critical magnetic field dependence of tHuitside this range. On the other hand, the features that de-
spin relaxation rate for magnetic particles interacting withPend on the 2DEG coverage might be more sensitive ito

the 2DEG, such as ions, nuclei, or charged excitdns. the dilute regime.
While the decoupling of SW’s follows from the linear
dependence oE,, on K (or Ey, on K, for the SW's in the IV. FRACTIONAL QUANTUM HALL REGIME

presence of an extra electron or a hokke nature of inter- ) )
action between skyrmions follows from an earlier study of L&t us now, following Kamillaet al>> and MacDonald
the e-h complexes. It was shof®” that the interaction be- and .PaIaC|o§, turn to the ques'tlon of whether the spin ex-
tween any pair of charged excitoX§ (X: means an elec- Citations analogous to the spin-wave condensates $nd
tron or a holg with equal charge £ €) but possibly different ~ SKyrmion particles described in the preceding section might
sizes K+K') is repulsive and similar to the-e interaction. also occur in the fractional quantum Hall regime. On one

In particular, allK-K’ repulsion pseudopotentiaigefined hand, it is known that Laughlin correlatichim an electron

— -1 i i
as the pair interaction energyas a function of relative pair system ”3?_%5—(2“1) (wherep is an mtege)rallovy the
angular momentunR) have short range, implyiR§?° that mapping®~2° of the low-energy states onto the noninteract-

anX particle will have Laughlin correlatiofisvith all other "9 CF states with an effective filing factef’ ~ 1. This map-

+ . . . _ ing i lacing the electron LL
Xy particles in the system. The appropriate definition of theplng 's done by replacing the electron degenergdyy

T . ) g* =g—2p(N—1), which can be interpreted as attachment
short-range repulsion is that increases more quickly than 2p magnetic flux quanta to each electron. On a sphere,

linearly as a function of average pair separati@n), when s replaces P=2Q~(2p+1)(N—1) by 21* =2Q*~N

R is increased®*°and Laughlin correlations are described _;

by an appropriate Jastrow prefactor in the many-body wave op the other hand, it is the specific form of the interac-
function and mean the tendency to avoid the pair states withons petween the reversed-spin electrons and holes-dt
maximum repulsioiminimum average separatiprhis im- a4 causes occurrence Wi and S excitations, and the
plies that(at low temperaturean X,c does not undergo high- interaction between these excitations in an electron system is
energy collisions with any othet,, charges. Since the same quite different from the residual interaction between CF’s. A
must hold for skyrmions, we conclude that regardless of theiwell-known example demonstrating that the analogy be-

|56
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FIG. 3. Same as Fig. 1 but for the LL degenerapy 2l +1
corresponding to/=% (completely filled CF LL.
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FIG. 5. Same as Fig. 2 but for the LL degenerapy 2| +1
smaller by one than the value at % (one reversed-spin particle in
CF LL).

tween the electron and CF systems sometimes fails because - - _
of different interactions is the postulate of similar Laughlin =3 and 3" spectra. The latter reveals an only approxi-

correlations at the/=(2p+ 1)~ fillings of electron or CF

mate particle-hole symmetry within the lowest CF (itwas

LLs, giving rise to Haldane hierarchy of incompressible shown earlie? that the QH-QH and QEQEg interactions

fractional quantum Hall stat€d. For example, thev=3
states of the vacancies in the sgim=0 CF LL (Laughlin
QH’s) and of particles in the spip-n=1 CF LL (Laughlin
QE’'s) or in the spin} n=0 CF LL (reversed-spin
quasielectrorf§’’ QEg) correspond to the polarized strongly
incompressibles=Z and compressible= ;4 states:* and to
the partially unpolarized weakly incompressiler= 7%
state, respectively.

The examples of energy spectra at3 are shown in
Figs. 3a), 4(a), and Ja). The values of\ and 2 are chosen
so thatg* =7 in each frame and the “reference” state with
K=0 andE=E, is the Laughlin stateg* =N andv* =1),
one QH @*=N+1 and»*=1"), and one Qk (g*=N

are quite different This implies broken symmetry between
the skyrmion and antiskyrmion statésin contrast to thev
=1 case.

Let us analyze the spectra in Figs. 3, 4, and 5 in more
detail. The charge excitations of the Laughiir= 3 GS in
Fig. 3@ are all above the magnetoroton gagE—Eg
~0.08Z . for N=7) and are not shown. The spin excita-
tions include a single SWan excitonic bound state of a
QH-QE pair) marked by a dashed line. Below a single SW,
there is a linear band ofVy states withL=K which, in
analogy to thev=1 spectra, can be interpreted as the con-
densates oK noninteracting SW's each with=1 and all
having parallel angular momenta. As shown in Figa)3

—1 andv*=17%) in Figs. 3, 4, and 5, respectively. Some of Similarly as atv=1, the energy oWy states is anearly

the energies for smaller values &f and/or K have been
recently obtained by MacDonald and Palacios.

