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Self-trapping of polarons in the Rashba-Pekar model
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We performed a quantum Monte Carlo study of the exciton-polaron model which features the self-trapping
phenomenon when the coupling strength and/or particle momentum is varied. Accurate data for energy, effec-
tive mass, the structure of the polaronic cloud, dispersion law, and spectral function became available through-
out the crossover region. We observed that self-trapping cannot be reduced to hybridization of two states with
different lattice deformation, and that at least three states are involved in the crossover from light- to heavy-
mass regimes.
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Properties of particles strongly coupled to their enviro
ment are of importance in many fields of physics and
attracting constant attention given extreme diversity of w
may be called a ‘‘particle’’ and ‘‘environment,’’ and how
they interact with each other. In most general terms, s
trapping ~ST! means a dramatic transformation of partic
properties when system parameters are slightly chan
Landau1 showed that the ‘‘trapped’’~T! particle state with
strong lattice deformation around it and the weakly perturb
‘‘free-’’ ~F! particle state may have the same energy at so
critical value of the coupling strength,ac .

Of course, the resonance between F and T states is
infinitely sharp since the matrix element hybridizing them
nonzero, i.e., the ST phenomenon is a crossover, rather
a transition, and all polaron properties are analytic ina—see
Ref. 2 for explicit proof. This theorem makes the notion
ST rather vague since there is always some admixture of
state in another. Moreover, it challenges the adopted opin
that only two states, namely, F and T, are in competition
there are more than two states within the energy scale of
hybridization matrix element then all of them are mixed a
the F-T classification fails. In fact, the two-states assump
on which the current theory is based is not supported
experiments and rather complex spectra are usually obse
instead.3,4

According to the standard criterion,5,6 ST takes place if
there is a barrierUB in the adiabatic potential between th
bare-particle and polaron states. It occurs, almost by de
tion, in the intermediate coupling regime where perturbat
theory is not applicable. Hence, the existence of a barrier
the very notion of the adiabatic potential is not ill defined
and the ST phenomenon can be addressed only by an e
method, because in the intermediate coupling regime an
lytic solution is hardly available, and even sophisticat
variational treatments often give misleading results.7

In this paper, we consider a typical model in which
particle couples to the environment of gapped dispersion
optical phonons. For this model it is possible to define ST
a mathematically rigorous way and proceed with its qua
tative study. We show how various particle properties~en-
ergy, effective mass, dispersion law, and the structure of
0163-1829/2002/66~2!/020301~4!/$20.00 66 0203
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polaronic cloud! change between weak- and strong-coupli
limits, and provide detailed information about the ST of p
larons, which is not based on any approximations. In ad
tion, we show that there are at least three states involve
mixing in the critical region and, thus the commonly a
cepted concept of only F and T states mixing atac appears to
be oversimplified. In fact, we are not aware of any oth
numerical study testing how accurate are existing treatm
of the ST problem.

The Hamiltonian of the system consists of the fre
particle term@we consider a continuum three-dimension
case with the dispersion relation«(k)5k2/2m #

He5(
k

«~k!ak
†ak , ~1!

the Hamiltonian of the phonon bath

H ph5(
q

vqbq
†bq5v0(

q
bq

†bq , ~2!

and the standard density-displacement interaction8

H e2ph5(
k,q

V~q!~bq
†2b2q!ak2q

† ak . ~3!

In Eqs.~1!–~3!, ak andbq are the particle and phonon ann
hilation operators in momentum space, correspondingly.

Our study is based on the quantum Monte Carlo simu
tion of the polaron Green function in imaginary time atT
50 and subsequent analytic continuation to the r
frequencies.9–11 The method developed in Refs. 9–11 is fr
from approximations and systematic errors. It is particula
suited for the study of the ST problem where severald func-
tional peaks are expected below the spectral continuum
the Lehman expansion

S(k)~v!5(
n

d@v2En~k!#u^nuak
†uvac&u2. ~4!

