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Calculation of the hysteretic force between a superconductor and a magnet
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The magnetic levitation forces exerted on a high-temperature supercond(4Tisy disk by a cylindrical
permanent magngPM) are calculated from first principles for superconductors with finite thickness. The
currentj(p,z) and fieldB(p,z) profiles in the HTS in the nonuniform magnetic field generated by the PM are
derived. The levitation force depends nonlinearly on the critical current dejpsétyd on the thickness of the
HTS. The flux creep is described by a current-voltage B{y)=E.(j/j)", from which we show that the
levitation force depends on the speed at which the PM approaches or recedes from the HTS, which accounts for
the experimentally observed force creep phenomenon. The stiffness of the system is derived by calculating
minor force loops. The numerical results reproduce many of the features observed in experiments.
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[. INTRODUCTION with j. and more than linearly with the size of the current
loops?® According to this criterion, the current material of
It has been well known that a permanent madR®l) can  choice for superconducting levitation is MTG YBCO and
be stably levitated above a high-temperature superconduct®®BCO samples, because high quality MTG samples with
(HTS) cooled by liquid nitrogen, which has become the well- high critical current density and single domain diameters up
known symbol for HTS technology. This fascinating mag-to 10 cm are currently available by means of the melt
netic levitation results from the interaction of the inducedprocess?® Another reason is its high irreversibility line at
current inside the superconductor with the inhomogeneoubquid nitrogen temperature, which is the normal operating
magnetic field generated by the PM. Because of its possibleemperature for magnetic levitation experiments. Although
industrial applications, such as noncontacted supercondudtigher critical current density can be achieved in thin films,
ing bearings;?> gravimeters, flywheel energy storage the levitation force is limited by the thickness of the films.
systemé® magnetic levitation transport systeffisand According to the critical state mod&l? the levitation
motors™ the magnetic levitation between a PM and an HTSforce is independent of the speed at which the PM ap-
has been the subject of intensive studies for the last decadproaches and recedes from the Hf$owever, as the ther-
The most common feature of the magnetic levitation ismally activated flux motion is prominent in HTS, resulting in
the hysteretic behavior of the vertical for€g versus the the relaxation of the magnetizatidiurrent density?® the
distancez between the PM and the HTS when the PM islevitation force which depends on the current density of the
descending to and then ascending from the HTS. When a PMTS is expected to decrease with tiifierce creep Experi-
approaches a zero-field-cooled HTS, the levitation force inmentally the levitation force is observed to be approximately
creases monotonically from zero; as the PM is moving awayogarithmic in time and can be well correlated with the ther-
from the HTS, the levitation force decreases sharply to anally activated flux motion in HT$?
negative peak at some distance, indicating attractive force The thickness of the HTS also drastically influences the
between the HTS and the PM, then declines to zero again #évitation force. Because the critical current density is lim-
larger distance. Detailed experiments have been performetkd, for thin HTS samples, the levitation force increases lin-
on melt-textured-growriMTG) YBCO and RBCO (R de- early with the thickness of the HTS. However, beyond a
notes a rare earth element such as Nd, Sm, Gd, Eu, Dy, Heertain thickness, the levitation force is independent of the
Er, Tm, Yb, Lu, and L thin films, as well as granular thickness’® Other characteristics of the HTS, such as the
sample$:?"1 For MTG YBCO andRBCO samples, the anisotropy and the grain orientation inside the MTG samples
force curve is usually asymmetrical, i.e., the absolute valudave been studied and shown to affect the levitation
of the attractive force is smaller than the maximum repulsiveforce 1*?® The stiffness of the PM-HTS system, which repre-
force |Fa mad <Fr max-'° For thin films, the force curve is sents the spring constant associated with vibrational motion
almost symmetricalFaymaxlkarymax,” while for granular of the levitation system has been intensively studied. Experi-
samples, the attractive force is hardly presént. mental results for vertical stiffness, lateral stiffness and cross
Various parameters are very important in determining thestiffness have been presented.
levitation force. The most important are the pinning strength In addition to these, the geometry and properties of the
(critical current densityof the HTS and the induced shield- PM also affect the levitation force. The size and shape of the
ing current loops inside the HTS. Highgrand larger loops PM, the homogeneity and the temperature dependence of the
are very important to achieve a high levitation force. It hasPM magnetization have been shown to influence the levita-
been suggested that the levitation force increases linearlyon force!?
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Although the magnetic levitation of a PM above a HTS, The models mentioned above can be used to account for
and vice versa, can be easily demonstrated, and detailed exeme features of the levitation force observed in experi-
perimental results for the levitation force have been prements, but, they usually are a crude approximation. First, the
sented, the theoretical models for this magnetic levitatiorfurrent and field distribution in the HTS under a nonuniform
system have not been fully developed so far. The first reasoffi@gnetic field is not adequately accounted for. For practical

is that a correct model should consider the finite thickness o@ppllications' using magnetic levitation, the precjse control of
. . ) o the interacting force between a superconducting target and
a superconducting disk in a perpendicular magnetic field. |

