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Classical Heisenberg antiferromagnet away from the pyrochlore lattice limit:
Entropic versus energetic selection
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The stability of the disordered ground state of the classical Heisenberg pyrochlore antiferromagnet is studied
within extensive Monte Carlo simulations by introducing an additional exchange interactionJ8 that interpo-
lates between the pyrochlore lattice (J850) and the face-centered cubic lattice (J85J). It is found that for
J8/J as low asJ8/J>0.01, the system is long-range ordered: the disordered ground state of the pyrochlore
antiferromagnet is unstable to very small deviations from the pureJ850 limit. Furthermore, it is found that the
selected phase is a collinear state energetically greater than the incommensurate phase suggested by a mean
field analysis. To the best of our knowledge this is the first example in magnetic systems where entropic
selection prevails over the energetic one.
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I. INTRODUCTION

In recent years, there has been great interest in the s
of fully frustrated Heisenberg antiferromagnets~HAF!, both
from an experimental and theoretical point of view.1,2 These
systems often show unconventional ground states, non
linear, incommensurate,3 or disordered.4 In these systems
the classical mean field~MF! description indicates a macro
scopic ground state degeneracy and no long-range o
This property is directly related to the extensive number
degrees of freedom that are still fluctuating at lo
temperature.5 Nevertheless, in many cases, thermal or qu
tum fluctuations give rise to an entropic selection within t
ground state manifold, known as ‘‘order by disorder.’’6 This
phenomenon may induce a selection of a subset of the
tinuous degenerate ground states as it does for the kag´
antiferromagnet,7 and sometimes can even select a particu
ground state as is the case for the face centered cubic~fcc!
antiferromagnet.8

Among these systems, the three-dimensional~3D! pyro-
chlore lattice is of particular interest since it does not disp
such ‘‘order by disorder’’ and remains disordered down
zero temperature.5,6,9 It consists of a three-dimensional a
rangement of corner-sharing tetrahedra~see Fig. 1!. All mag-
netic compounds which crystallize in the pyrochlore stru
ture exhibit unusual magnetic properties. A few order a
well defined Ne´el temperature3 while many of them behave
as spin glasses despite the high degree of stoichiometry4 In
the Heisenberg antiferromagneticS51/2 quantum case, th
pyrochlore lattice exhibits no magnetic transition even aT
50 K, and behaves as a spin-liquid. The spin–spin corr
tion length never exceeds the interatomic distance and
expected that there is a continuum of singlet states within
singlet-triplet gap.11 For classical Heisenberg spins, Mon
Carlo simulations have shown that the pyrochlore HAF a
behaves as a spin-liquid, with short-ranged spin correlati
0163-1829/2002/66~2!/024422~5!/$20.00 66 0244
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both in space and time,5,9 which allows for its description
taking into account only the tetrahedral unit cell.10 The ex-
actly solvable infinite-component spin vector model on t
pyrochlore lattice also does not order down to ze
temperature.12 Classical models providing much informatio
close to the characteristics obtained in the quantum case
dicate that the low-energy physics in the pyrochlore struct
is mainly related to the geometry of the lattice.

It is interesting to study the stability of such a disorder
ground state to the presence of small perturbations since
observation of a spin liquid ground state in real compoun
is strongly related to its stability. It has been shown th
ordering is very easily induced, either by including furth
neighbor interaction,13,14 easy plane anisotropy,5,15 or lattice
deformations.16 The purpose of this paper is to explore th
effect of coupling the spins of the pyrochlore net to the
maining nearest-neighbor~nn! spins in the fcc net. Standar
classical Monte Carlo~MC! calculations are used. The que
tion is whether the system will select an ordered state w
switching on this coupling or maintain disorder as in t

FIG. 1. The pyrochlore lattice.
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ti
ad
via
n
l
un
ro

y
of
a
e

he
o-
ct
om
on
c-

o
n-

ro
ho
a

er
th

ts

tic

.

for
er

lue
tor

is
nd

ctor

e.
ng
at

ce

d

C. PINETTES, B. CANALS, AND C. LACROIX PHYSICAL REVIEW B66, 024422 ~2002!
pyrochlore HAF. As obtained in previous works, an energe
comparison of all magnetic phases at the MF level alre
lifts the degeneracy and strongly indicates that any de
tions from the pyrochlore limit will drive the system to a
ordered state~Sec. II!. But strikingly, it is shown that therma
fluctuations do not select the expected mean field gro
state but prefer a collinear phase which is more stable f
the entropic point of view~Sec. III!.

