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Electronic structure and transport properties of quantum rings in a magnetic field
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The electronic structure of quantum rings is studied in the framework of the effective-mass theory and the
two dimensional hard wall approximation. In cases of both the absence and presence of a magnetic field the
electron momenta of confined states and the Coulomb energies of two electrons are given as functions of the
angular momentum, inner radius, and magnetic-field strength. By comparing with experiments it is found that
the width of the real confinement potential is 14 nm, much smaller than the phenomenal width. The Coulomb
energy of two electrons is calculated as 11.1 meV. The quantum waveguide transport properties of Aharonov-
Bohm (AB) rings are studied complementarily, and it is found that the correspondence of the positions of
resonant peaks in AB rings and the momentum of confined states in closed rings is good for thin rings,
representing a type of resonant tunneling.
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[. INTRODUCTION proximation where the motion along thzeaxis is decoupled
from that in thexy plane, and we only consider the confined
In the past few years, self-assembled dots have attractesfates in thexy plane.

considerable interest because their atomlike properties make

them a good venue for studying the physics of confined car- Il. THEORETICAL MODEL

riers and many-body effects. They could also lead to inter-

esting device applications in fields such as quantum cryptog- In the presence of a magnetic field the equation of the

raphy' guantum Computing, Optics, and 0ptoe|ectronicsfadia| movement of electrons in the ring is written as

Altering growth conditions Garciat al fabricated quantum

dots with a ring shape. The decisive difference between %2

guantum rings and quantum dots is their topology—the hole

in their middle becomes dominant when an external mag-

netic field is applied. The magnetic flux that penetrates the +V(r)p=Ed, (1)

interior of the ring will then determine the nature of the

electronic states. Warburtcet al? reported how the optical wherem* is the effective mass of electrom is the angular

emission (photoluminescengeof a single ring changes momentum quantum numbeB=eB/c, andV(r) is the ra-

abruptly whenever an electron is added to the ring, and thatial confinement potential,

the sizes of the jumps reveal a shell structure. Laekal3

employed capacitance spectroscopy and infrared absorption [0, ri<r<r,

spectroscopy to investigate both the ground states and exci- V(r)= ] (2

tations of these rings. Applying a magnetic field perpendicu- %y T<T1l=Ta;

lar to the plane of the rings, they found that, when an on-flu,ore we use the hard wall approximation,andr, are the

quantum threads the interior of each ring, a change in thg,ner and outer radius of the ring, respectively.

ground state from angular momentum=0 tom=—1 takes In the following we use the width of ring=r,—r as the

place. Theoretically, Llorenst al? stu_died the electr(_)nit_: length unit, and the transverse confinement energy of the
states of quantum rings under an applied lateral electric f'eldground state

Li and Xia® calculated the electronic and hole states of the

Pp 1dp m? 1 2,
—————+r—2¢+ﬁ(,8hm+7r )¢

InAs/GaAs quantum rings of different shapes. 52 2
In this paper we study the electronic states of quantum Eo= (Z 3
rings in perpendicular magnetic field and transport properties 2m* \ d

of corresponding Aharonov-BohittAB) rings. Ignoring the

effects of spins and the mutual interactions, we calculate thas the energy unit. Equatidid) can be written as a dimen-
Coulomb energy of two electrons. We must point out that oussionless form

approach is really a single particle picture, which can be

useful as a first step for a more deep study of transport prop-  #?¢ 1 d¢p m? T 7 )5
erties in quantum rings. At a low free-electron density, the —— 5~ " 5 + r—2¢+ ZMbt+ 2=b g+ V(r) ¢
single-particle picture is a good approximation.