L2 . : "the applied nonuniform magnetic field is of critical impor-
the case of an infinite long cylinder under a parallel applied;nce |t is hence necessary to thoroughly understand the

magnetic field, the magnetic field and current density profilegyysteretic nature of the force on a superconductor immersed
can be easily obtained by means of the critical state modejn such fields. From an analytical point of view, precise
However, for a superconducting disk under a perpendicularlknowledge of current and field profiles is essential for the
applied magnetic field, the extreme demagnetization effectgalculation of the magnetic levitation force between a PM
make this case qualitatively different from the parallel fieldand an HTS. Second, the models are all based on the critical
case. The second reason is that the calculation now has $ate model, which completely disregards flux-creep effects.
consider the response of a HTS immersed into the nonuniHowever, at nitrogen temperature, which is the typical oper-
form magnetic field generated by the PM or by any otherating temperature for levitation experiments, flux creep is
magnet. expected to influence the levitation force. Numerical analysis
In order to avoid the above difficulties, all the models for such as the finite element meth@eEM) has been applied to
the magnetic levitation force presented so far made variougalculate the magnetic levitation force; this approach allows
assumptions. Most of the models are based on the criticals to derive the current and field profiles inside the HTS, but

state modef??*which has long been used to account for theit neglects flux creep as well.

irreversible properties of type-Il superconductors. The image To better understand the design of the magnetic levitation
modef’~? treats the superconductor as an ideal diamagnedystem between the PM and the HTS, a better model is re-
and the PM as a set of magnetic dipoles; this model disrequired. In this paper, we take all the above points into ac-
gards the magnetic hysteresis. The system then reduces ¢eunt and develop a model that correctly describes the typi-
two magnetic dipoles, representing the PM and its mirrorcal experimental configuration and reproduces the
image, oppositely magnetized and positioned at the same digxperimentally observed features of the magnetic levitation
tance below and above the superconductor surfaces. The a@rce. The demagnetization effects are considered by explic-
vantage of this model is that analytical expressions can bRly calculating the current and field profiles and the magne-
obtained. However, it cannot be used to account for the dytization of superconductors with finite thickness. The flux
namic stiffness. The extension of the image model to includereep effect is taken into account by using a current—voltage
another “frozen” image of the PM has been introduced tolaw E(J) =E(J/J.)" with creep exponem=oc+1>1, see
explain the dynamic stiffness of the systé. below.

In a recent article Navau and SancHereviewed the The paper is structured as follows, In Sec. Il we discuss
models based on the critical state. Early models considereghe theories for both a permanent magnet and a supercon-
only the extreme limits of complete flux exclusion or com- ductor in a nonuniform magnetic field, explaining the as-
plete flux penetration; they thus described the behavior osumptions made and some numerical considerations. The re-
type-I superconductors or type-Il superconductors with verysults of the calculations, including the effects of the shape
high critical currenf”3? This model was later extended to and materials properties of the HTS on the levitation force,
describe flux penetratiott*> However, these models as- the force-creep effects, the minor loops, and the stiffnesses
sumed a superconducting sample small enough to allow thgill be presented and compared with published experiments

magnetic field gradient to be considered constant along thig Sec. I, and Sec. IV gives the concluding remarks.
sample. At the same time, the demagnetization effects caused

by the finite size of the superconductor were disregarded. [l. MODELING
Navau and Sanch&zhave accounted for the demagnetiza-
tion by introducing a demagnetization factor. However, it
should be pointed out that the use of demagnetization factors We consider a superconducting disk with radaisind
for superconductors in the mixed state in which current ighickness B, levitated over a co-axial cylindrical permanent
distributed inside the bulk sample, is qualitatively magnet with radiufRpy and thicknesspy. The top surface
invalid 3437 Although the authors considered a nonuniformcenter of the PM is taken as the origin of the cylindrical
field gradient along the sample, the radial magnetic field geneoordinate systemp( ¢,z). Because of the axial symmetry
erated by the PM has been neglected. In typical experimentsf the system, only the cross section of the system is consid-
however, the PM is smaller than the HTS, and the assumpered, with thez axis chosen as the symmetry axis of both the
tion that the radial field may be disregarded is not realistic. HTS and the PM, ang (radial direction parallel to the
The levitation force between a cylindrical magnet andsurfaces of the HTS and the PM. For this configuration, the
granular superconductors has also been repdft&dhe au-  vector potential of the PM has only one component along the
thors assumed that the grains are in the critical state modet direction, which can be derived by integrating the vector
with an uniform magnetizatioM and obtained good agree- potential of a circular current loop with radii,), along the
ment between the experimental results and the calculationghicknesstpy,