Here $un&% is a complete set of eigenstates ofH in the mo-
mentum sectork, i.e., Hun(k)&5En(k)un(k)&.
©2002 The American Physical Society01-1
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Separating stable quasiparticle states~labeled by the index
i ) from the continuum, we rewrite Eq.~4! as

S(k)~v!5(
i

Zi
k~0!d~v2Ei

(k)!1E
vc

dvs(k)~v!, ~5!

where Zi
k(0) and Ei

(k) are Z factors and energies of stab
states, and the continuum threshold is given byvc5E0

(kÄ0)

1v0. Any state withE.vc is unstable against the single
(n51) or multiphonon (n.1) emission processE→Ei

(p)

1nv0, where momentump is selected only by the energy
conservation law since phonons are dispersionless.

Speaking rigorously, by self-trapping one understands
existence of such a region in the parameter space ofH where
more than one stable polaron state, differing by the degre
polarization of the lattice, coexist. This definition implie
three critical points in the coupling constant~keeping other
parameters fixed for simplicity!, ac1(k),ac(k),ac2(k).
The ST ‘‘transition point’’ac is understood as the point o
avoided crossing between the two lowest polaron states
this point the ground state of the polaron is a hybrid of sta
with substantially different degrees of lattice polarizatio

FIG. 1. The ground-state energy, average number of phon
and effective mass as functions ofa ~points connected by solid
lines!. Relative statistic errors are less than 1023 and 1022 for the
energy and̂ N&, respectively. The relative statistic errors for th
mass are of order 1022 for a,18.5 and around 531022 for larger
coupling constants. Dashed lines show results of the perturba
theory while the dotted line corresponds to the strong-coup
limit.
02030
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The critical pointsac1 andac2 correspond to the appearanc
and disappearance of the extra stable state~s!, respectively.
@By definition, the energy differenceDE(k)(a) between the
ground and first stable excited state, which has its minim
at ac(k), ought to be less thanvc2E0

(k) .# Critical couplings
introduced above are consistent with previo
considerations1,5,6 and have an advantage of being una
biguous even when the minimal gapDE(k)@ac(k)# is not
small.12

A typical system that is believed to feature ST is the s
called Rashba-Pekar model,13,14which describes Wannier ex
citon in the 1s state interacting with optical vibrations vi
electrostatic potential,6

V~q!5g~q!H 1

@11~jeaBq!2#2
2

1

@11~jhaBq!2#2J , ~6!

g~q!5 i ~2A2ap!1/2q21. ~7!

Herea is the standard dimensionless coupling constant,aB
is the Bohr radius, andje,h5me,h /@2(me1mh)# is given in
terms of electron (me) and hole (mh) masses, respectively.

In this paper, we focus on the parameters correspondin
the curve 2 of Ref. 13, which is believed to describe ST
the strong-coupling regime. Setting the total bare mass of
excitonm5me1mh , phonon frequencyv0, electric charge,
and Planck constant to unity, one finds thatme50.065. The
Bohr radius can be used to change the degree of adiaba
in the model. Below we shall thoroughly consider an ‘‘a
most adiabatic’’ case~i! with UB /v052 ~which is realized
for aB50.467) and outline some peculiar features of t
‘‘nonadiabatic’’ situation~ii ! with UB /v050.5 (aB50.934).
The critical coupling constants, determined within the a
proach of Ref. 13, are thenac

ad'14.3 andac
ad'7.2, respec-

tively.
In Fig. 1 we show how the ground-state propertiesk

50) depend on the coupling strength. The ground-state

s,

on
g

FIG. 2. Partial weights ofn-phonon states in the polaron groun
state (k50) at a518 ~circles!, a518.35 ~squares!, and a519
~diamonds!. Statistical error bars of order 331023 are less than the
symbol size.
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ergy, the effective massm* , and the average number o
phonons in the polaronic cloud

^N&5K k50U(
q

bq
†bqUk50L , ~8!

clearly indicate drastic changes aroundac'18.35. At this
point the energy derivative changes very fast, and both^N&

FIG. 3. The Lehman spectral functionS(k50) at coupling con-
stantsa518.35~upper panel! anda518.75~lower panel!.

FIG. 4. Energies of the ground~circles! and excited stable
~squares, diamonds, and triangles! states vs interaction constan
The dashed line is the threshold of incoherent continuum. Typ
error bars for the first, second, and third excited states are 122,
331022, and 431022, respectively.
02030
andm* undergo a stepwise increase visible even on the lo
rithmic plot for m* . In a narrow region betweena517.5 and
a519 the effective mass increases by two orders of mag
tude. The remarkable fact is that atac the strong-coupling
approach is still far from being accurate~dotted line14 in the
upper panel of Fig. 1!. In addition, the adiabatic critical con
stantac

ad'21 ~Ref. 14! differs significantly from our value
ac'18.35. For the ‘‘nonadiabatic’’ case~ii ! the behavior of
the ground state properties is qualitatively the same,
quantitative deviations from the strong-coupling limit a
larger.

