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Electric field effects in a two-dimensional Disordered Hubbard-Mott model
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We have studied the effects of disorder, correlation, external electric field, impurity concentration, and
impurity location near and at the Si-SiO2 interface of a metal-oxide-semiconductor field-effect transistor, in the
range of experimental interest. We show that the intraimpurity correlation energy and the binding energy have
strong dependence with the applied electric field and the impurity location on the interface. Taking into account
all the above effects the Hubbard-Mott scenario is presented. As a result we obtain a critical concentration of
about 1011 cm22, which can be discussed in terms of recent experimental findings.
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In contrast to three dimensions, where the occurrence
metal-nonmetal~MNM ! transition is well understood exper
mental works carried out before 1994 for two dimensio
just confirmed the scaling theory of noninteracti
electrons.1,2 According to this theory2 all two-dimensional
~2D! electronic states are localized in the absence of a m
netic field and no metallic phase exists, therefore MNM tra
sition is impossible. Recent experiments on metal-oxi
semiconductor field-effect transistors~MOSFET! structure
have provided evidence of a true MNM transition in tw
dimensions, indicating that electron correlations play an
portant role in this transition.3–8 Similar effects have been
found in other 2D systems.9–11Since then, many other work
on MOSFET structure have appeared in the literature.8,12–15

The occurrence of impurity band inn-type MOSFET
structure is well known.1,6 Such structures are suitable
investigate the 2D MNM transition. In this work, we con
sider a more detailed investigation using a Hubbard-t
Hamiltonian16,17 to represent the impurity electrons, whe
the effects of the external electric field, the binding ene
variation, the screening, the impurity location near and
semiconductor interface, the disorder,1,18–20 the correlation,
and the impurity concentrations in the range of experime
interest are considered. An attempt to investigate the im
rity density of states associated to such structures has alr
been made for a strictly 2D system17 and later extended to
include the external electric field.21

Here we treat the problem in a more realistic way, i.
taking into account all the above effects on the impur
which will be present in the ratio between the correlati
energy and the bandwidthDW, leading to the Hubbard-Mot
transition.

We consider the problem of impurity band of a disorder
2D system, where the electron-electron correlation is ta
into account, by assuming a Hubbard-like Hamiltonian16,17

H5EB(
is

ais
† ais1 (

iÞ j ,s
Vi j ais

† aj s1
U

2 (
is

nisni 2s ,

~1!

whereEB is the binding energy,ais
† andaj s are the creation

and annihilation operators of an electron of spins at site i,
nis5ais

† ai 2s is the number operator corresponding to siti
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and spins, Vi j is the transfer of an electron from thei th site
to the j th site, i.e., hopping matrix

Vi j 5E dzE d2rc i~r ,z!Vi~r ,z!c j~r ,z!, ~2!

where c i(r ,z)[c(r2Ri ,z) is the bound-state wave func
tion of an electron centered at an impurityRi located in thez
Si-SiO2 region andVi is the interaction potential betwee
the electron and an impurity located at siteRi . The termU is
the intraimpurity Coulomb interaction~or correlation! energy
or HubbardU, and is written as

U5E E d2r 1d2r 2uc i~r1!u2V~ ur12r2u!uc i~r2!u2, ~3!

where r1 and r2 are the coordinators of the electron at t
site i andV(ur12r2u) is the correlation potential.

The single-particle Green’s function, with the sum ofG1

andG2, is defined as16

Gi j ,s
6 ~ t !5 iu~ t !^@aisni 2s

6 ,aj s
† ~ t !#1&, ~4!

where^ & means the configuration average,nis
1 5ais

† ais and
nis

2 512nis
1 .

The equation of motion forG1 andG2 is written as

~w2E6!Gi j s
6 ~w!5n2s

6 d i j 1(
iÞ l

Vil Gil s
1 ~w!, ~5!

whereE15EB1U andE25EB . The validity of Eq.~5! is
discussed very well in Ref. 16. It is exact in both atomic a
band limits, and differs for smallU/DW from the Hartree-
Fock theory only by an exponentially small quantity. Also
has a sharp Fermi surface in the metallic regionU/DW,1.
For U/DW.1, it gives two separated Hubbard bands.

The average Green function results in

^Gii s
6 ~w!&5

n2s
6

w2E6 j6~w2E6!. ~6!

The coupled equations derived from this scheme are w
ten as16,17

j6~w!5@12h6~w!#21, ~7!
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h6~w!5
Nj6~w!

~2p!2~w2E6!2 E d2kV2~k!

H 12F Nj6~w!

~w2E6!GV~k!J ,

~8!

whereN is the number of impurity per cm22 andV(k) is the
Fourier transform of hopping matrixVi j , Eq. ~2!.