A. Field of a permanent magnet
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Brem [ (2+tpy) + VREy+ p?— 2pRpy COSG+ (2+ tpy)?
Ayp,2)= Z’emJ Rpy COS¢ In > = = o, (1)
™ Jo 7+ JREy+ p?— 2pRpy COSP+ 2
|
whereB, ., is the remanent induction of the PM. The radial a (b , ,
field B,= —dA,/dz can then be written as Asp,2)= —Mofo dp fﬁbdz Q(r,r")J(r"), 4
1 . . .
B - with r=(p,z) andr’=(p’,z"). The integral kernel is
B,(p,2)= "3”’\/ E [(1— FkHK (k) —E(k)], “
=0 Q(r,r")Y=f(p,p',z—2"), 5
S ! with
whereK andE are complete elliptic integrals of the first and
second kind, respectively. And ~1 \F 1,
f(p,p" ,m)= g ?{(1— Ek )K(k)—E(k)},
2_ 4pRew i=0.1
" (Rewtp)?+(z+itpy)® ’ o 4er’ ©
The axial fieldB,=(1/p) d(pAy)!dp is (p+p")2+7n*
) K andE are the complete elliptic integrals of the first and
B.(p.2)= Bpw [ 7PRpMCOS$—Rpy cos ¢ second kind, respectively.
2P 27 Jo RZ + p2—2pRpy COS Equation (5) is obtained by integrating the three-
' dimensional(3D) Green function of the Laplace equation
é (—1)(z+itpy) 14m|rg—ri| with ry=(x,y,z), over the angle ¢
— 41 : H
— \/RPM+P — 2pRop COSh 1 (2+ itpy)2 z;sarctan{//x). The total vector potential can then be written

Ay
d —. 3 a b
xdét — ® A(p,Z)Z—/.LofO dp'f_bdz'Q(r,r’)J(r’)+A¢(p,z).

(7)

The response of superconducting disks and strips in an To obtain the desired equation of motion for the current
uniform applied magnetic field has been extensively studiedensityJ(p.zt), we express the induction laf/x E= —B
by Brandt****We now consider the response of a supercon=V XA in the formE=—A, whereE is the local electric
ducting disk in the nonuniform magnetic field generated byfield caused by vortex motion. Combining this expression
the PM[Egs. (2) and (3)]. The calculation is for the zero- with Eq. (7), we have
field-cooled (ZFC) process, in which the superconducting X
disk is cooled below its critical temperatufe in zero ap- _ a p INT N
plied field and then a nonuniform field is applied to the disk, Elp Z)_’“(’fo dp f_bdz QNI =Aqlp.2).
which generates a screening current. The central idea of our (8
numerical method is to find the equation of motion for the
current density in the superconductor disk filling the space
—b=<z=<b, p=a.

Because of the axial symmetry, the current dendignd 1 ra b
the vector potentiaA; generated by the current have only J(p,2)= —f dp’f dzZ’Q Y(r,r)[E(r,r")
one component along thé direction. The total vector po- HoJo -b
tential of the system is theA=A;+ A, and the total mag- A (o 7 9
netic field B=VXA. We assume here the material |&v FAp"Z)], ©)
= uoH, which is a good approximation when the flux density whereQ ! is the reciprocal kernel defined by
B and the critical sheet currenbd, are larger than the lower
critical field B;; everywhere in the superconducting disk. , S~ Vo "
This requirement is often satisfied in magnetic levitation fo dp j,bdz Q(rr)Qrir)=a(r=r"). (10
measurements, normally operated at a relatively high tem-
perature of 77 K. According to the Maxwell equation with It can be seen from Eq9) that the equation of motion for
gaugeV-A;=0, we haveuygJ=VXB=VXVXA=VXV the current density contains the reciprocal kernel, which de-
X Ay=—V?A;. The solution of this Laplace equation in cy- pends only on the geometry of the superconducting sample.
lindrical geometry can be written as Here we consider a disk, but the keri@kan be changed to

B. Superconducting disk in a nonuniform field

The equation of motion for the current density can be de-
rived by inverting Eq.(8) as
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calculate other sample geometries, such as strips, artdtal magnetic field, since the self-force exerted by any cur-
samples with arbitrary cross sectithnlf desired, a possible rent distribution on its own magnetic field is zero.

B dependence ad.(B), or any generalized la=E(J,B) As a measure of the strength of the applied nonuniform
is easily incorporated into these computations. Note thatfield we choose the field valuB,,,;=B,(p=0,z) occurring
e.g., in the regime of free flux flow one h&s<JB. Gener- at the center of the bottom surface of the superconducting
alizations of this method have also been given which condisk

sider nonzero lower critical fiel8.; (Ref. 42 and nonzero

London penetration depth.*® B Brem Z+tpy (12
Equation (9) depends explicitly(i.e., not via separate axis— o 2 o1 2 T

boundary conditionson the applied magnetic field via its VREw T (2+ tpy) \/RpM z

vector potentialA . In this paper we consider the field of a The magnetic moment of the disk is

permanent magnet given by Eq®) and (3), but one may

also use other types of magnetic field, such as the field gen- . a 2

erated by a circular current loop or by dipoles. In addition to m=2m 0 dp ,bde Ip.2). (13

these, the equation also depends on the material Eaw _ o

=E(J) of the superconducting sample. Obviously any suffi- D. Minor force loops and magnetic stiffness

ciently sharply benE(J) law may be used; in the foIIovxaing Because of the hysteretic behavior of the superconducting
we choose the rather general material BW)=Ec(J/Jc)",  disk, when the PM is moved away and back again by a small
which ylelds the limits of the critical state model fDHQO, amountsz at a distance, the FZ(Z) curve follows a minor

the flux flow model forn=1, and the flux creep model for force loop rather than the major force loop. For snall the
1<n<. The current is assumed to flow along the electric

field E, thus this current-voltage law may also be written in (e = \
the formE=p|J/J.|7J with exponentc=n—1. Wl v H',