Clearly, the SW dispersiotgy(K), the linear Ey,(K)
band, as well as th&g(K)<0 band are all present in the
spectra, in analogy to Figs(d and Za). What is visibly

linear function of {, Eyy=Eg+u{, with u=0.05F ¢ (much

less than; times the value fo=1, that would only take
into account the smaller charge of e for QH’s and
QER’s). As atv=1, E(K)—Ey>xK/N means no gap and a
continuous density of states if the Zeeman gap can be closed.

different from thev=1 spectra is a smaller energy scale The comparison of Figs.(§) and ¥c) shows that applying

(predominantly due to a fractional charge of involved QH,

lateral confinement can also force the spin-polarized finite-

QE, and QF, quasiparticles and a discrepancy between the Size v=3 fractional quantum Hall droplet to undergo transi-

0.000
(c) K=1 o
el | &
g \996-@\ h ,
D A-Sky i
~ ——— -0.015
|_1J° 0 1/N 0.2
w
oo
N678
L=S
-0.02 (b) N=2|
v=1/3"
T T T T
4 2 0 0.2 0.4
K K/N

FIG. 4. Same as Fig. 2 but for the LL degenerapy2l+1
larger by one than the value at=% (one hole in CF L. Inset:
EnergiesEg(1) of skyrmions(data in following Fig. % and anti-
skyrmions(present figurewith K=1 as a function of inverse elec-
tron numberN 1.

tion to the spin-singlet$=0) correlated GS at = 3N, just
as it was atv=1.

The linear bands dt=N-— S found in Fig. 2 occur also at
v=3" in Figs. 4 and 5. By analogy, these states correspond
to a numbeK of SW’s each withL =1, coherently created in
the presence of a QH or QE The QH-SW and QESW
interaction constantw), obtained from theE,,=Ey+(u
+v){ fits as shown in Figs. %) and b) are remarkably
different, 0.03& and 0.01E, respectively.

The discrete skyrmion and antiskyrmion band& atSin
Figs. 4 and 5 also resemble thei=1 counterpart in Fig. 1,
and the energieEg(K) all seem to converge whel— .

For example, in Fig. &) the linear extrapolation of the en-
ergies of skyrmiongSky) and antiskyrmiongA-Sky) with
K=1, obtained forN=9, gives Eg(1)—Ey=—0.005E;
and —0.009F_, respectively. These are the critical values
of the Zeeman enerdy,, below which these excitations can
be observed experimentally. Note also that ke 1 skyr-
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FIG. 6. Same as Fig.(4) but for electrons confined to the first FIG. 7. Same as Fig.(3 but for electrons confined to the first
(a) and secondb) excited LL. (a) and secondb) excited LL.

mion and antiskyrmion states are perfect analogs of the inlinear. The sublinear and nearly parabolg,~Eqy+u{
terband charged exciton states, except thand h are re-  +y{? can be interpreted as an attraction betweenlthel
placed by Qk and QH. In analogy tar=1, the values of SW's and, based on data fbi<14, we findu=2.41E and
Es(1)—E, measure the binding energies of suftaction- y=-—1.6Z,for n=1, andu=3.4%. andy=—2.8& for
ally) charged CF spin exciton¥c.=2QEz+QH andXSe  n=2. In a finite-sizev=3 or 5 droplet, as a result of this
=2QH+QE;. attraction, the spin-singlet condensate kKf=3N SW'’s
It might seem surprising that the spin excitationsvat (marked with arrows in Fig.)lis an excited state at any
=1 and3 are similar despite different interactions betweenstrength of confinement(}), and the edge reconstruction of
electrons and CF’s. However, of all three types of QP’s athe »=3 or 5 ferromagnetic GSQ_) occurs directly to the
v=1, only QH and QF are involved in the low-energy spin next compact-droplet state;. This different behavior might
excitationsWy and S, and the QH-QH, QH-QF, and be probed in a transport experiment by sending a reversed-
QEx—QE; pseudopotentials describing their interactidh®  spin electron over a quantum dot containing a compact drop-
are all quite similar to the>-e and e-h pseudopotentials in let. It seems that a reversed-spin carrier would induce and
the lowest electron LL. On the other hand, the QE’s, whos&ind SW's when sent through e=1 or 5 state, and travel
interaction(at short rangewith one another and with other ballistically for v=3 or 5.
QP’s is very differenf! do not participate inW, and S¢ The lack of response to an addition of a reversed-spin
excitations. electron(from the edge into the inside of the droplehust
mean unbinding of skyrmions at=3 or 5. Indeed, th&y
states in the spectra fd&d+1=g in Fig. 7 all haveE>E,.
V. INTEGRAL QUANTUM HALL REGIME This means no skyrmions in higher LL's at any valueEof.
(HIGHER LANDAU LEVELS ) In contrast to the situation near=1 or 3, the GS both