II. FROM THE PYROCHLORE LATTICE TO THE fcc
LATTICE: THE J –J8 MODEL

In both fcc and pyrochlore lattices, the classical energ
minimized by any configuration for which the total spin
each elementary tetrahedron in the lattice is zero. The m
difference in the ground states of these two lattices com
from the fact that in the fcc net the ordering at one tetra
dron will select a unique global ordering, while in the pyr
chlore net, since the tetrahedra are more sparsely conne
there remains an extensive number of degrees of freed5

In the fcc HAF, the MF ground states are degenerate al
the p/a(1,q,0) direction in reciprocal space. Thermal flu
tuations break this degeneracy and select the collinear
dered phaseq05(p/a,0,0).8 These results have been co
firmed by standard Monte Carlo simulations17 which show
evidence for a first-order phase transition. In the pure py
chlore HAF, the MF ground states are degenerate throug
the entire Brillouin zone. Numerical works have shown th
in this case no long-range order occurs at any finite temp
ture, even in a regime where the temperature is smaller
the energy scale set by interaction.5,9 In between these two
limits, we have considered theJ–J8 fcc HAF, where J
couples the nn spins on a pyrochlore net andJ8 the remain-
der nn spins on the underlying fcc net~see Fig. 2!. This leads
to the following classical Heisenberg Hamiltonian:

H52J(̂
i j &

Si•Sj2J8 (
^ i 8 j 8&

Si 8•Sj 82J8(
^ i i 8&

Si•Si 8 , ~1!

FIG. 2. TheJ-J8 nn fcc lattice. The fcc lattice is decompose
into two pyrochlore nets:A sites ~plain lines! and B sites ~dashed
lines!. J couplesA–A nn sites~plain lines! while J8 couplesB–B
nn sites~dashed lines! and A–B nn sites~not drawn for clarity!.
This model contains 8 sites per unit cell.
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whereSi is a vector spin of unit length occupying thei th fcc
lattice site, i and i 8 design sites on two pyrochlore ne
shifted by (2a,0,0), respectively, and the sums^ & run over
nn pairs. We have limited our study to the antiferromagne
case, i.e., all interactions are negative.J5J8,0 corresponds
to the fcc HAF andJ850,J,0 leads to the pyrochlore HAF
The cubic lattice constant is 2a.

We have first studied the MF ground-state degeneracy
smalla5J8/J. One way to do this is to compute the Fouri
transform of the interactions on the lattice,Jq . The ground
state~if unique! then corresponds to the highest eigenva
lmax(q1) of Jq and is described by the propagation vec
q1.18 For the J–J8 model, Jq is an 838 matrix that has
already been calculated by Reimerset al.13

For 0,a,ac'0.21, the largest eigenvaluelmax(q)/uJu
along the high symmetry axis of the fcc Brillouin zone
reported in Fig. 3. The degeneracy is completely lifted a
lmax(q) has an absolute maximumq1 along the (0,q,q) di-
rection, selecting an incommensurate phase of wave ve
q1. Within the MF approximation theJ-J8 model selects an
ordered phase for 0,a,ac .

For a>ac , the situation is very similar to the fcc cas
The MF degeneracy is lifted except on lines alo
p/a(1,q,0) direction: the system remains disordered in th
case.

We have reported in Fig. 4 the MF energy differen
DE/uJu between the two ground states: theq1 incommensu-

FIG. 3. Largest eigenvaluelmax(q)/uJu along the high symme-
try axis of the fcc Brillouin zone fora50.01,ac'0.21.

FIG. 4. Energy difference 1033DE/uJu between the two MF
ground states as a function ofa @DE5E(q1)2E(q0), see text#.
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rate state and thep/a(1,q,0) states~including theq0 collin-
ear state! as a function ofa. We see thatDE/uJ is much
lower than the energy scale set by the interact
(DE/uJu;a/100). Thus the degeneracy is very slighty lifte
for a,ac : the highest branch is almost flat over the who
Brillouin zone and very similar to the pyrochlore one. If w
add thermal fluctuations on these MF ground states, it is
clear what will happen. They can either select a particu
state, theq1 noncollinear state~energetic selection!, or a col-
linear state~entropic selection! or induce disorder.

III. MONTE CARLO RESULTS

We have performed standard MC simulations using
sample sizes ofN5864–6912 spins with periodic bounda
conditions, over a temperature range extending down
T/uJu51024. We started from both random and ordered i
tial configurations. In each run, up to 107 MC steps per spin
have been discarded for equilibrating and up to 23107 MC
steps per spins have been used for averaging. We h
checked that our simulations reproduce the Monte Carlo
sults for the pyrochlore net5 and those for the fcc net.17 In
order to determine unambiguously whether theJ–J8 fcc
HAF order or not, we have measured more specifically
specific heat per spin and a correlation function which qu
tify the collinearity of spins.

An unbiased way to look for fluctuation-induced order
to measure heat capacity, since it is very sensitive to
presence of zero modes~modes whose energy is independe
of displacement to second order in all wave vectors!.5,7 From
the classical equipartition theory, quadratic modes contrib
a factorT1/2 to the partition functionZ, while quartic modes
contibute a factorT1/4: at low temperature, the behavior
thus dominated by fluctuations around the ground states
the largest number of zero modes. These zero modes lea
signature in the heat capacity~since they contribute tokB/4
instead ofkB/2 for the quadratic modes! that can be checked
with Monte Carlo simulations.