Because the height of typical ring® nm) is much smaller =m7°Eg, (4)

than their lateral sizé60 and 140 nm in outer diameter, and
20 nm in internal diamet®f we can use an adiabatic ap- whereb is the magnetic field strength of dimensionless form:
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N
wc=|§l (@™ +be %) ¢ (y), (9)

wherex is the coordinate along the channel outward from the
ring region, andy is the transverse coordinaté,(y) is the
transverse confined state with eneigy, andN is the num-
ber of transverse modes involved in the transport:

&1(y)=+2sinl 7y,

E|:|2. (10)

Note that here we usa andE, as the length and energy
units, respectivelyk, is the propagation wave vector for the
Ith tranverse modén units of 1H),

k|=7T E_E|, (11)
heB
m*c whereE is the electron total energy, arigl may be real or
b= ) (5) imaginary.
Eo The wave function in the ring region can be written as
We use M
h=—e S cnbn(kne™ (12)
2 - r 2 mm m%m ’
Yn= Fsmnw(r—rl) (6)

where ¢,(kr) is the radial wave function for the angular
as the basic function, and the matrix elements of the kinetienomentumm and energyE, which satisfies the boundary
energy terms in Eq(4) can be represented by the sine- condition ¢,,(kr;)=0, andk==E. In the absence of a

integral si(1) and cosine-integral ai().° magnetic field,
The Coulomb energy of two electrons or the binding en-
ergy of exciton state can be calculated by GPm(kr)=JIm(kr)+ anYm(kr), (13
e? ) 5 where J(kr) and Y, (kr) are the Bessel functions of first
Eczs—of ridril ¢i(ry)] f ridré;(ry) and second kinds, respectively. In the presence of magnetic
field ¢, (kr) is a degenerate hypergeometric function, which
1 de is calculated by numerical integration.
Xz—f O 17 By using the boundary conditions to be satisfied by the
7 [ritri—2rr;cosd] wave functions at the interface between the channel and the
262 (1, . 1 rjng region(if we neglect the diffe_rence betvyeen the ;traight
= _f ridri|¢i(ri)|2f rydr|¢;(r;)|2——=K(r), line of the channel and the_ arc line of the ringe obtalr_l a
€0 Jry 1 NI+ set of equations of coefficientg andb, anda/ andb; in

(7) wave function(9) for #=0 andé channels, respectively, and

Cm in the wave function12) (Ref. 7):
whereeg is the static dielectric constant; and ¢; are wave

functions of two carriers, ané(r) is the complete elliptic N N
integral of first kind® 2’1 (aj+ byl 7m|+|21 (@ + b)) =Cmdm(kra),
4rirl-
(8) m=0,=1,=2,...=M, (14)

r=————+—!.
rEHre+2rr

M
Because the transmission extreme of an AB ring is con- i (a,—b )=k2 Cnbi(KTo)] n=12 N
nected with the quasiconfined stafese can study its trans- A e mm " '
port properties to obtain the information of electronic states (15
in corresponding closed ring. The AB ring is schematically
illustrated in Fig. 1, where the central region is the ring; the
electron wave is injected and partly reflected in the channel ikn(ar;_brq):kZ Codm(Kr2)ln, N=12,...N
at the right @=0), and it partly runs out in the channel at m=0
the 6 angle.

The wave function in the channel region can be written asvhere

M

(16)
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r nwry(6— 0 107 + .
lzj . 2( 1) eimig g, ] Lt et Y
] Lt et vV o
(17 s Lt et v et
» v °
ro (04  Nmro(6—063) . 1 + 7 e v .
Io=\/— | si—————¢e'Md§. 77 + * vV a o*
mn d 03 d 1 + + * ¢ v A A L 4 u
6 - + + + + . L 2 v v A ° L4 n u
A ||
0, and 6, and #; and 6, are angles to which the two sides of . sl cos?® ¢ .Y R * "
the two channels correspond, respectively. ] v MIRC I . "
There are ® + 1 radial functions involved in the summa- th I A AN T .
tion of Eq.(12), andN transverse states involved in the sum- ] aAAd A et a 0.5, b=0
mation of Eq.(9); then we obtain 1+ 2N+ 1 equations. In 1 o® ¢ " - ry=0.29, b=
Egs.(14)—(16) b, andb;, are coefficients of electron waves 2‘_ °° "
traveling inward or increasing exponentially with (for 1 an"
imaginary k,,), which are all set to be zero according to T y T y A T
1 1