Defining

j6~w!

~w2E6!
5$Na0*

2@u~w!1 is~w!#%21, ~9!

wherea0* is the effective Bohr radius, we have for the de
sity of states for lower and upper Hubbard bands,D1 and
D2, respectively,

D6~w!52
1

p
ImF j6~w!

~w2E6!G . ~10!

Using Eqs.~8!–~10! we get the self-consistent equation

w5Na0*
2u~w!1

2

p E
0

` v2~q!@u~w!2v~q!#

@u~w!2v~q!#21s2~w!
qdq

~11!

and

Na0*
25

2

p E
0

` v2~q!

@u~w!2v~q!#21s2~w!
dq, ~12!

whereq5ka0* andv(q)5a0*
2V(q/a0* ). Theu(w) ands(w)

are obtained self-consistently from Eqs.~11! and ~12!.
For 2D lattice, Im@Gii(w)# shows discontinuities atw

5El andw5Eu , whereEl andEu are the lower and uppe
band edges, respectively, given an impurity bandwidthDW.
The Re@Gii(w)# diverge atEl andEu .

The binding energy of the Si-SiO2 system is obtained
from the relation18,19

EB5E02Eimp , ~13!

where

Eimp5 K cU2¹x,y
2 2n¹z

21
d

z
1z«z22F~r !Uc L ~14!

andE0 is the expection value of the above equation witho
the impurity term.18,19 In the Eq.~14!, « is the electric field,
F(r ) is the screening Coulomb potential,n is the ratio be-
tween the transverse and longitudinal masses, andd andz are
related to the dielectric constants of the semiconductor
oxide,ksc andkox , respectively. The wave function centere
at impurity is given by18,22

c~r ,z!5f~r !w~z!5S a

2p D 1/2

e~2ar/2!S b3

2 D 1/2

ze~2bz/2!,

~15!

wherea andb are variational parameters.
The expection value ofF(r ) is given by the expression

derived from the momentum transform23
03532
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^F&5E f 1~q! f 2~q!dq, ~16!

where

f 1~q!5
a3q

~a21q2!3/2 ~17!

and

f 2~q!5
b3

~b1q!3

1

f 3~q!
e2qz0 ~18!

with

f 3~q!5q1s
ksc

k̄
F~q!. ~19!

Here,F(q) is the screening form factor, given by1,12

F~q!5
1

16S 11
kox

ksc
D S 11

q

bD 23S 81
9q

b
1

3q2

b2 D
1

1

2 S 12
kox

ksc
D S 11

q

bD 26

. ~20!

In the above equations,k̄ is @(kox1ksc)/2#, s is the screening
parameter,18 and z0 is the location of the impurity cente
within the silicon-dioxide region from the silicon interface

The parameters left to solve the problem are,V(q), which
is the Fourier transform ofVi j , and the HubbardU.

For V(q) we obtain

V~q!52~EB1q2!f2~q!@a0*
2Ry* #, ~21!

wheref(q) is the Fourier transform off(r ) in Eq. ~15!.
The binding energies are evaluated by minimizing E

~13! as a function of electric field«, screenings, and the
distance of the impurity from the Si-SiO2 interfacez0 . In
Fig. 1 we show these results. For very high electric field a
s50.00 andz050.00,EB goes to the 2D limit of 4Ry* .17

However, EB is strongly reduced forz050.14, corre-
sponding to distance of about 4 Å from the interface.EB is
less dependent on screening as compared toz0 .

The correlation energyU is calculated analytically from
Eq. ~3!, with the electron-electron interaction potenti
V(ur12r2u) given by Eq.~2.50! of Ref. 1; as a function of
the same parameters as forEB . The final equation can be
derived from the momentum transform.23 It is written as

U5
e2

k̄
E u f 1~q!u2F~q!dq. ~22!

In Fig. 2 we show the correlation energyU, as a function
of the applied field, the screening, and the distance at in
facez0 . U is strongly dependent onz0 and it goes to the 2D
limit of 4.71Ry* , for very high electric field, fors50.00 and
z050.00 as well.17 This limit was not observed in Ref. 21.

Throughout this work the following units have been em
ployed, Ry* 543.6 meV, a0* 521.7 Å, ksc511.5, andkox

53.9.
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The impurity density of states for depletion concentrat
Ndep50.231011 cm22 is shown in Fig. 3, for a concentratio
just about the bands merging. With increasing impurity co
centration the so-called two impurity Hubbard bands w
broaden and eventually merge at a ratio ofDW/U.1 when
the MNM transition occurs, leading to the Hubbard-Mo
scenario.24,25 In our scheme the bands are roughly symm
ric, which correspond to a good estimation for th
transition.24,26 The crossing of the bands occurs atNc

FIG. 1. Binding energies as a function of the applied elec
field for different screeningss and impurity locationz0 .