Equation (9) is easily time integrated by starting with \\\\\\: =~ - ,/,//
J(p,z,t=0)=0 at timet=0 and then putting)(p,z,t=t — == SN e
+dt)=J(p,z,t)+I(p,zt)dt. The vector potential can then T~ —
be derived from Eq(7) and the magnetic field IB=V XA. z/a=1.79

For all the calculations in this paper, we use reduced units of
Biem=E.=a=puo=1, the current density] is in unit of

Brem/(od), the frequencyw is in unit of E;/(B,en@), and 77
the levitation force is in unitﬁfemazl,uo. For simplicity, the -
critical current is assumed to be independent of the magnetic \\\\\Jaf«

field. \\\ //

C. Levitation force and hysteresis loop z/a=1.19
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The PM approaches and recedes from the HTS(&s

=Zpot 2~ Zp Sin(wt), where zgy+ 2z, is the maximum(ini- Y

tial) distance andg, the minimum distance between the PM \\\;\\\\\ ///////’/

and the HTS @t=0—m/2— ). The frequencyw defines \\\\\\’/f - L

the speed at which the PM approaches and recedes from the

HTS. Experimentally, uncertainty will be caused when the —m\\ ///:

PM touches the HTS, and therefore the limjt=0 should /2=0.92

be avoided. In this calculation we choogg/a=0.1 as the z/a=u.

minimum distance between the PM and the superconducting

disk. \ \ T / /
After the current density inside the superconducting disk : :

is derived, the vertical levitation force along thaxis can be - -

readily obtained as Z N

=S

a b _
Fz=27TJ dpJ dzJp,2)B,(p.2), (11) z/a=0.48
0 -b

FIG. 1. Magnetic field lines when a PM approaches a supercon-
ducting disk with aspect ratitb/a=0.25, uod.a/B,=0.1, and
whereB (p,z) is the radial component of the applied mag- creep parametesr=20 at distanceg/a=1.79,1.19,0.92,0.48. The
netic f|e|d Eq.(2). Note that this radial component, and thus gashed lines are the contour lines of the current density inside the
the axial magnetic force, is nonzero only for an inhomog-disk. The PM approaches the disk a&)=zy+zy— 2z, Sin(wt),
enous applied field. Actually, the correct magnetic forcefrom the initial distancez=zq,+7, (at wt=0) to the minimum
would also be obtained by inserting in the integtil) the  distancezy, (at wt==/2), with a frequency ofv=0.1.
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FIG. 2. Current profiled(p,z) for the same disk as in Fig. 1. Hereb<z'<b indicates the thickness of the HTS along thaxis.

minor force loop is reversible, but beyond a certain hys- Figure 2 shows the profiles of the current densify,z)
teretic behavior in the minor force loop will be observed. corresponding to Fig. 1. The current density first saturates at
The stiffness at different distanaecan then be derived as the edges of the bottom surface, while the current density at
K= —dF;ldz. the edges of the top surface is smallefa(=1.79). As the

PM is moving closer, the saturation spreads both into the top
surface and into the middle of the disk/@=1.19 andz/a
=0.92), until it is saturated everywhere inside the disk
A. Current and field profiles in the HTS (z/a=0.48). Because we choose=20 (or n=21), the

Figure 1 shows the magnetic flux linésolid lineg and maximum current density is considerably smaller than the
contours of the current densi(sjashed |inebwhen a perma- critical current denSit}Jc . |nCI’eaSingJ' will resultin a Iarger
nent magnet is approaching a superconducting disk. Here ttsrrent density closer td. .
disk has radiusa (our unit length, side ratiob/a=0.25, The magnetic field lines when the PM is moving away
creep parameterc=20, and critical current density from the superconducting disk with side ralita=0.25 and
moded/Bem=0.1. The PM is a cylinder of radiuRpy  0=20, uoJca/Ben=0.1 are shown in Fig. 3 as solid lines at
=0.5a and thicknesgpy,=0.25 with remanent induction distancesz/a=0.12, 0.20, 0.32, and 0.48. The dashed lines
B,em- The distance between the closest flat surfaces of thare the contour lines of the current density inside the disk.
HTS disk and the magnet Ba=1.79, 1.19, 0.92, and 0.48. Figure 4 shows the corresponding profiles of the current den-
Thus Fig. 1 visualizes the penetration of the nonuniformsity J(p,z). As the magnetic field is decreased, the current
magnetic field of the PM into the superconducting disk.density is reversed inside the disk. Interestingly, the rever-
Some features different from those of the superconductingion begins at the bottom surface wigta= *= 0.5, where the
disk in a uniform magnetic fiefd can be clearly seen. Be- magnetic field is strongest. As the PM is moving further
cause the magnetic field is stronger at the bottom of the diskway, the reversion spreads onto the top surface and middle
(seez/a=0.48 of Fig. 1, the penetration starts from the of the disk(Fig. 4,z/a=0.20 andz/a=0.32), until the cur-
bottom of the disk, while the top surface is not penetratedrent is completely reversed/a>0.48). Note that for a su-
The resulting magnetic field fronts inside the disk form anperconducting disk immersed in a uniform magnetic field,
onion shape rather than the symmetrical lens shape observéite reversion usually begins at the edge of the disk and
for homogeneous applied field. One can clearly see how thspreads into the center of the sample. As the levitation force
magnetic field lifts the superconductor. is determined by the current densityp,z) and by the mag-