Another system with an identical structure of the single-Precisely atv=3 or 5 and in the vicinity of these values
particle Hilbert space but with different interactions is aemains maximally spin polarized even in the absence of
nearly completely filled highern(>0) LL, experimentally —Zeeman splitting. In thee-h picture, the result is that no
realized in the 2DEG at~2n+1. Note that if skyrmions bound charged-exciton statég occur in higher LL's(in the
would indeed occur at=3,5, etc., they should be observed absence of inter-LL mixing and finite well width effegts
even more easily than at=1 because of the weaker mag-
netic field B (at the same 2DEG densjtyand thus smaller
n=Ez/Ec*\B.

In this section we shall discuss the results for an ideal 2D As was first predicted by Coopérand later confirmed
system with zero layer widttw=0. The energy spectra experimentally by Songet al.®* skyrmions become the
analogous to those in Figs(al and 2a) but calculated for lowest-energy charged excitations in higher LL's as well, if
n=1 and 2 are shown in Figs. 6 and 7. The same the numbeamly the layer widthw is sufficiently large. We have calcu-
of electronsN=12 (in the nth LL; the lower LL's are com- lated the spin-excitation spectra analogous to those of Figs. 6
pletely filled and the angular momenta=11 and 12 have and 7 but forw=3\, and show them in Figs. 8 and 9. For
been chosen, yielding the monopole streng=2(1—n).  the exact fillings of the=1 and 2 LL's (v=3 and 5; Fig. 8,
Clearly, none of the abovediscussed features ofuthd or  the E,y(K) energy bands which were strongly sublinear for
v=% (v*=1) spectra are present a3 or 5. w=0 now become nearly linedsimilar to the lowest LL;

Let us begin with Fig. 6 foN equal to the LL degeneracy, see Fig. 1 This indicates vanishing of the SW-SW attrac-
g- A single SW(dashed lines; for dispersion see Ref) 8  tion, and reoccurrence of the condensate of orddredl
generally the lowest-energy spin excitatitat anyL), and  SW'’s. For an additional hole in the=1 and 2 LLs (v
the Wy bands (identified by comparison of the pair- =3 and 5 ; Fig. 9), the skyrmion energy bands which had
correlation functionshave higher energy and are no longer Eg(K)>E, for w=0 now haveEg(K)<E, (again, similar

VI. EFFECTS OF FINITE LAYER WIDTH
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E—E, (6%
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FIG. 8. Same as Fig. 6 but for a finite width=3\ of a
quasi-2D electron layer.

to the lowest LL; see Fig.)2This indicates stability of skyr-
mions in higher LL’s in a wide quasi-2D layéat sufficiently
smallEy). Also in Fig. 9, theL =N—S bands of state&on-
taining K SW's created coherently in the presence of a hole
become now nearly linear, in contrast to the behavior in Fig
7 but similarly to Fig. 2.

In Fig. 10 we compare the energies of skyrmions with
K=1, 2, and;N (the latter state haS=0 and would corre-
spond to an infinite-size skyrmion in ti= oo limit) plotted
as a function of the layer widthv. Clearly, the skyrmion
energy is more sensitive to in higher LL's. The “binding
energies’E¢(K) — E, that were all positive fow=0 in Fig.

7 change sign av/A=2 to 3, depending oK andn. Note
that our critical values ofv are considerably higher than
those predicted by Cooper. For example, fortrel LL, his
critical parametea=0.09\ for the Gaussian density profile,
0(2)xexp(—7Z/2a?) corresponds tav~0.5\ for our ¢(2)

« cog(zmlw). This discrepancy indicates slow convergenc
of the energy of an infinite§=0) skyrmion with the elec-
tron numberN. However, our critical values are certainly
more appropriate for small skyrmions which are the ones th
might be observed experimentally. Let us compare these v

and were not observed at& 3. Taking parameters after Song
et al,%* who observedskyrmions withkK<2 (B=2.15 T
and well width of 30 nm yieldingv=33.5 nm) givesw/\
=1.9, just above our critical valugsee Fig. 12 for data ex-
trapolated toN—; the experimental widths have been

(a) N=12, 21=12, n=1

(b) N=12, 21=12, n=2

E—E, (€%/%)

0.0

FIG. 9. Same as Fig. 7 but for a finite width=3\ of a
quasi-2D electron layer.

€,

a -
ues with a pair of experiments in which the skyrmions were,
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FIG. 10. The energf of skyrmions withK=1, 2, and%N asa
function of the layer widthw, calculated on Haldane sphere fdr
=12 electrons in the lowes#), first excited(b), and second excited
(c) LL. \ is the magnetic length.

marked with arrows On the other hand, taking the param-
eters after Schmellest al,%? who did not observeskyrmions
(B=2.3 T and well widths of 14 and 20 nm yielding
=17.5 and 23.5 ningivesw/A =1.03 and 1.40 for their two
samples, both below our critical value but above that of Coo-
per.

