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Electronic structure and transport properties of quantum rings in a magnetic field
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The electronic structure of quantum rings is studied in the framework of the effective-mass theory and the
two dimensional hard wall approximation. In cases of both the absence and presence of a magnetic field the
electron momenta of confined states and the Coulomb energies of two electrons are given as functions of the
angular momentum, inner radius, and magnetic-field strength. By comparing with experiments it is found that
the width of the real confinement potential is 14 nm, much smaller than the phenomenal width. The Coulomb
energy of two electrons is calculated as 11.1 meV. The quantum waveguide transport properties of Aharonov-
Bohm ~AB! rings are studied complementarily, and it is found that the correspondence of the positions of
resonant peaks in AB rings and the momentum of confined states in closed rings is good for thin rings,
representing a type of resonant tunneling.
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I. INTRODUCTION

In the past few years, self-assembled dots have attra
considerable interest because their atomlike properties m
them a good venue for studying the physics of confined c
riers and many-body effects. They could also lead to in
esting device applications in fields such as quantum cryp
raphy, quantum computing, optics, and optoelectron
Altering growth conditions Garciaet al.1 fabricated quantum
dots with a ring shape. The decisive difference betwe
quantum rings and quantum dots is their topology—the h
in their middle becomes dominant when an external m
netic field is applied. The magnetic flux that penetrates
interior of the ring will then determine the nature of th
electronic states. Warburtonet al.2 reported how the optica
emission ~photoluminescence! of a single ring changes
abruptly whenever an electron is added to the ring, and
the sizes of the jumps reveal a shell structure. Lorkeet al.3

employed capacitance spectroscopy and infrared absorp
spectroscopy to investigate both the ground states and e
tations of these rings. Applying a magnetic field perpendi
lar to the plane of the rings, they found that, when an on-fl
quantum threads the interior of each ring, a change in
ground state from angular momentumm50 to m521 takes
place. Theoretically, Llorenset al.4 studied the electronic
states of quantum rings under an applied lateral electric fi
Li and Xia5 calculated the electronic and hole states of
InAs/GaAs quantum rings of different shapes.

In this paper we study the electronic states of quant
rings in perpendicular magnetic field and transport proper
of corresponding Aharonov-Bohm~AB! rings. Ignoring the
effects of spins and the mutual interactions, we calculate
Coulomb energy of two electrons. We must point out that
approach is really a single particle picture, which can
useful as a first step for a more deep study of transport p
erties in quantum rings. At a low free-electron density,
single-particle picture is a good approximation.

Because the height of typical rings~2 nm! is much smaller
than their lateral size~60 and 140 nm in outer diameter, an
20 nm in internal diameter!,3 we can use an adiabatic ap
0163-1829/2002/66~3!/035311~6!/$20.00 66 0353
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proximation where the motion along thez axis is decoupled
from that in thexy plane, and we only consider the confine
states in thexy plane.

II. THEORETICAL MODEL

In the presence of a magnetic field the equation of
radial movement of electrons in the ring is written as

\2

2m*
F2

]2f

]r 2
2

1

r

]f

]r
1

m2

r 2
f1

1

\2 S b\m1
b2

4
r 2DfG

1V~r !f5Ef, ~1!

wherem* is the effective mass of electron,m is the angular
momentum quantum number,b5eB/c, andV(r ) is the ra-
dial confinement potential,

V~r !5H 0, r 1<r<r 2

`, r ,r 1 ,r .r 2 ;
~2!

here we use the hard wall approximation,r 1 and r 2 are the
inner and outer radius of the ring, respectively.

In the following we use the width of ringd5r 22r 1 as the
length unit, and the transverse confinement energy of
ground state,

E05
\2

2m*
S p

d D 2

, ~3!

as the energy unit. Equation~1! can be written as a dimen
sionless form
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16
b2r 2Df1V~r !f

5p2Ef, ~4!

whereb is the magnetic field strength of dimensionless for
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b5

\eB

m* c

E0
. ~5!

We use

cn5A2

r
sinnp~r 2r 1! ~6!

as the basic function, and the matrix elements of the kin
energy terms in Eq.~4! can be represented by the sin
integral si(u) and cosine-integral ci(u).6

The Coulomb energy of two electrons or the binding e
ergy of exciton state can be calculated by

Ec5
e2

«0
E r idr i uf i~r i !u2E r jdr j uf j~r j !u2

3
1

2p E du

@r i
21r j

222r i r jcosu#1/2

5
2e2

p«0
E

r 1

r 2
r idr i uf i~r i !u2E

r 1

r 2
r jdr j uf j~r j !u2

1

Ar i1r j

K~r !,

~7!

where«0 is the static dielectric constant,f i andf j are wave
functions of two carriers, andK(r ) is the complete elliptic
integral of first kind:6

r 5
4r i r j

r i
21r j

212r i r j

. ~8!

