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Doping dependence of the resonance peak and incommensuration in high-Tc superconductors
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The doping and frequency evolutions of the incommensurate spin response and the resonance mode in the
superconducting state of high-Tc cuprates are studied based on the scenario of the Fermi-surface topology. We
use the slave-boson mean-field approach to thet-t8-J model and include the antiferromagnetic fluctuation
correction in the random-phase approximation. We find that the equality between the incommensurability and
the hole concentration is reproduced at low frequencies in the underdoped regime. We also obtain the down-
ward dispersion for the spin response and predict its doping dependence for further experimental testing, as
well as a proportionality between the low-energy incommensurability and the resonance energy. Our results
suggest a common origin for the incommensuration and the resonance peak based on the Fermi-surface
topology and thed-wave symmetry.
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The inelastic neutron-scattering experiment plays an
portant role in the studies of the spin dynamics in high-Tc

superconductors. It can provide the momentum and
quency dependences of the dynamical spin susceptib
Over the past decade, the striking feature of the spin sus
tibility observed in the momentum space is the incomm
surate peak along the~p,p1dp! direction,1–3 and that in the
frequency dependence is the resonance peak at the antif
magnetic ~AF! wave vectorQ5~p,p!.4,5 These stimulate
intensive experimental and theoretical studies. Recen
it is suggested that the presence of dynamic stripes is
origin of the observed incommensurate peak, at least
La22xSrxCuO4.6 One of its strong supports comes from t
experiment by Yamadaet al.2 that shows an equality betwee
the incommensurability and the doping concentration~Ya-
mada plot! in the superconducting~SC! state of the under-
doped La22xSrxCuO4. This equality follows naturally from
the static stripe model, but has not been explained in
other way up to now.7 However, it is now unclear how to
explain the resonance peak based on this scenario. On
other hand, the gross features of the incommensurate
fluctuations can also be explained based on the scenar
the nested Fermi surface8–10 ~FS! and the resonance peak
thought to be a collective spin excitation mode in th
framework.8,11 Obviously, more fine and detailed experime
tal data are helpful for selecting out or ruling out the abo
models. In addition to the Yamada plot, we note that so
other experimental developments have also been repo
Among these are the detailed evolutions of the resona
peak and incommensurability with doping,12,13 and the dis-
persion connecting these two structures that has a downw
curvature opposite in sign to a conventional magn
dispersion.14,15

In view of these experimental observations, we presen
this paper a detailed investigation of the doping and f
quency dependences of the incommensurability and the r
nance peak energy, and their relationship based on the ne
Fermi-surface scenario. We start from the slave-boson m
field theory of the two-dimensional~2D! t-t8-J model and
include the AF spin fluctuations by random-phase appro
0163-1829/2002/66~1!/014506~6!/$20.00 66 0145
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mation~RPA!. The aim of choosing this approach is that w
can incorporate the evolutions of the FS and the SC gap w
dopings self-consistently at the mean-field level and de
mine their values according to the well accepted input
rameterst,t8,J. This enables us to carry out a quantitati
study of the doping and frequency evolutions of spin flu
tuations. In previous studies,9,11,16a tight-binding dispersion
and the magnitude of the SC gap that are inferred from
lated experimental data for a fixed doping concentration
taken phenomenologically. Consequently, these invest
tions are limited to a fixed hole doping. There are a
investigations17 that start from the mean-field theory o
the t-t8-J model, but they ascribe the origin of the incom
mensurate peak to the spiral spin-density waves, not to
Fermi-surface topology. Moreover, Batistaet al.17 used
the slave-fermion approach that produces a small poc
like Fermi surface and, therefore, is only suitable for ve
low dopings. The approach adopted here has also been
before to investigate the spin response in high-Tc cuprates
and is shown to reproduce the experimental data at
time.8,18 The main results we obtain in this paper are
follows.

~1! We find that the equality between the low-energy
commensurability and doping density in the SC state of
underdoped regime is reproduced. This may provide an
ternative to its exclusive stripe-phase explanation.

~2! The doping dependence of the downward dispers
of the collective mode is investigated. We find that the
emergence of the incommensurate peak above the reson
frequency is strongly doping dependent. It is along the~p,p
1dp! direction in the underdoped regime (x<0.13) and
along the diagonal direction in the optimally doped a
overdoped regimesx>0.14. The crossover frequency
which the incommensurate peak shifts from the~p,p1dp!
direction to the diagonal direction due to the node-
node excitations as previously reported8,19 increases with
doping.

~3! The resonance energy has a linear relation with dop
in the underdoped regime and saturates near optimal dop
©2002 The American Physical Society06-1
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then slightly decreases with doping in the overdoped regi
As a result, a proportionality between the low-energy inco
mensurability and the resonance energy is obtained.