Using the data of Fig. 10 one can calculate a phase dia-
gram for the occurrence of skyrmions with a given number
of reversed spink as a function of the layer widtw and the
Zeeman energ¥,. Such a diagram is presented in Fig. 11
for the integral filling of the lowest and first two excited LL's
(v=1, 3, and 5, respectivelyDisorder, screening, or tilt of
the magnetic field are all ignored in this diagram, although
they can play a role in experimental conditions. To have a
more reliable estimate of the criticadl/A and » for the oc-
currence of skyrmions with ang<1, we have recalculated
the curves foK=1 and 2 for much largeN (up to 50 and
then, thanks to their regular dependenceNyrwere able to

ram, shown in Fig. 12, describes an infinite planar system,
nd it is consistent with the skyrmion energies reported by
Palacioset al® for n=0 andw=0. Remarkably, the critical
value ofE, for the lowest LL is quite insensitive tw over a
wide range of layer widths. This is in contrast to the situation
in higher LL's, for which the phase diagrams in Figs.
12(b), 12(c) show a similar fast increase of the critida}
with increasingw. The critical layer widths in the limit of
vanishing Zeeman energy aé\ =1.8 and 2.3 fon=1 and

2, respectively. In view of a recent stfdyhat showed that
the LL mixing only weakly affects the skyrmion energies in
the layers of nonzero width, we expect our phase diagrams in
Fig. 12 to be quite adequate for realistic experimental sys-
tems.

Finally, in Fig. 13 we present an analogous phase diagram
for thev= % fractional quantum Hall state. Due to the broken
QEz-QH symmetry, the diagrams for skyrmiofet v=3")
and antiskyrmionsiat v=3") are different, and they are
both shown. The solid lines and shaded areas give the result
for small systemsN=7 and 2=19 in frame(a), and N
=8 and 2=20 in frame(b). The dashed lines give the criti-
cal values ofE; atw=0 for the X ¢, QEr, andX states,
obtained from extrapolation of data fof<9 to N— .

ﬁxtrapolate them to thid— <o limit. The resulting phase dia-
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FIG. 11. Phase diagrams for the occurrence of skyrmionskuvith
reversed spins in a quasi-2D electron gas of finite widttalcu-
lated in the system dfl=12 electrons in the lowesd), first excited
(b), and second excite@) LL of degeneracyg=2l+1=12. E, is
the Zeeman energy and is the magnetic length. The numbers in
the top-left corners of frame®) and (c) give the upper bounds of
their vertical axegthe lower bound are zero in all frames

VII. CRITERION FOR SKYRMIONS IN HALF-FILLED
SPIN-DEGENERATE SHELL

Since (i) the finite widthw enters the Hamiltoniaril)
only through the pseudopotentM(R), (ii) only a few lead-
ing parameters/(0),V(1),V(2), ..., that correspond to a
short average-e distance\/<_rz§ significantly depend om,
and (iii ) for w=0, the opposite behavior d&g(K)—E, for

PHYSICAL REVIEW B56, 045323 (2002

0.04 (a) N=7, v=1/3" (b) N=8, v=1/3"
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FIG. 13. Same as Fig. 11 but for the fractional quantum Hall
states near= 3. Horizontal dashed lines mark the critical values of
E, at w=0 obtained from extrapolation of the finite-size data for
N=<9 to theN— limit.

By comparing the values aff andd in Figs. 1da)—10(c)
and 14a)—14(c), we find the following general conditions
for the occurrence of skyrmions in a system of interacting
spin+4 fermions half-filling a spin-degenerate shéll: \V(0)
must be sufficiently large to cause decoupling of the many-
body states without thé&R=0 pairs (skyrmiong from all
other many-body states and) V(R) must decrease with
increasingR=1. Note that the latter conditiofi) is not

the lowest and higher LL's results precisely from the en-immediately applicable to shells with broken particle

hanced value oW(2) for n=1, it is enough to study the
dependence of the short-range part@fR) on w to under-
stand the reoccurrence of skyrmions fiee 1 atw~2\. This
dependence is illustrated in Figs. (&4-14(c). Clearly, in-

(7)-hole (]) symmetry. Examples of such systems include
electrons atv=3 (i.e., CF’s atv*=1) but also the case

when the pair of spin-degenerate LL's has different orbital
indicesn (which can be realized by making the Zeeman gap

creasingd (i.e., w=5d) suppresses more strongly the g, equal to the cyclotron gapw, in a magnetic materiaf®

pseudopotential parameters at the even value® abpen

In these systems, the interaction Hamiltonidn is deter-

circles corresponding to zero pair spin, specially the highlymined by a pair ofdifferent particle-particle and hole-hole

repulsive ones @R=0 and 2 forn=1 andR=0, 2, and 4
for n=2. While in any LL the strong suppression ¥{0)

will eventually (at very largew) destroy skyrmiongall hav-
ing no pairs withR=0), there is a wide range @f in which

skyrmions become stable also fior-0.