Because the transmission extreme of an AB ring is c
nected with the quasiconfined states,7 we can study its trans
port properties to obtain the information of electronic sta
in corresponding closed ring. The AB ring is schematica
illustrated in Fig. 1, where the central region is the ring; t
electron wave is injected and partly reflected in the chan
at the right (u50), and it partly runs out in the channel
the u angle.

The wave function in the channel region can be written

FIG. 1. Schematic illustration of the Ahanorov-Bohm ring.
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wherex is the coordinate along the channel outward from
ring region, andy is the transverse coordinate.f l(y) is the
transverse confined state with energyEl , andN is the num-
ber of transverse modes involved in the transport:

f l~y!5A2sinlpy,

El5 l 2. ~10!

Note that here we used andE0 as the length and energ
units, respectively.kl is the propagation wave vector for th
l th tranverse mode~in units of 1/d),

kl5pAE2El , ~11!

whereE is the electron total energy, andkl may be real or
imaginary.

The wave function in the ring region can be written as

c r5
1

A2p
(

m52M

M

cmfm~kr !eimu, ~12!

where fm(kr) is the radial wave function for the angula
momentumm and energyE, which satisfies the boundar
condition fm(kr1)50, and k5pAE. In the absence of a
magnetic field,

fm~kr !5Jm~kr !1amYm~kr !, ~13!

whereJm(kr) and Ym(kr) are the Bessel functions of firs
and second kinds, respectively. In the presence of magn
field fm(kr) is a degenerate hypergeometric function, whi
is calculated by numerical integration.

By using the boundary conditions to be satisfied by
wave functions at the interface between the channel and
ring region~if we neglect the difference between the straig
line of the channel and the arc line of the ring!, we obtain a
set of equations of coefficientsal and bl and al8 and bl8 in
wave function~9! for u50 andu channels, respectively, an
cm in the wave function~12! ~Ref. 7!:

(
l 51

N

~al1bl !I 2ml1(
l 51

N

~al81bl8!I 2ml8 5cmfm~kr2!,

m50,61,62, . . .6M , ~14!

ikn~an2bn!5k (
m50

M

cmfm8 ~kr2!I mn , n51,2, . . .N,

~15!

ikn~an82bn8!5k (
m50

M

cmfm8 ~kr2!I mn8 , n51,2, . . .N

~16!

where
1-2
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I mn5A r 2

pd Eu1

u2
sin

npr 2~u2u1!

d
eimudu,

~17!

I mn8 5A r 2

pd Eu3

u4
sin

npr 2~u2u3!

d
eimudu.

u1 andu2 andu3 andu4 are angles to which the two sides
the two channels correspond, respectively.

There are 2M11 radial functions involved in the summa
tion of Eq.~12!, andN transverse states involved in the sum
mation of Eq.~9!; then we obtain 2M12N11 equations. In
Eqs.~14!–~16! bn andbn8 are coefficients of electron wave
traveling inward or increasing exponentially withx ~for
imaginary kn), which are all set to be zero according
physical consideration, except one coefficientbi51/Aki , rep-
resenting the amplitude of one injected wave. There
2M12N11 unknown coefficients in Eqs.~14!–~16!:
an ,an8(n51,2, . . .N) andcm(m50,61, . . .6M ); therefore
the set of equations is complete and unique.

Solving the set of equations we obtain the coefficientsan

andan8 , which are related to the transmission and reflect
amplitudes

an5
r ni

Akn

,

~18!

an85
tni

Akn

.

The total transmission and reflection probabilities are giv
by

T5(
i j

ut i j u2,

~19!

R5(
i j

ur i j u2.

III. RESULTS AND DISCUSSION

A. Effect of curvature

In the following we use the electron momentumk5AE to
represent the energyE ~in units ofE0). In the special case o
a straight two-dimensional wire of widthd, the transverse
energy isEl5 l 2, and the electron momentum isk5 l , i.e., an
integer. In the absence of magnetic field Fig. 2 shows thk
as functions of the angular momentumm for a ring of r 1
50.25, which corresponds to a typical ring,3 with an inner
radius of 10 nm and an outer radius of 50 nm in the len
unit of the ring widthd540 nm. From Fig. 2 we see that fo
m50 k is nearly equal to and smaller than an integern (n
51,2, . . . ), which is caused by the curvature of the rin
Whenr 1→`, the ring approaches the wire limit, and allk ’s
approachn. When r 1→0, the ring approaches the circ
limit, andk of them state approachesam

n /p, wheream
n is the

nth zero point of the Bessel function ofmth orderJm(x). For
03531
re

n

n

h

example, for m50, k50.7655, 1.7571, 2.7546
3.7535, . . . , m51, k51.2197, 2.2446, 3.2382
4.2412, . . . , etc.