physical consideration, except one coefficient 1/\k;, rep-
resenting the amplitude of one injected wave. There are
2M+2N+1 unknown coefficients in Eqs(14—(16): FIG. 2. Electron momentum as a function of the angular mo-
a,,a,(n=1,2,...N) andc,,(m=0,=1,...%=M); therefore  mentumm for a ring ofr;=0.25 inb=0.
the set of equations is complete and unique.

Solving the set of equations we obtain the coefficients example, for m=0, «=0.7655, 1.7571, 2.7546,

anda,,, which are related to the transmission and reflectiord.7535 ..., m=1, xk=1.2197, 2.2446, 3.2382,
amplitudes 42412 ... etc
a,= Fni ’ B. Effect of magnetic field
\/k—" In the presence of a magnetic field Fig. 3 shoxis as
(18 functions ofm for the magnetic field=4 and the ring of
o= thi r,=0.25. For a typical ringd=40 nm, m* =0.07m,, the
"ok, energy unitEy=3.36 meV[Eq. (3)]. b=4 [Eq. (5)] corre-

sponds toB=8.12 T. From Fig. 3 we see that the energy
The total transmission and reflection probabilities are giverminimum is atm<0 state, which is caused by theb linear

by term in Eq.(4). The absolute value af, at which the energy
minimum is located, increases when the magnetic fleld
T=E It;: |2 increases or the inner radiug increases, due to increase of
T the magnetic flux through the ring.
(19 Figure 4 showsc’s of the ground state and the first ex-
5 cited state (=1,2) as functions ob for m=0, —1, and
R:% |rij| . — 2 states. From Fig. 4 we see that when the magnetic field
b +‘v v )
ll. RESULTS AND DISCUSSION L RAGARA
T + + vAepn
9 + e Vv Ao
A. Effect of curvature ] ’.’ +++ RAOCK
4 o T4 + 6V o m
In the following we use the electron momentuns JE to ®] Yy ety + 0y A %"
. . . v, e, +T,0% A%
represent the enerdy (in units of Ey). In the special case of 7 A v ’0‘ 4, S .‘VIA.:I
a straight two-dimensional wire of widtl, the transverse 6 AAA 'vv' ’o, Tt ..‘ on
energy isE; =12, and the electron momentumis=1, i.e., an 1 o Aa, Yy %eiiie0* "“l
. . . . # 5 [ ] AA Vv va om
integer. In the absence of magnetic field Fig. 2 showskthe ] T R T A
as functions of the angular momentum for a ring of r 4 . %o, TS ‘..' r=0.25 b4
=0.25, which corresponds to a typical rifgyith an inner ] ., ".,. Aaad %
radius of 10 nm and an outer radius of 50 nm in the length : 'I._ ®o00e® "
unit of the ring widthd=40 nm. From Fig. 2 we see that for 21 s SN—
m=0 « is nearly equal to and smaller than an integgn 14
=1,2,...),which is caused by the curvature of the ring. P I T —

Whenr —, the ring approaches the wire limit, and &lk
approachn. When r;—0, the ring approaches the circle

limit, and « of them state approaches,/, whereay, is the FIG. 3. Electron momentum as a function of the angular mo-
nth zero point of the Bessel function ofth orderJ,,(x). For ~ mentumm for a ring ofr;=0.25 inb=4.
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FIG. 4. Electron momentum as a function of the magnetic-field ~FIG. 6. Coulomb energies of two electrons as functions of the
strengthb for them=0, 1, and 2 states of a ring of =0.25. angular momentunm for a ring ofr,=0.25 inb=4.