IlI. RESULTS AND DISCUSSIONS
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b/a, the hysteretic loop is asymmetrical, with the maximum
/\\\\\J/ // repulsive force larger than the maximum attractive force.
However, as the side ratio is decreased, the hysteretic force
loop becomes more and more symmetrical. Bfa=0.05,
the curve is completely symmetric. Experimentally, sym-
metrical F,(z) curves have been observed in YBCO thin
2/2=0.12 films,*” while in MTG bulk samples, thé,(z) curves are

usually asymmetric. The reason for this is easy to under-
N7~
[z

stand: For a thin sample, the magnetic moment is saturated
when the PM is close to the sample. When the PM is moving
away from the sample, only a little decrease in the applied
field saturates the magnetic moment in the reverse direction;
this results in a symmetrical magnetization hysteresis loop
[see Fig. B), where the magnetization hysteresis loops cor-
responding to Fig. &) are plotted, and therefore a sym-
metrical force loop. While for a bulk sample the magnetic
moment saturates when the PM is close to the sample, it is
never saturated in the reverse direction when the PM is mov-
ing far away from the disksee the magnetization hysteresis
loops forb/a=0.8 in Fig. 5b)], resulting in an asymmetric
hysteresis loop of the magnetization and therefore an asym-
metric loop of the force versus distance.

Another interesting feature shown in Fig. 5 is that a maxi-
mum is found in the repulsive force when the PM is at some
distance away from the HTS, rather than at the minimum
< distance. Experimentally this maximum has been observed in

;“ | : thin films!’ while it was hardly observed in MTG samples.
/] N Riiseet al.accredited this maximum to the dimensions of the
/ N N Q PM, which tends to vanish with largégy, and smalleiRpy,.

///ﬁa\\ //,,% And the disappearance of the maximum in MTG samples
2/2=0.48 was explained by noting that bulk samples are less sensitive

to a nonuniform field than films. Another explanation

FIG. 3. Magnetic field lines when a PM is moving away from a comes from Sanchez and Navduwho claimed that this
superconducting disk witth/a=0.25, uJ.a/B,en=0.1, andoe  Maximum is a result of the minimum in the derivative of the
=20 at distances/a=0.12,0.20,0.32,0.48. The dashed lines are thefield produced by the PM, based on a constant-field-gradient
contour lines of the current density inside the disk. After approachmodel®* They concluded that the maximum depends cru-
ing (not shown herethe PM recedes from the disk a¢t)=z,,  cially on the side ratid/a, the larger the side ratib/a, the
+ 25—z sin(wt) from the minimum distance=zy, (atwt=m/2) to  closer the maximum shifts to zero PM-HTS separation.
the maximum distance=zy+ 2, (at wt= ), with a frequency of  Whenb/a is sufficiently large, the maximum may not exist.
0=0.1. However, as can be seen from Figah the maximum is

independent of the side rata. The peaks are observed to

netic field shown in Fig. 1 to Fig. 4, the features shown inbe at the same distance for all side ratios and everbfor
these figures will be reflected in the levitation force, as will>a not shown here. In a separate calculation, we have found
be discussed in the following. that this maximum is independent of the dimensions of the

The magnetic field lines and the profiles of the currentPM. We conclude that the peak arises from the intrinsic prop-
densityJ(p,z) depend on the side ratiw'a, creep exponent erties of the HTS. As will be seen from figures below, the
o, and critical current density), of the superconducting maximum depends on the creep exponeniThe largero,
disk, as well as on the dimensions aBg,, of the PM. De- the closer the maximum shifts to zero PM-HTS separation.
tailed results will be presented elsewhere. When o is sufficiently large, the maximum may not be ob-
served any more.