0.06 0.015 0.01
(b) n=1, v=3" (c) n=2, v=5—"
K=0
K=1
K=1
<
o
2 K>1
N
[ it
inite plane
J AB
(a) n=0, v=1~" l l
0.00 11—+ e —
0 1 2 3 4 0 1 2 3 4 0 1 2
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FIG. 12. Same as Fig. 11 but for an infinite planar systerii-
cal values of Zeeman enerds, for each layer widthw were ob-
tained from extrapolation of data for electron numbirs 50). In

pseudopotential¥/;,(R) andV, (R), whereR is an odd
number (as required for two identical fermiopjsand a
particle-hole continuous dispersion, | (k), wherek is the
pair wave vectoron a spherekR=L). To rephrase condi-
tion (i) in terms of vV, (k), we notice in Fig. 14 that the
suppression of the maxima &=2 (for n=1) andR=2
and 4 (for n=2) coincides with the disappearance of the
corresponding roton minima in the spin-wave dispersion
Ven(k), atkh=2.1 (for n=1) andkA~1.5 and 3.2(for n
=2).

A continuous evolution of the skyrmion energy spectrum
Es(K) from the positive valuegas forn=1 and smallw) to
the negative value@s forn=0 orn=1 and largewv) can be
most easily understood by studying a simple model pseudo-
potential U,(R) defined asU,(0)=«, U,(1)=1, U,(2)
=X, andU,(R)=0 for R>2. This choice olU, guarantees
that skyrmions are its only finite-energy eigenstates, and
their energy spectrurig(K) depends on one free parameter
X.

The essential information about the skyrmion wave func-
tions is contained in the fractional grandparentage

frame (b), arrows indicate the widths corresponding to experimentscoefficient$®? G. The functionG(R) is a pair-correlation

of Ref. 62(a,b and Ref. 64(c).

function that gives the fraction of the total number et
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electron-electron electron-hole

FIG. 14. Pseudopotentialsof thee-e (a)—(c)
ande-h (d)—(f) interaction in then=0 [(a),(d)], 1
[(b),(e)], and 2[(c),(f)] LL's, calculated using the
interaction potentiaV4(r)=e?/\r%+d? for d/x
=0, 7, 3, and 1, and describing a quasi-2D layer
of width w=5d. R is relative e-e angular mo-
mentum(data shown only fofR<6), open and
closed circles mark singlet and triplete states,
respectivelyk is the e-h wave vector, and is
the magnetic length.

pairs with the relative pair angular momentufy For K to write the skyrmion energy fov=U, as

=0, the many-electron system is completely spin-polarized,

so that every electron pair has s@#1, and thusg van- Es(K)—Eg=(x—a)Gk(2). (4)
ishes for all even values 2. WhenK is increased, so does

the total fraction 0fS=0 pairsGx(0)+Gu(2)+ ..., which  As shown in Fig. 18), E5(K)—E, changes sign simulta-
happens at the cost of a decreasing numbeB-eflL pairs, Nneously for allK (the spin-polarized QP state Kt=0 be-

Gk(1)+Gk(3)+ . ... Thegrandparentage coefficients mea- COmes unstable toward formation of a skyrmiomhen x
sured from the “reference” valug, corresponding tok =« thatis whenU,(2) drops belowaU,(1).
=0 are p|otted in F|g 1@) as a function ofR for K=1, 2, Since a—>% for N— o, this means that skyrmlons In an

andiN. It turns out thath Gy = G« — Gy is a regular function  infinite (planay system interacting through an arbitrary
of R and, for example AGy(1)=—aGy(2), where =1  PseudopotentiaV(R) will have lower energy than a QP
=2—(N—1)"1. This allows using a general expression for State wherV becomes superlinear betwe®n=1 and 3, that
the interaction enerd§?® is whenV(1)—V(2)>V(2)—V(3). Owing to the lineagin
an infinite systemrelatior??4?°betweenR and the average
1 squared distanc@ ?), this criterion can be rephrased as that
_ - _ V must besuperharmonigi.e., it must decrease more quickly
E 2N(N 1); GRIV(R) ® than linearly as a function qfrz) betweenR=1 and 3.