B. Effect of magnetic field

In the presence of a magnetic field Fig. 3 showsk ’s as
functions ofm for the magnetic fieldb54 and the ring of
r 150.25. For a typical ring3 d540 nm, m* 50.07m0, the
energy unitE053.36 meV@Eq. ~3!#. b54 @Eq. ~5!# corre-
sponds toB58.12 T. From Fig. 3 we see that the ener
minimum is atm,0 state, which is caused by themb linear
term in Eq.~4!. The absolute value ofm, at which the energy
minimum is located, increases when the magnetic fieldb
increases or the inner radiusr 1 increases, due to increase
the magnetic flux through the ring.

Figure 4 showsk ’s of the ground state and the first ex
cited state (n51,2) as functions ofb for m50, 21, and
22 states. From Fig. 4 we see that when the magnetic fi

FIG. 2. Electron momentum as a function of the angular m
mentumm for a ring of r 150.25 inb50.

FIG. 3. Electron momentum as a function of the angular m
mentumm for a ring of r 150.25 inb54.
1-3
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increases the ground state changes gradually from anm50
state tom521,22, . . . states. There is an abrupt change
energy at the transition ofm, which occurs atb50.5 for the
transition from them50 state to them521 state. This is
verified by the experiment,3 where it was found that the tran
sition occurs atB58 T. Fromb50.5 andB58 T we ob-
tain the real ring widthd514 nm; this means that the widt
of the real confinement potential is much smaller than
phenomenal width 40 nm.

C. Coulomb energy of two electrons

Figure 5 shows the Coulomb energies of two electrons
functions ofm for the ring of r 150.25 in the absence of
magnetic field. The unit of the Coulomb energy ise2/«0d,
proportional inversely to the width of ring. From Fig. 5 w
see that for them50 state the Coulomb energy of the grou
state is at a maximum; it then follows those of then
52,3,4, . . . states. But form.5 the order is reversed. Th
Coulomb energies decrease when the inner radius incre
and the width is kept constant. For example, the Coulo

FIG. 4. Electron momentum as a function of the magnetic-fi
strengthb for the m50, 1, and 2 states of a ring ofr 150.25.

FIG. 5. Coulomb energies of two electrons as functions of
gular momentumm for a ring of r 150.25 inb50.
03531
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energies of them50 ground state are 1.6381, 1.3057, a
0.9499 (e2/«0d) for r 150.25, 0.5, and 1, respectively. Whe
r 1 is smaller, the electron density is distributed more conc
tratedly, resulting in increase of the Coulomb energy. Th
are only experimental results for the Coulomb energy of t
electrons in the quantum dots,8 which is equal to 20 meV.
Another photoluminescence experiment2 gave the binding
energy of a single charged exciton (X12, two electrons plus
one hole! as 6.0 meV in the ring. We assume that the wid
of the ring is 14 nm, from our calculation resultsEc
51.6382 (e2/«0d) and «0515.15, we obtain Ec
511.1 meV, which is comparable to that in the quantu
dot, and larger than the binding energy ofX12.

Figure 6 shows the Coulomb energies as functions om
for the ring of r 150.25 in the magnetic-fieldb54. From
Fig. 6 we see that the Coulomb energies are larger than th
in the absence of magnetic field, due to thep2b2r 2/16 term
of the magnetic field potential in Eq.~4!, the electrons are
distributed more closely to the central region. The Coulo
energies are symmetric with respect tom50 state, different
from the eigenenergies in Fig. 3. From Eq.~4! we see that

FIG. 7. Coulomb energies of two electrons as functions of
magnetic-field strengthb for the m50 state of a ring ofr 150.25.

d

-

FIG. 6. Coulomb energies of two electrons as functions of
angular momentumm for a ring of r 150.25 inb54.
1-4
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thepmb/2 term is a constant, only changes the eigenene
and has no effect on the wave function.

Figure 7 shows the Coulomb energies of them50 state as
functions of the magnetic fieldb for the ring of r 150.25.
From Fig. 7 we see that when the magnetic field increa
the Coulomb energy of the ground state increases; how
those of excited states decrease first, then increase asb be-
comes larger than a critical value. The above results are
suitable for the exciton states composed of electron and
states.