Becauser=n—1, andn can be related to the depinning
barrierU, of the sample asa=Uy(T,B)/kgT,*** a smaller

As we use reduced units=1 in this calculation, the ef- ¢ means a lower activation barrier or higher temperature.
fect of the shape of the HTS on the levitation is demonstrate@oth MTG YBCO and YBCO thin film have a relatively
by calculating the levitation force for different thicknesseshigh pinning potential, however, experimentally when a PM
2b of the superconducting disk. The results are shown in Figapproaches a thin film, it may increase the local temperature
5(a), whereF,(z) curves ato=2, w=0.1, andugJ.a/B,en 0N the film, resulting in a lowes, and therefore in a maxi-
=0.1 are plotted for different thicknesse®.2The F,(z) mum. On the other hand, although the PM may increase the
curves show typical hysteretic behavior. For larger side ratiosemperature of the surface of the bulk sample, the currents

B. Effect of specimen shape orifr,
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FIG. 4. Current profiles(p,z) for the same disk as in Fig. 3. Hereb=<z'<b indicates the thickness of the HTS along thaxis.

flow in a much larger volume, and the levitation force is discussed in the above sectitthe maximum at-=100 cor-
determined by the bulk properties, so the maximum may notesponds to minimum HM-HTS separatjo®n the contrary,

be observed in MTG bulk samples.

In the inset of Fig. &), we show the maximum repulsive
force as a function of the side ratiga. It can be seen from
the figure that for small side ratio/a, the maximum repul-
sive force increases linearly with'a, but saturates d¥a is

the maximum in the attractive force shifts to larger PM-HTS
separation with increasing. The maximum attractive force
increases withor, however, whery is larger than 5, it de-
creases again and saturates at higheAs opposed to this,
the maximum repulsive force increases monotonically with

further increased. Technically, a superconducting disk withy and reaches a saturation value at lasgeas shown in the
diameter 2 approximately equal to the thickness may bejnset of Fig. &a).

optimum for magnetic levitation, since further increase of the  Figure gb) shows the corresponding magnetization hys-
thickness will not enhance the levitation force. This calcu-gregis loops. For=1, the depinning barrier is very small.
lated result is consistent with the

esull experimental gec4use of the relaxation effects, the applied magnetic field
observationg:

can penetrate deeper into the sample, similar to the case of
small side ratido/a shown in Fig. 5. The magnetization hys-
teresis loop and therefore the force loop are symmetric. In-
creasing the depinning barriélarger o) results in larger
The properties of the HTS in our calculation are repre-hysteresis loops of the magnetization. However, further in-
sented by two essential parameters. One is the creep experease ofo leads to a reversible response and to a smaller
nent o related to the depinning barrier bpy=0+1  magnetization hysteresis loop. Interestingly, the peak in the
=Uo(T,H)/kgT; another parameter is the critical current maximum attractive force corresponds to the maximum hys-

C. Effects of material properties onF,

densityJ; representing the pinning strength. The effecbof
on the magnetic levitation force is shown in Figa6 where
the vertical magnetic levitation fordg, is plotted versus the

teresis of the magnetizatidherec=5) as can be seen from
Fig. 6.
The sharp decrease of the levitation force from repulsive

distancezatb/a=1.4, w=0.1, andugJ.a/B,,=0.1 for dif-  to attractive results from the nonuniform magnetic field gen-
ferent o values. It can be seen from Fig(ab that asco is erated by the PM and from the relaxation of the current in
increased, the hysteretic force loop increases and the maxihe HTS. According to Eq(11), the vertical levitation force

mum repulsive force shifts to a smaller PM-HTS separationis determined by the radial magnetic field of the PM and the
When o is sufficiently large, the peak is not observed, ascurrent density of the HTS. The radial magnetic field is
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FIG. 5. (8) The vertical magnetic levitation forc€, (in units
0.01B%, 2%/ uo) versus the distance at 0=2, »=0.1, and
Kodca/Bren=0.1 for different thicknesses of the superconducting , 5 4/B _ =0.1 for various creep parameters of the superconduct-

disk. The inset shows the maximum repulsive force as a function Oﬁg disk. The inset shows the maximum repulsive force as a func-
the thickness; the solid lines are a guide for the ey@sThe cor-  jon of o the solid line is a guide for the eyet) The correspond-
responding magnetization hysteresis loops. ing magnetization hysteresis loops.

FIG. 6. (a) The vertical magnetic levitation forcE, (in units
0.01B%.2%/uo) versus the distance at b/a=1.4, ®=0.1 and

strongest close tp/a= + Rpy, at the bottom of the disksee 1O reverse the larger current whenis increased. Although
Eq. (2)]. Therefore, the radial magnetic field and the currentthe currentis larger, the radial field is smaller, resulting in the
close top/a=+Rpy on the bottom of the disk contribute Smaller maximum attractive force observed in Fig6
more to the levitation force. When the applied field is de- Another characteristics of the HTS which drastically in-
creased by a small amount, the current close pfa fluen_ces the magnetic levitation force is the critical current
— = Rpy 0N the bottom of the disk is reversed to positive 4€NSIy: The calculated results Bi(z) atb/a=1.4, =20

first. Although the total current is still negativéhe magnetic '?en ddmzli?.llfg)r d%frf]irigtrr(;r;tl%i;ﬁrreggdﬁgﬁgﬁjgrﬁ gltce):tr_esis
moment is negativethe levitation force decreases sharply to 9. 1a. P g mag y