,I( (b) excitation energy
1

FIG. 15. (a) Pair-correlation functions—
fractional grandparentagéy as a function of
relative pair angular momentuf—for skyrmi-
ons with K=1 and %N, calculated forN=12
electrons on Haldane sphere. Open and closed
circles mark singlet and triplet pair states, respec-

0.057 tively. (b) Energy E of the skyrmions withK
1 =1, 2, and%N as a function of parametarof the
-0.10 - (a) fractional parentage N=12, 21=12, S=N/2-K ) modele-e interactionU, .
1T 17T 71T T 71T 771 77 T T T T T T T T T -
0 2 4 6 8 10 0.0 0.2 0.4 0.6 0.8 1.0

R X
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VIIl. CONCLUSION ena associated with the particular form of spin excitations at

~1 (rapid depolarization atv=1*, nonlinear transport

We have presented the results of detailed numerical stud; L e . )
. ! o . . ! hrough a finite-size droplet, sensitivity of the spin coupling
ies of the spin excitations of various ferromagnetic GS’s of X . 1
0 magnetic particles t@, etc) are also expected at~3.

2DEG confined in a quantum well of finite widi, in the The smallest skyrmion and antiskyrmion statesati are
integral and fractional quantum Hall regime. The calcula-_ "~ lent t y ite fermi z d it 3
tions consist in the exact diagonalization of the Hamiltonian®dqu!valent to Composite Termion chargea excl M& .

A qualitatively different behavior is observed in higher

matrix of up to N=14 interacting electrons in Haldane s | t with lier theori&26L find that
spherical geometry, neglecting excitations to higher orbitaFL'S: In agreement with earlier theories,™ we fin a

LLs or to higher QW subbands. skyrmions and antiskyrmions are unstable at3 or 5 even

at E;=0, which (in contrast tov=1 or 3) results in the
stability of the ferromagnetic order at all nearby values pf
and the single-particle character of elementary excitations. In
the e-h picture, this means unbinding of charged excitons in
higher LL's. Also in contrast tov=1 or 3, the L=1 spin

Similar low-energy spectra in the vicinity of=1 and3
(v* =1 in the CF picturghave been found, and both contain
the following two types of low-energy excitations: spin
waves’® skyrmions, and antiskyrmiort$:>® The phase dia-

grams for the occurrence of skyrmions with different num- .
bers of reversed spin as a function of the well widthw waves attract one another rather than decouple, which for

and the Zeeman enerdg, have been determined at1, 3 example results in direct confinement-induced transitions be-
and 5. "7’ tween the consecutive “compact” states of finite=3 or 5

The interactions between th@eutra) spin waves and quantum Hall droplets, skipping the correlated, depolarized

chargedl skyrmions have also been studied by exact diagoStates with intermediate density.
( ged sky y g This different behavior in higher LL's is suppressed when

nalization of the Hamiltonians describing one or more of

these objects present in the underlying incompressible quaf?® Widthw of a quasi-2D layer exceeds about two magnetic
tum Hall system. We propose that the spin waves each Cai@qgths. This critical value obtgmed from a_flnlte-S|ze calcu-
rying angular momentunL =1 condense into an ordered ation seems to ggree better with the experlnfér?fhhan an
(with parallel angular momenkacorrelated, and noninteract- €2rer estimaté” The reoccurrence of skyrmions in higher
ing state. The interaction ener@yy of this condensate is a LLs in wider quantum wells is explal_ned by stqdymg t_he
linear function of(continuou$ spin polarization which, in involved par_ncle—partlcle and partlcle—hqle |lnteract|on
the absence of the Zeeman energy, gives rise to a gapless udqpotentlals and the electron correlations in the skyr-
continuous density of states. This is in contrast to a discretd"ion eigenstates. -

spectrum of particlelike skyrmion excitations, whose energy A criterion is found that_allov_vs the predlcthn of th? pres-
Eg is a function of the(integra) reversed-spin numbe. ence or absence of skyrmions in a system of interacting spin-

l . . _ . . _ . _
The short-range repulsion between charged skyrmions is preé- fermlon§ in a half-filled spin degenera_\te Sh?”' _The crite
dicted to cause Laughlin correlations, that is, the tendency tgon d(lescrlbes correctly all calc_ulated Spin e_xcnatlon s_pectra
avoid skyrmion pair eigenstates with the smallest relative?t Vng 1,3, and 5, and at arbitrary layer widtis density
angular momenta&. This causes the effective spatial isola- Profile €(2), etc.
tion of skyrmions from one another and the absence of high-

energy skyrmion-skyrmion collisions in the “dilute” regime

at|1—v|<é8 or [1—v*|<&* (even in the fluid phase, be- ACKNOWLEDGMENTS

yond the melting point of the Wigner crystalnd the depen- The authors acknowledge partial support by the Materials

dence of the average skyrmion sig€) on the filling factor ~ Research Program of Basic Energy Sciences, U.S. Depart-
in the opposite, incompressible regime. ment of Energy. J.J.Q. thanks National Magnetic Field Labo-

The major differences between the=1 and3 spectra are ratory, Tallahassee, and University of New South Wales,
the reduced energy scale and a broken skyrmionSydney, for hospitality. A.W. acknowledges helpful discus-
antiskyrmion symmetry in the latter systebroken particle- sions with P. Hawrylak, L. Jacak, A. H. MacDonald, J. J.
hole symmetry in the lowest CF DLA number of phenom- Palacios, M. Potemski, and |. Szlufarska.