increases the ground state changes gradually fromai® energieszof then=0 ground state are 1.6381, _1.3057, and
state tom=—1,—2, . . . states. There is an abrupt change of0-9499 €/&.d) forr,=0.25, 0.5, and 1, respectively. When
energy at the transition o, which occurs ab=0.5 for the 1 is smaller, the electron density is distributed more concen-
transition from them=0 state to then= — 1 state. This is tratedly, resulting in increase of the Coulomb energy. There
verified by the experimeritwhere it was found that the tran- are only experimental results for the Coulomb energy of two
sition occurs aB=8 T. Fromb=0.5 andB=8 T we ob- €lectrons in the quantum ddtsyhich is equal to 20 meV.
tain the real ring widthd=14 nm; this means that the width Another photoluminescence experinfegave the binding

of the real confinement potential is much smaller than the&n€rgy of a single charged excitoX (", two electrons plus
phenomenal width 40 nm. one holg as 6.0 meV in the ring. We assume that the width

of the ring is 14 nm, from our calculation result,
=1.6382 @%e,d) and £,=15.15, we obtain E.
=11.1 meV, which is comparable to that in the quantum
Figure 5 shows the Coulomb energies of two electrons adot, and larger than the binding energyXf .
functions ofm for the ring ofr,=0.25 in the absence of a Figure 6 shows the Coulomb energies as functionmof
magnetic field. The unit of the Coulomb energye§eod,  for the ring of r;=0.25 in the magnetic-fieldb=4. From
proportional inversely to the width of ring. From Fig. 5 we Fig. 6 we see that the Coulomb energies are larger than those
see that for then=0 state the Coulomb energy of the ground in the absence of magnetic field, due to th&h?r?/16 term
state is at a maximum; it then follows those of the of the magnetic field potential in Ed4), the electrons are
=2,3,4 ... states. But fom>5 the order is reversed. The distributed more closely to the central region. The Coulomb
Coulomb energies decrease when the inner radius increasesergies are symmetric with respectnie=0 state, different
and the width is kept constant. For example, the Coulomlfrom the eigenenergies in Fig. 3. From Hd) we see that

C. Coulomb energy of two electrons

1.66 -
164 241 r,=0.25, m=0
162 et r,=0.25, b=0
1601 221
158 — a0
Ng; 1.56-: N% ]
ﬁJ 154 o 184
152
1504 164
148
1.46- 1.4
1.44 T v T M T T T M T 1 ) v ) v ) v ) M Ll
0 5 10 15 20 0 2 4 6 8
m b

FIG. 5. Coulomb energies of two electrons as functions of an- FIG. 7. Coulomb energies of two electrons as functions of the
gular momentunm for a ring ofr,;=0.25 inb=0. magnetic-field strengtb for the m=0 state of a ring of ;=0.25.
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FIG. 8. Transmission probabilities as functions of the electron FIG. 9. Transmission probabilities as functions of the magnetic-
L n p . - field strengthb for the electron momenta=1.32 (solid line) and
momentum for an AB ring of ;=1 and#= = in b=0 (solid line) 1.62 (dashed lingin an AB ring ofr,=1 andf=
andb=1 (dashed ling ' 9ot '

. . that T changes periodically with magnetic field, which is the
the 7mb/2 term is a constant, only changes the eigenenergyasic characteristic of the AB rirg:° The oscillating period

and has no effect on the wave function. is
Figure 7 shows the Coulomb energies of the O state as
functions of the magnetic fielth for the ring ofr;=0.25. hc

From Fig. 7 we see that when the magnetic field increases o= e’ (20)

the Coulomb energy of the ground state increases; however ) ) ) )

those of excited states decrease first, then increakebas ~ Where® is the magnetic flux through the ring section area.
comes larger than a critical value. The above results are affSSuming that the ring has an average radiyswe obtain
suitable for the exciton states composed of electron and hol@€ period represented Hy

states.
4

b=—-, (21)