a negative value, because the attractive force that resul gops are shown in Fig.(8). For small critical current den-
’ ties J.a/Bem=1), the calculated results are typical
from the current close tp/a= + Rpy at the bottom of the (0dca/Brem=1) yp

disk i h h h leive f ling f F,(2) loops, exhibiting both a repulsive force branch and an
ISk Is much larger than the repulsive force resulting fromy o ctive force branch. The attractive force branches of the

the negative current in the HTS. For a smallbecause of  ¢yryes are hardly visible in Fig (&) due to the large vertical
relaxation, the current is small, and even a small decrease itg|e. WhenuoJ.a/B,enm s larger than 2, no attractive force
the applied magnetic field may lead to complete reversal ofs gpserved. WhenyJ.a/B,enm is larger than 6, thd,(z)

the current, see Fig. 6; therefore the maximum attractiveyrves are almost reversibler€ 80,100). This result can
force occurs closer to zero PM-HTS separation. Wheis  also be seen from the magnetization hysteresis loops shown
increased, the current is larger, and further decrease of tha Fig. 7(b). Namely, increasing the critical current density
applied magnetic field is needed to reverse the currenleads to larger hysteresis loops and to almost reversible mi-
Therefore, the maximum attractive force is larger and shiftsor magnetization loops, since the flux lines at small changes
to larger PM-HTS separations. Further increasingshifts  of the applied field will not move. Experimentally,(z)

the maximum attractive force to larger PM-HTS separationcurves with very small hysteresis width have been observed
but the maximum attractive force is smaller. This is becausén a MTG samplé?? indicating a very high critical current
much more decrease of the applied magnetic field is needegensity in this sample.
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sample under investigation. By comparing the experimental
results with Figs. 6 and 7, one may get an idea about the
depinning barrier and critical current of the sample.

b/a=1.4, =20, ©=0.1

D. Force creep

It has been well known that the current density in HTS
experiences relaxatiofdecay with time, which has been
extensively studied both theoretically and experimentally in
terms of the magnetization. Because the vertical magnetic
levitation force is determined by the current density in the
HTS and radial magnetic field generated by the PM, it is
expected that the levitation force may exhibit relaxation, re-
05 — T 7T sulting in a time dependent levitation force in experiments.
JaB ] However, reports on this dynamic behavior are very 6.

0.01 | On the other hand, no models so far have taken this relax-
] ation behavior of the magnetic levitation force into account.
] This is quite surprising considering the operating tempera-
0.1 ture of the levitation system between a HTS and a PM,
1 which is normally at the relatively high temperature of 77 K,
where the relaxation rate is usually quite high. It is also
05 | surprising if one considers the effects of the force decay on
1] the design of any practical applications invoking PM-HTS
2 levitation.
L In this calculation, the force relaxation is taken into ac-
count by using a voltage-current la(J) = E.(J/J.)". With
B 1<n<, this realistic material law describes the flux creep
Fl(é;. 72. (a) The vertical magnetic Ievitaﬂon forc?Z (in units :;1' Stke.rmsF?;. tgewgz%réiyztﬁgoguL?,Zlgdjz;hzt ‘Blljgir(lz?: d::c“ng
0.01B;.,2“/ o) versus the distance at b/a=1.4, =20 andw _ . - .
=0.1 for different critical current densities of the superconducting_z. and olca/Brer=0.1 for different frequencieso at
which the PM approaches and recedes from the HTS. It is

disk. The inset shows the the maximum repulsive force as a func-b . h he levitation f d d h d
tion of J,: the solid line shows the fit F, obvious that the levitation force depends on the speed at

=3.31(0Jca/B o) /[ 0.93+ (116ca/B,or) ]. (b) The corresponding which the PM approaches and recedes from the HTS;
magnetization hysteresis loops. namely, larger speed leads to a larger force loop. As opposed
to this, previous models based on the critical state model
assumed that the levitation force is independent of the speed
Based on the critical state model, the constant-fieldat which the PM approaches and recedes from the HTS.
gradient modéF predicted that the maximum repulsive force  In the inset of Fig. &), we show the maximum repulsive
FM depends linearly on the critical current density. In orderforce as a function of the time=1/w as open circles in a
to study this dependence, we plot in the inset of Fig) te dqule logarithmic _plot. Theﬁllnear dependence is waous.
dependence of the maximum repulsive force as a function dfitting to the data gives Bt~ ™ dependence d¥, on time.
the critical current density shown as open circles. It is obvi-1NiS result actually arises from the thermally activated flux
ous that the dependence is a nonlinear function. The linedpotion in the HTS, because the voltage-current B(J)
dependence is observed only at very low critical current den= Ec(J/Jc)" follows for a logarithmic current dependence of
sity odea/B o< 0.5. Afitting to the obtained data results in the activation energyJ(J)=UqIn(J:/J), inserted into the

magnetic moment

|~ bla=1.4, 6=20, ©=0.1

the dependence Arrhenius lawE=Bv =Buvyexd —U(J)/ksT] (v is the vortex
velocity). With this activation energy, the relaxation of the

max. 33U podca/Brem) current density can be derived dst™™ with m=1/0,%

F> = 0.93" (119),a/B or) (14)  |eading to the force relaxation shown in the inset of Fig) 8