1The Quantum Hall Effecedited by R.E. Prange and S.M. Girvin ’D.C. Tsui, H.L. Stormer, and A.C. Gossard, Phys. Rev. 148t.

(Springer-Verlag, New York, 1987 1559(1982.
2T. Chakraborty and P. Pietilen, The Quantum Hall Effects &S.E. Barrett, G. Dabbagh, L.N. Pfeiffer, K.W. West, and R. Tycko,
(Springer-Verlag, New York, 1995 Phys. Rev. Lett74, 5112(1995.
3Perspectives in Quantum Hall Effecisdited by S. Das Sarma  °R. Tycko, S.E. Barrett, G. Dabbagh, L.N. Pfeiffer, and K.W. West,
and A. Pinczuk(John Wiley & Sons, New York, 1997 Science268 1460(1995.
4R.B. Laughlin, Phys. Rev. Lets0, 1395(1983. 10D K. Maude, M. Potemski, J.C. Portal, M. Henini, L. Eaves, G.
SF.D.M. Haldane, inThe Quantum Hall EffedRef. 1), Chap. 8, p. Hill, and M.A. Pate, Phys. Rev. Let?.7, 4604(1996.
303. 1LE H. Aifer, B.B. Goldberg, and D.A. Broido, Phys. Rev. Lét6,
63.7. Quinn and A. Wis, J. Phys.: Condens. Mattd2, R265 680(1996.
(2000. 12M.J. Manfra, E.H. Aifer, B.B. Goldberg, D.A. Broido, L. Pfeiffer,

045323-12



SPIN EXCITATION SPECTRA OF INTEGRAL AND . ..

and K. West, Phys. Rev. B4, R17 327(1996.

PHYSICAL REVIEW B6, 045323 (2002

4M. Rao, S. Sengupta, and R. Shankar, Phys. Rev. [8tt3998

135 P. Shukla, M. Shayegan, S.R. Parihar, S.A. Lyon, N.R. Cooper, (1997.

and A.A. Kiselev, Phys. Rev. B1, 4469(2000.

14p, Khandelwal, A.E. Dementyev, N.N. Kuzma, S.E. Barrett, L.N.
Pfeiffer, and K.W. West, Phys. Rev. Le&6, 5353(2001.

157, Skyrme, Proc. R. Soc. London, Ser2a2, 237 (1961).

16R. RamajaranSolitons and InstantonéNorth-Holland, Amster-
dam, 1982

1D H. Lee and C.L. Kane, Phys. Rev. Lefi, 1313(1990.

8. Fradkin, Field Theories of Condensed Matter Systems

(Addison-Wesley, Redwood City, CA, 19p1

195 L. sondhi, A. Karlhede, S.A. Kivelson, and E.H. Rezayi, Phys.

Rev. B47, 16 419(1993.

20K. Moon, H. Mori, K. Yang, S.M. Girvin, A.H. MacDonald, L.
Zheng, D. Yoshioka, and S.C. Zhang, Phys. Rev5B 5138
(1995.

2M. Abolfath and M.R. Ejtehadi, Phys. Rev. 5B, 10 665(1998.

22F.D.M. Haldane, Phys. Rev. Lefi1, 605 (1983.

23] K. Jain, Phys. Rev. Let63, 199(1989.

24A. Lopez and E. Fradkin, Phys. Rev.4&, 5246(1991).

25, Halperin, P.A. Lee, and N. Read, Phys. Rev4B 7312
(1993.

26p, Sitko, K.S. Yi, and J.J. Quinn, Phys. Rev5B 12 417(1997).

27K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lé#,
494 (1980.

28N, Wojs and J.J. Quinn, Acta Phys. Pol.98, 403 (1999.

29A. Wojs and J.J. Quinn, Philos. Mag. 8, 1405(2000.

30A. Wojs, Phys. Rev. B53, 125312(2001).

3IA. Wojs and J.J. Quinn, Phys. Rev.@®, 2846(2000.

32|, Szlufarska, A. W¢s, and J.J. Quinn, Phys. Rev.@®, 165318
(2009).

33S. He, F.C. Zhang, X.C. Xie, and S. Das Sarma, Phys. Re2, B
R11 376(1990.

34H.A. Fertig, L. Brey, R. Cte, and A.H. MacDonald, Phys. Rev. B
50, 11 018(1994).

35A.H. MacDonald, H.A. Fertig, and L. Brey, Phys. Rev. Lét6,
2153(1996.

36H.A. Fertig, L. Brey, R. Cte, and A.H. MacDonald, Phys. Rev.
Lett. 77, 1572(1996.