D. Mesoscopic transport properties

For a thin ring (r 1>1) we can investigate the quantu
waveguide transport properties of an AB ring to obtain inf
mation about the confined states in the corresponding r
Figure 8 shows the transmission probabilitiesT as functions
of the momentum of injected electron for an AB ring ofr 1
51 andu5p ~see Fig. 1! in both b50 and 1. From Fig. 8
we see that there is a series of resonant peaks, correspo
to the momentum of confined states in the closed ring w
different angular momentumm. Tables I and II gives the
positions of resonant peaks and momentumk of the ring, and
correspondingm. From Tables I and II we see that the co
sistency is good in the case of either zero or finite magn
field, so we can use the AB ring to investigate the ene
spectra of a closed ring.

Figure 9 shows the transmission probabilities as functi
of a magnetic fieldb for an AB ring of r 151, u5p, and
electron momentumk51.32 and 1.62. From Fig. 9 we se

FIG. 8. Transmission probabilities as functions of the elect
momentum for an AB ring ofr 151 andu5p in b50 ~solid line!
andb51 ~dashed line!.

TABLE I. Positions of resonant peaks in the AB ring, and m
menta of confined states in a closed ring inb50.

AB ring k 1.03 1.13 1.27 1.44 1.62 1.80 1.9

closed ring m 2 3 4 5 6 7 8
k 1.08 1.18 1.31 1.46 1.62 1.79 1.9
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thatT changes periodically with magnetic field, which is th
basic characteristic of the AB ring.9,10 The oscillating period
is

F5
hc

e
, ~20!

whereF is the magnetic flux through the ring section are
Assuming that the ring has an average radiusr 0, we obtain
the period represented byb:

b5
4

~pr 0!2
, ~21!

From Fig. 9 the oscillating period isb50.18, then we obtain
r 051.50, just as the average radius for the ring ofr 151 and
r 252. The figures in Fig. 9 represent the angular moment
m of corresponding states in the closed ring. Atb50, the
peaks of two curves correspond tom564 and66 states,
respectively. Whenb increases, each peak corresponds tom
21 states related to the former peak. They are split into t
peaks atb near to 1, which is also in agreement with th
calculation results of confined states in the closed ring.
our knowledge is a new type of resonant tunneling that
curs in the plane structure without the barrier region, in co
trast to that in a double-barrier quantum-well structure.

For fat rings (r 1,1) the correspondence is not goo
because the two channels have a large part of boun
with the ring, and have influence on the confined sta
~see Fig. 1!.

IV. SUMMARY

The electronic structure of quantum rings is studied in
framework of the effective-mass theory and the two dime
sional hard wall approximation. In the absence of a magn
field the electron momentumk of the m50 state is nearly
equal to an integern ~transverse momentum!, and ap-
proachesam

n /p for the m state as the inner radiusr 1 ap-
proaches zero. In the presence of magnetic field, the gro

n
FIG. 9. Transmission probabilities as functions of the magne

field strengthb for the electron momentak51.32 ~solid line! and
1.62 ~dashed line! in an AB ring of r 151 andu5p.
1-5
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TABLE II. Positions of resonant peaks in the AB ring and momenta of confined states in a closed r
b51.

AB ring k 1.06 1.13 1.23 1.23 1.35 1.37 1.48 1.53 1.61 1.70 1.75 1.87 1

closed ring m -4 -3 -2 -9 -1 -10 -11 0 -12 1 -13 2 -14
k 1.08 1.15 1.25 1.27 1.39 1.39 1.52 1.54 1.65 1.71 1.79 1.89 1
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state is atm,0 state, and theumu value is dependent on th
magnetic-field strengthb and the inner radiusr 1. When the
magnetic field increases, the ground state will change gra
ally from anm50 state tom521,22, . . . states. The Cou-
lomb energy of the ground states of two electrons increa
with increasing magnetic field. By comparing with expe
ments it is found that the width of the real confinement p
tential is about 14 nm, much smaller than the phenome
width. Using this width the Coulomb energy of the two ele
trons in the ring is obtained as 11.1 meV, which is comp
rable to that in the quantum dot. The quantum wavegu
transport properties of AB rings are studied complemen
L

.
r

n
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rally, it is found that the correspondence of the positions
resonant peaks in AB rings and the momentum of confi
states in closed rings is good for thin rings (r 1>1), repre-
senting a type of resonant tunneling.
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