Experimentally, the force creep has been observed to be

(in units O.OBrzerraZ/MO) shown as a solid line in the inset. logarithmic in timé* (corresponding to the limim—0 or
From Eqg.(14) we can see that the maximum repulsive forcec— ) within a narrow time window. It is expected that a
saturates at high critical current density. This saturation nonlogarithmic force creep,«t™™ will be observed if an
obviously corresponds to the case of ideal magnetic screemxtended time window is measured.
ing, which will not be enhanced by further increasihg The force relaxation also can be clearly seen from Fig.

Experimentally it is very difficult to get systematic results 8(b), where the magnetization hysteresis loops corresponding
as shown in Figs. 6 and 7. However, Figs. 6 and 7 can b& Fig. 8a are plotted. The width of the magnetization hys-
used as a quick reference for testing the properties of thteresis loops increases with increasing frequency. This be-
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b FIG. 9. The vertical magnetic levitation forcé, (in units
pm— b/a=1.4, 6=2, p,J a/B__=0.1 ? z
0.2 - — 7= Hoe e 0.01B2,a%/ o) versus the distance at b/a=1.4, 0=100, o
=0.1 anduqJ.a/B,.=0.1. Minor force loops at different distances
€ z are shown with a amplitudéz= 0.02a. The inset shows the stiff-
g 00 \ ness of the system.
o ®=0.01, 0.02, 0.03, 0.04, 0.05R)
E 0.08, 0.07, 0.08, 0.09, 0.1
T 02t _ N
=Y separationg are shown in Fig. 9 fob/a=1.4, 0=100, w
g =0.1, andugJ.a/B,em=0.1. Here we used a small amplitude
04k of 6z=0.02a, resulting in reversible minor force loops.
| . . . . Higher amplitude will lead to hysteretic behavior not shown

00 05 10 15 20 here. The calculated vertical stiffness is plotted in the inset as
a function of the PM-HTS distance It can be seen from
Fig. 9 that one ha¥,>0, indicating stable levitation be-
FIG. 8. (aThe vertical magnetic levitation forcé, (in units  tween a PM and a HT, decreases with increasing PM-
0.01B%,,a% uo) versus the distance at b/a=1.4, 0=2, and HTS separatiorz. K, may also depend on other parameters,
#odcd/Ben=0.1 for various frequencies at which the PM ap- g ch asl)., o, o and the shapes of both the PM and the

proaches and recedes from the HTS. The inset shows the relaxatiq_qrrs_ All these cases are easily computed by our numerical
g;tgtlaolgglstatlon force(b) The corresponding magnetization hyster- method. Detailed results will be presented elsewhere.

axis

havior is similar to what is observed in so-called dynamic IV. CONCLUSIONS
magnetic moment experiments, in which dc magnetization
hysteresis loops are measured at different sweep rates. The The current density and magnetic field profiles of a super-
width of the magnetization hysteresis loop increases witttonducting disk(HTS) with radiusa and thickness B im-
increasing sweep rate. It has been proven that measurememt&rsed in the nonuniform magnetic field generated by a per-
of the dynamic magnetic moment are equivalent to the normanent magnetPM) are calculated from first principles for
mal relaxation measurements, in which the magnetic mothe superconductor. From the derived current density, the
ment is recorded as a function of time at fixed temperaturgnagnetic levitation force between the HTS and the PM has
and magnetic fleld, when Studying the relaxation of Hl-?-'g been derived by assuming a Vo|tage_current |E@J)
Therefor(_a, by measuring _the v_ertical_levitation fofegver- = E.(J/J.)" and a material laB= uoH. The geometry and
susz at different frequencies with which the PM approachesgharacteristics of the HTS drastically influence the vertical
and recedes away from the HTS, one can study the relaxatiq@yitation forceF,. F, depends nonlinearly on the critical
of the force as well as the current density in the HTS. current densityj, of the HTS:F,~3.31(uoJ.a/Be)/[0.93
_ o +(modca/Bem ]. For thin samplesk, depends linearly on
E. Minor force loops and magnetic stiffness the thickness of the sample, but beyond a certain thickness,
One of the most important parameters used to characteriZe, is nearly independent of the thickness. The flux creep also
the magnetic levitation system using a PM and an HTS, iplays an important role in the magnetic levitation force,
the magnetic stiffness defined Bs= — dF,/dz, which rep-  which is observed to be nonlogarithmic in time. The stiffness
resents the spring constant associated with the vibrationdbr the HTS and PM system has also been derived. Our cal-
motion of a levitation system. The magnetic stiffness can beulations reproduce many of the features observed in levita-
determined by measuring or computing minor force loopstion experiments.
Some calculated minor force loops at different PM-HTS  After this work was submitted, two papers by Sanchez
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