37X.C. Xie and S. He, Phys. Rev. B3, 1046(1996.

38R. Cae and A.H. MacDonald, Phys. Rev. B3, 10 019(1996.

39M. Abolfath, J.J. Palacios, H.A. Fertig, S.M. Girvin, and A.H.
MacDonald, Phys. Rev. B6, 6795(1997.

4OH.A. Fertig, L. Brey, R. Cte, A.H. MacDonald, A. Karlhede, and
S.L. Sondhi, Phys. Rev. B5, 10 671(1997.

41E H. Rezayi, Phys. Rev. B6, R7104(1997.

423 H. Oaknin, B. Paredes, and C. Tejedor, Phys. Res8R.3 028
(1998.

43V. Melik-Alaverdian, N.E. Bonesteel, and G. Ortiz, Phys. Rev. B
60, R8501(1999.

441 Brey, H.A. Fertig, R. Cte, and A.H. MacDonald, Phys. Rev.
Lett. 75, 2562(1995.

“SR. Ce, A.H. MacDonald, L. Brey, H.A. Fertig, S.M. Girvin, and
H.T.C. Stoof, Phys. Rev. Let?.8, 4825(1997).

47C. Timm, S.M. Girvin, and H.A. Fertig, Phys. Rev. 58, 10 634
(1998.

48B. Paredes and J.J. Palacios, Phys. Re§0B15 570(1999.

4%K. Moon and K. Mullen, Phys. Rev. Letg4, 975 (2000.

503.J. Palacios, L. Martin-Moreno, G. Chiappe, E. Louis, and C.
Tejedor, Phys. Rev. B0, 5760(1994).

513.H. Oaknin, L. Martin-Moreno, and C. Tejedor, Phys. Re643
16 850(1996.

52A. Wojs and P. Hawrylak, Phys. Rev. B6, 13 227(1997.

53A.H. MacDonald and E.H. Rezayi, Phys. Rev4B 3224(1990).

54A. Wojs and P. Hawrylak, Phys. Rev. B, 10 880(1995.

557.J. Palacios, D. Yoshioka, and A.H. MacDonald, Phys. Ré&4,B
2296/(1996.

56R.K. Kamilla, X.G. Wu, and J.K. Jain, Solid State Commas,
289(1996.
5'D.R. Leadley, R.J. Nicholas, D.K. Maude, A.N. Utjuzh, J.C. Por-
tal, J.J. Harris, and C.T. Foxon, Phys. Rev. L8&.4246(1997).
%8p Khandelwal, N.N. Kuzma, S.E. Barrett, L.N. Pfeiffer, and K.W.
West, Phys. Rev. LetB1, 673(1998.

59A.H. MacDonald and J.J. Palacios, Phys. Rev5® R10 171
(1998.

603.K. Jain and X.G. Wu, Phys. Rev. 49, 5085(1994.

61X.G. Wu and S.L. Sondhi, Phys. Rev.®, 14 725(1995.

52A. Schmeller, J.P. Eisenstein, L.N. Pfeiffer, and K.W. West, Phys.
Rev. Lett.75, 4290(1995.

53N.R. Cooper, Phys. Rev. B5, R1934(1997.

54Y.Q. Song, B.M. Goodson, K. Maranowski, and A.C. Gossard,
Phys. Rev. Lett82, 2768(1999.

55A. Wojs and J.J. Quinn, Solid State Commur22, 407 (2002).

%A, Wojs, P. Hawrylak, and J.J. Quinn, Phys. Rev68 11 661
(1999.

57A. WOjs, I. Szlufarska, K.S. Yi, and J.J. Quinn, Phys. Re\s®
R11 273(1999.

%8A. Wojs, J.J. Quinn, and P. Hawrylak, Phys. Rev.6B 4630
(2000.

89T.T. Wu and C.N. Yang, Nucl. Phys. B07, 365 (1976.

0G. Fano, F. Ortolani, and E. Colombo, Phys. Rev38 2670
(1986.

"13.E. Avron, L.W. Herbst, and B. Simon, Ann. Phydl.Y.) 114,
431(1978.

2N, Wojs and J.J. Quinn, Physica @msterdam 3, 181 (1998.

73C. Kallin and B.I. Halperin, Phys. Rev. B0, 5655(1984.

7A.B. Dzyubenko and Yu.E. Lozovik, Fiz. Tverd. Teb, 1519
(1983 [Sov. Phys. Solid Statg5, 874 (1983].

75|, Szlufarska, A. W¢s, and J.J. Quinn, cond-mat/02031&@pub-
lished.

8T, Chakraborty, P. Piefilaen, and F.C. Zhang, Phys. Rev. Lett.
57, 130(1986.

"TE.H. Rezayi, Phys. Rev. B6, 5454 (1987); 43, 5944(1991).

"8A. Wojs and J.J. Quinn, Phys. Rev.@, 201301(2002.

045323-13