Next, we study how the phonon cloud evolves through
the ST critical region. Partialn-phonon contributions to the
polaron ground stateZ0

k(n) are the probabilities of finding
exactly n phonons in the cloud, and the average number
phonons introduced earlier is just^N&5(nnZ(n). Figure 2
showsZ0

k50(n) distributions ata518 ~below the crossover
region!, a5ac518.35, anda519 ~trapped state!. We see
that the distribution atac has two peaks and is half wa
between the two limiting cases. However, in the ‘‘nonad
batic’’ case ~ii ! the structure with two maxima inZ(n) is
missing. Therefore, the peculiar behavior presented in Fi

al

FIG. 5. The wave-vector dependence of energy and ave
number of phonons fora517.75~circles connected by solid lines!.
The error bars are 331023 and 1022 for energy and̂ N&, respec-
tively. The dashed curve is the effective-mass approximationE(k)

5E01k2/2m* with E0(a517.75)523.7946 andm* (a517.75)
52.258 obtained from direct Monte Carlo estimators. The dot
curve is the parabolic dispersion law fitted to the last four points
the energy plot with parametersE1(a517.75)523.5273 andm1*
5195. The open rectangle is the energy obtained from spec
analysis for the first excited state.
1-3
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is a general feature of the ST phenomenon whereas the
peak structure of the phonon distribution is specific for
adiabatic limit.

The spectral function around the critical point15 reveals up
to three stable excited states below the continuum thres
~see examples of the Lehman function in Fig. 3!. We observe
in Fig. 4 that three polaronic states~in the energy range
comparable with the hybridization strength! participate in the
ST crossover. We emphasize that all three states have laZ
factors (.0.1). Therefore, for the given set of paramete
more than two states are mixed at the crossover point and
standard picture of F-T hybridization at the tip of the S
crossover fails. One can speculate that extra stable stat
the gap, which standard theory puts into the spectral c
tinuum, are due to excited levels of highly nonlinear ST p
tential in the resonating region. However, this interpretat
is essentially qualitative since the concept of adiabatic po
tial breaks down in the crossover region.

So far we have considered ST crossover at zero mom
tum, i.e., for the ground state. However, same considerat
apply to finite momentum states, as long ask,kc wherekc is
defined as the point whereE0

(k)5vc and the polaron spec
trum has an end point.9,16 For a,ac the ground state is
characterized by small lattice distortion and light effecti
mass and thus the dispersion law associated with this s
rises steeply withk. On another hand, the dispersion curve
the excited heavy-mass state is nearly flat which means
light and heavy branches have to intersect at some w
vector. In Fig. 5 we plot the ground-state dispersion law a
ls

a
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,
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the average number of phonons in the ground state foa
517.75 which we interpret as the level crossing picture~see
the figure caption!. Notice the agreement between the spe
tral analysis atk50 and the parabolic fit of the heavy-ma
branch.

By all accounts, the existence of more than one sta
polaron state is a highly nontrivial qualitative property of t
model whether the hybridization gap between these state
small, or not. Moreover, the ST crossover is not necessa
limited to hybridization of only two states. Recent studies
the Holstein polaron in one dimension strongly support
universality of the latter statement since more than two sta
states were found there as well.17

We found that the dependence ofE0 and^N& ~but not the
structure of the cloud! on coupling can be used as an indire
indication of the self-trapping phenomenon with a we
defined ‘‘transition point’’~the point of minimal gap between
the ground and first stable excited state!. It was considered
previously as a theorem, that is, ST may occur only in
mensionsd.2;5,6 however, the definition of what has to b
counted as a ST transition was not given in quantitat
terms. We believe that it is more appropriate to use a l
‘‘radical,’’ but unambiguous, definition adopted in our pape
Recently, the second stable polaron state was found to e
for the Holstein polaron in a one-dimensional lattice18 and in
an infinite-dimension approximation.19

This work was supported by the National Science Fo
dation under Grant No. DMR-0071767 and RFBR 01-0
16508.
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