In the nn pyrochlore HAF, fluctuations around the colli
ear states lead to one zero mode per tetrahedron resultin
a heat capacity per spinC53kB/4 in absence of order~in-
stead ofC55kB/8 if a collinear state is selected!. This value
has already been checked by Monte Carlo calculations.5,9 In
the fcc nn HAF, fluctuations select the collinear state a
since it contains only degeneration lines, the heat capa
per spin is simply equal toC5kB in that case.

As the heat capacity derived from energy fluctuations

TABLE I. Extrapolated zero temperature specific heat for va
ous values ofa5J8/J from a50 ~pyrochlore HAF! to a51 ~fcc
HAF!. This system displays long-range order (C51) for all a.0.

a5J8/J C in kB units

0 ~pyrochlore HAF! 0.7360.03
0.01 1.0160.02
0.1 1.0060.02

1 ~fcc HAF! 0.99860.005
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MC simulations is rather noisy at low temperatures, we ha
estimated the heat capacity directly from the slope of
asymptotic internal energy at low temperatures. The obtai
results are reported in Table I and clearly show that fora
>0.01, thermal fluctuations select an ordered state at z
temperature. To show more directly whether the system
lects the collinear ordering or not, we have calculated a
rameter that measures the collinearity:5

P~r i , j !5
3

2
~^~Si .Sj !

2&2 1
3 !, ~2!

wherer i , j is the distance betweeni and j sites. SoP51 for
collinear spins andP50 in the high temperature limit. This
parameter is represented in Fig. 5 as a function of the se
ration r ~in units of nn distances! at T/uJu5531024 for dif-
ferent values ofa. We find that as soon asa>0.01, the

FIG. 5. Dependence of the collinearity parameterP(r ) at
T/uJu5531024 for different values of a5J8/J,43L3,L512
Heisenberg spins and starting from random spin configurations.r is
given in units of nn distances.

FIG. 6. Temperature dependence of the collinearity param
P(r 51) for different values ofa5J8/J, different sizes 43L3, and
starting from random spin configurations.
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collinearity parameter has a long-range character and
close to 1, contrary to the pyrochlore limit which shows
correlation forr ,2 only. We can note that the order param
eterP(r→`) is rather lower than 1 despite the low value
the temperature, as for theXY model on the pyrochlore
antiferromagnet.5

Figure 6 shows the temperature dependence of the
linearity parameter for neighboring spinsr 51. As soon as
a>0.01, the spins become collinear in the low temperat
limit, in contrast with the pyrochlore case which has a sm
but finite correlation length. We have reported in Fig. 7 t
critical temperature as a function ofuJ8u for J8Þ0. It is of
the order ofuJ8u/2. We have checked that these results do
depend on the initial configuration choosen, by starting eit
from collinear or from a random state. And the sizes cons
ered are large enough since no marked finite-size effects
observed.

We have checked the low temperature phase starting f
collinear and random states. We found theq0 collinear state
for a>0.01. Let us notice that starting from a random co
figuration, stacking faults set in at low temperatures in M
calculations, as is usual in fully frustrated systems.17 At
T/uJu5531024 and for a50.01 andN56912, we found

FIG. 7. Phase diagram of theJ–J8 model vs a5J8/J @q0

5(p/a,0,0)#.
hy

p
,
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two collinear blocks~of q0 type! of aroundN/2 spins and
two noncollinear walls of a few hundred spins. Fora>ac ,
we observe an order by disorder effect very similar to the
HAF: thermal fluctuations induce the collinear magnetic
der q0 via an entropic selection. For 0,a,ac , the low
temperature state selected by thermal fluctuations is not
q1 incommensurate state selected at the MF level, or a s
with a MF energy close to theq1 state and commensurat
with the periodic boundary conditions we have taken, but
collinear stateq0 whose wave vector is far fromq1 in the
Brillouin zone. Even fora'0.1, where the MF energy dif
ference between these two ground states becomes gr
(DE/uJu;1023, see Fig. 4! than the lowest temperature w
have consideredT/uJu5531024, the system still selects th
collinear state. The entropic selection always overcomes
energetic one in that case.

IV. CONCLUSION

We have studied in this paper the effect of small dev
tions from the pyrochlore nn HAF to the fcc one via standa
MC simulations. As soon as we switch onJ8 (a5J8/J
>0.01), correlation functions are long-ranged in space
the specific heat at zero temperature does not indicate
presence of zero modes. TheJ–J8 HAF selects theq0
5(p/a,0,0) collinear state at low temperature and order
occurs at finite temperature. For smalla, thermal fluctua-
tions do not select the MF ground states at low temperatu
but the collinear state. The entropic selection prevails o
the energetic one. This is the first case, to our knowled
where such a phenomenon is pointed out. The pyroch
lattice thus remains the only 3D example known with cla
sical Heisenberg spins remaining disordered at all temp
tures.
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