FIG. 2. Correlation energyU as a function of the applied electri
field for differents andz0 .
03532
-
l

-

50.9531011 cm22, which corresponds to the experiment
finding.4,8 At this value the density of states at the Fer
energyD(EF) starts to have a finite value. As the concent
tion increasesEF shifts to higher energies and the seco
band starts to play the role in the thermal and transport pr
erties. We found thatDW.U5Dmax

pd (E)50.81Ry* , where
Dmax

pd (E) is the distance between the peaks of the impu
bands. For concentrations higher than 1.031012 cm22 the
lower impurity band is observed to be merged with the
version layer unperturbed subband.

Table I shows some calculated values just arou
the merging value of the two bands in comparison to
experimental findings. For concentrations higher th
2.031012 cm22 a strong mixing of the bands occurs, whic
makes it difficult to compare with the observed values.
rough agreement is found between the theory and exp
ment.

Besides the conduction activation energyE1 and the
nearest-neighbor hopping activation energyE3 , presented in
previous MOSFET experiment,1 we may expect another ac
tivation energy.27 In the intermediate-concentration region
impurity conduction, i.e., the transition region from insula
ing to metallic behavior, where the electron correlation pla

c

FIG. 3. Density of impurity states forNox58.831010 cm22.

TABLE I. Values of the activation energyE1 , half-width at half
maximum of the impurity bandG and the maximum of the lowe
impurity bandDmax(E) as a function ofNox . The values are ob-
tained for a depletion charge about 3.631011 cm22 corresponding
to «5102 esu andz0 about 4 Å. Two upper rows are the calculate
values.

Nox (1011 cm22) E1 ~meV! G ~meV! Dmax(E) (1013 cm22 eV21)

1.0 22a 3.5 3.2
2.0 22 4.6 2.4
2.1a 22 4.8a 2.1a

aExperimental, Ref. 1.
7-3
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an essential role, a characteristic activation energyE2 , de-
pendent on the temperature and concentration of the ele
cal conductivity,27,28 has been observed for 3D systems. It
worth mentioning that a similar way to evaluate the critic
concentration through this electrical conductivity depe
dence, for the MNM transition in 2D~Refs. 6 and 8! was also
done in 3D systems.27–29

For comparison, calculations for different computation
methods in 3D systems, namely, generalized Drude
proach, Hubbard-Mott model, and total energy of the me
lic and nonmetallic phase have recently been performed,27–31

which show good agreement between measurements and
culations.

In an earlier work by Kikuchi,32 the energy gapDE be-
tween the two Hubbard bands as a function of impurity co
centration from low to high region has a remarkable simil
ity to the behavior ofE2 for the Ge:Sb system. Suc
similarity was later confirmed for various materials.32,33 En-
ergy E2 sharply decreases and vanishes at a critical conc
tration Nc where the MNM transition takes place. In Fig.
we show the behavior ofDE for the MOSFET structure.
Using a fit to the critical expression34

D5D0~Nc2Nox!
l ~23!

FIG. 4. Energy gap between the two Hubbard bands fo«
5102 esu.
a

u

u
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yields D050.55, l50.50, andNc50.8931011 cm22 for s
50.00, z050.00, and«5102 esu, as well asD050.48, l
50.50, andNc51.1631011 cm22 for s50.04, z050.14,
and «5102 esu. Also D051.04, l50.50, and Nc51.3
31011 cm22, for s50.04, z050.14, and«5106 esu. For
this later electric field ands50.00 andz050.00, Nc52.0
31011 cm22.

In Fig. 5 we show that with a field up to«5104 esu, the
critical concentration for the transition is not much sensiti
and remains untilNc.1.031011 cm22, for boths50.00 and
z050.00 ands50.04 andz050.14.

To summarize, the transition reported here resemble
Hubbard-Mott transition in two dimensions in the presen
of both disorder and interacting electrons, as well as, elec
field, screening, and impurity location. It is worth mentio
ing that, despite of no transport property evaluated here,
reliability of the Hubbard-Mott model is very well discusse
in Refs. 24–26, 30–33, in terms of two different Hubba
bands touching each other, leading to the MNM transiti
The Hubbard-Mott transition is not very much sensitive
an electric field up to«5104 esu. The results provide a tran
sition in two dimensions observed in recent experimen
findings.

The authors acknowledge support from the Brazil
Agencies CNPq and CAPES.

FIG. 5. The Hubbard-Mott critical concentrationNc as a func-
tion of the applied electric field.
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