We note that a similar equality between the incommen
rability and the doping density was obtained previously
the normal state,20 instead of the SC state described here.
the SC state, the RPA correction factor strongly affects
position of the incommensurate vectors due to the step
rise in the imaginary part of the bare spin susceptibility at
spin excitation gap edge, as will be described below. T
downward dispersion of the collective mode has also b
studied by Norman16 and Chubukovet al.21 very recently.
Their investigations are based on the phenomenolog
model as discussed above, so no doping dependence is
sented. The reemergence of the incommensuration abov
resonance frequency has been discussed in Ref. 10. C
pared with the result at a fixed doping density in Ref. 10,
find that the reemergent incommensurate peaks have d
ent orientation in the momentum space in the underdo
and overdoped regimes. This may act as one of the tes
observations for the applicability of the present approa
Most of the results reported here are consistent with exp
mental data13,22 and the others wait for further experiment
testing. Therefore, our result presents an alternative expl
tion of the incommensuration and resonance peak in the
response based on thed-wave superconductor with tight
binding dispersion. However, the abrupt saturation of the
commensurability near the optimal doping and in the ov
doped regime that is observed both in La22xSrxCuO4 ~Ref.
2! and YBa2Cu3O61x ~Ref. 13! is not found. Possible reaso
for this is discussed.

In the slave-boson approach to thet-t8-J model,8,23 the
physical electron operatorscis are expressed by slave boso
bi carrying the charge and fermionsf is representing the spin
cis5bi

1 f is . In this paper, we will focus on the spin dynam
ics in the SC state. In this case, we consider the order
rametersD i j 5^ f i↑ f j↓2 f i↓ f j↑&56D0 with the d-wave sym-
metry andx i j 5(s^ f is

1 f j s&5x0, in which bosons condens
bi→^bi&5Ax (x is the hole concentration!. Then, the slave-
boson mean-field Hamiltonian of the 2Dt-t8-J model in the
SC state is,

Hm5(
ks

ekf ks
† f ks2(

k
Dk~ f k↑

† f 2k↓
† 1H.c.!

12NJ8~x0
21D0

2!, ~1!

where ek522(xt1J8x0)@cos(kx)1cos(ky)#
24xt8cos(kx)cos(ky)2m is the dispersion for fermions, an
Dk52J8D0@cos(kx)2cos(ky)#, with J853J/8. The normal-
state Fermi surface at dopingx50.12 for this dispersion is
shown in Fig. 1. The mean-field parametersx0 , D0, and the
chemical potentialm for different dopings are obtained from
a self-consistent calculation.23

It has been shown8,24,25 that the inclusion of the AF fluc-
tuation correction is necessary to account for some of
spin and charge dynamics. Formally, this can be done
perturbing around the mean-field Hamiltonian, i.e., we wr
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H5Hm1H8 with H the usual 2Dt-t8-J Hamiltonian, and
treat H8 as a perturbation. In principle, all fluctuations a
included. However, different selection of subset diagra
may result in different kinds of fluctuations. For the sp
fluctuation, the usual RPA approach selects a series of
diagrams as shown in Refs. 8,24 and 25. Then, the renor
ized spin susceptibility is given by

x~q,v!5
x0~q,v!

11hJgqx0~q,v!
, ~2!

wheregq5cos(qx)1cos(qy). x0 is the bare spin susceptibility
that comes from the fermionic bubble and is given by t
usual BCS form.26 As done before,8,24,25we chooseh50.34
instead of h51, in order to set the AF instability atx
50.02 that is the experimental observed value
La22xSrxCuO4.27

Numerical calculations are performed by dividing th
Brillouin zone into 102431024 lattices, with t52J,t8
520.45t, andJ50.13 eV. The damping rate of the ferm
onic quasiparticles is stimulated to beG50.004J, however,
we note that the incommensurability and the resonance
ergy is not subjected to the change ofG when it is below
0.1J.

Before presenting our results, it is important to point o
that the bare spin susceptibility Imx0 is incommensuratefor
all energies and dopings in the ranges considered here. M
over, its peak is along the~p1dp,p! or ~p,p1dp! direc-
tions. It comes from the FS nesting effect as has been sh
by Brinckmann and Lee.8 In Fig. 2, the peak position of the
imaginary part of the renormailized spin susceptibility
shown as a function of frequency, for doping concentratio
x50.08,0.14, and 0.20, which may correspond to the und
doped, optimally doped, and overdoped regimes. At th