. . (7Tr0)

D. Mesoscopic transport properties

For a thin ring ¢,=1) we can investigate the quantum From Fig..9 the oscillating period. I3=0.18, then we obtain
waveguide transport properties of an AB ring to obtain infor-f o= 1.50, just as the average radius for the ring ¥ 1 and
mation about the confined states in the corresponding rind.2= 2- The figures in Fig. 9 represent the angular momentum
Figure 8 shows the transmission probabilitieas functions M Of corresponding states in the closed ring. 0, the
of the momentum of injected electron for an AB ringrgf ~ P&aks of two curves correspond o= *+4 and 6 states,
=1 and@= (see Fig. 1in bothb=0 and 1. From Fig. 8 respectively. Whelb increases, each peak correqundmto
we see that there is a series of resonant peaks, correspondingt States related to the former peak. They are split into two
to the momentum of confined states in the closed ring wittP€aks at near to 1, which is also in agreement with the
different angular momenturm. Tables | and Il gives the calculation resu_lts of confined states in the cloged ring. To
positions of resonant peaks and momentuof the ring, and ~ OUr knowledge is a new type of resonant tunneling that oc-
correspondingn. From Tables | and Il we see that the con- CUrs in the p]ane structure W_lthout the barrier region, in con-
sistency is good in the case of either zero or finite magneti€@st to that in a double-barrier quantum-well structure.
field, so we can use the AB ring to investigate the energy For fat rings ¢,<1) the correspondence is not good,
spectra of a closed ring. bgcause the two channe[s have a large part pf boundary

Figure 9 shows the transmission probabilities as function®ith the ring, and have influence on the confined states
of a magnetic fieldb for an AB ring ofr,=1, 4=m, and (€€ Fig. 1
electron momentunxk=1.32 and 1.62. From Fig. 9 we see

IV. SUMMARY
TABLE |. Positions of resonant peaks in the AB ring, and mo-  The electronic structure of quantum rings is studied in the
menta of confined states in a closed ringoir 0. framework of the effective-mass theory and the two dimen-

i sional hard wall approximation. In the absence of a magnetic
AB ring « 103 113 127 144 162 180 196 fioq the electron momentum of them=0 state is nearly
closedring m 2 3 4 5 6 7 8 equal to an integem (transverse momentumand ap-

« 1.08 118 131 146 162 179 1.96 proachesay/m for the m state as the inner radius ap-
proaches zero. In the presence of magnetic field, the ground
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TABLE II. Positions of resonant peaks in the AB ring and momenta of confined states in a closed ring in
b=1.

AB ring « 106 113 123 123 135 137 148 153 161 170 175 187 191

closedring m -4 -3 -2 -9 -1 -10 -11 0 -12 1 -13 2 -14
x 1.08 115 125 127 139 139 152 154 165 171 179 189 194

state is am< 0 state, and thém| value is dependent on the rally, it is found that the correspondence of the positions of
magnetic-field strengtb and the inner radius;. When the resonant peaks in AB rings and the momentum of confined
magnetic field increases, the ground state will change gradwstates in closed rings is good for thin rings, 1), repre-
ally from anm=0 state tan=—1,—2, ... states. The Cou- senting a type of resonant tunneling.

lomb energy of the ground states of two electrons increases
with increasing magnetic field. By comparing with experi-
ments it is found that the width of the real confinement po-
tential is about 14 nm, much smaller than the phenomenal This work was supported by the National Natural Science
width. Using this width the Coulomb energy of the two elec- Foundation of China, special funds for Major State Basic
trons in the ring is obtained as 11.1 meV, which is compa-Research Project No. G2001CB309500 of China, and a
rable to that in the quantum dot. The quantum waveguideroject of the Chinese Academy of Sciences: Nanometer Sci-
transport properties of AB rings are studied complementaence and Technology.
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