FIG. 1. Fermi surface for the dispersionek ~thick solid line! at
hole dopingx50.12. The thin solid and dashed lines with arrow
denote the threshold particle-hole excitations for different wa
vectors~see text!. For a comparison, that part of the Fermi surfa
for t/t8520.35 in the second quadrant at the same doping is sh
as the dotted-dashed line.
6-2
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resonance energies (0.375J,0.53J, and 0.545J,respectively!,
the q peaks are atd50, i.e., at~p,p! point. When the fre-
quency is reduced from the resonance energy, the incomm
surate peak occurs and is found to be in the~p,p1dp!
direction. In particular, a downward curvature for the pe
dispersion is observed for various dopings. This is
agreement with experiments.14,15 To understand its origin
we show the frequency dependences of the bare spin
ceptiblity Imx0 at x50.14 for different wave vectors
q5~p,0.72p!,~p,0.8p!, and ~p,0.9p! in Figs. 3~a! and 3~b!,
and atq5~p,0.84p! for different dopingsx50.08, 0.14, and
0.20 in Figs. 3~c! and 3~d!. In the current framework, the
origin of the resonance peak is ascribed to a collective s
excitation mode corresponding to the pole of the renorm
ized spin susceptibility, i.e., 11hJgQRex0(Q,v)50, and
negligibly small Imx0(Q,v).8,11,24 At the commensurate
wave vector Q5~p,p!, there is a steplike rise in
Imx0 @shown as the soild line in Fig. 3~b!# at the threshold
energy for particle-hole (p-h) excitations. Due to this step
like rise, a logarithmic singularity in Rex0 occurs via the
Kramers-Kroenig relation. This singularity shifts downwa
the collective-mode energy and leads it to situate in the s
gap, so no damping is expected for the mode. For the en
bandek and the SC gap considered here, the initial and fi
states of thep-h excitations at the threshold energy~min-
mum excitation energy! lie on the Fermi surface. So, th
threshold excitation with transition wave vectorQ corre-
sponds to the excitationA→B as schematically shown in
Fig. 1. The steplike rise is caused mainly by the van Ho
~vH! singularity around~p,0! and thed-wave symmetry of
the SC gap.11,24,25In this case, the collective spin excitatio
mode at~p,p! that is determined by the pole condition in th
RPA correction (11hJgqx0)21 dominates the structure o
the renormalized spin susceptibility Imx and shows up as a

FIG. 2. Peak positions of the imaginary part of the renormaliz
spin susceptibility in theq space as a function of frequency fo
doping concentrationsx50.08, 0.14, and 0.20. In the downwar
dispersion range, the incommensurate peaks are along the~p,p
1dp! direction, so the horizontal axis is in unit of (1,q)p. Below
v50.135J, 0.175J, and 0.2J at dopingsx50.08, 0.14, and 0.20
respectively, and for frequencies above the resonance energyx
50.14 and 0.20, they are along the diagonal direction. In the la
case, the horizontal axis is in unit of (q,q)p.
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strong commensurate resonance peak, although the bare
susceptibility Imx0 is incommensurate. When the wave ve
tor q moves away fromQ, the p-h transitions will move to
the node direction and that connecting~0,p! and ~p,0!, re-
spectively. As a result, the single steplike rise splits into t
as shown in Fig. 3~b!. One is at the energy below it an
another above it, which correspond to the excitationsE→F
andG→H as in Fig. 1, respectively. The pole equation s
satisfies around the high-energy peak~The line denoting
21/hJgq for qÞQ will rise above the thin line in Fig. 3~a!
due tougqu,ugQu), but the pole position falls well above th
gap and the resultantp-h excitations are overdamped, so
does not affect the structure of the spin excitations. On
other hand, though the peak caused by the low-energy ju
does not satisfy the pole equation, because its jump heig
reduced due to the weakening of the vH singularity at thq
points E and F, which are away from~0,2p! and ~p,0!, it
will show up in the spin response via the RPA correctio
because of the small damping of the excitations. We can
from Fig. 3~b! that, when the deviation of the wave vectorq
from Q increases, the energy of the corresponding lo
energy jump decreases. From Ref. 8, we also know that
incommensurability of Imx0 increases with the decrease
frequency. So, the peak dispersion determined both from
RPA correction and the bare spin susceptibility Imx0 has a
downward curvature. But, which one mainly determines
position of the incommensurate peak in the renormaliz
spin susceptibility is interesting. This issue is related to
argument that attributes the incommensurate magnetic

d

t
er

FIG. 3. Frequency dependence of the bare spin susceptibilityx0.
~a! and~b! are the real and imaginary parts of the bare spin susc
tibility at dopingx50.14 for differentq. The solid line, the dashed
dotted line, the dotted line, and the dashed line denote spin
ceptibilities atq5~p,p!,~p,0.72p!,~p,0.8p!, and ~p,0.9p!, respec-
tively. The thin line in~a! denotes21/2hJ, so its cross with the rea
part corresponds to the pole of the renormalized spin susceptib
~c! and~d! are the real and imaginary parts of the bare spin susc
tibility at q5~p,0.84p! for different dopings. The solid line, dashe
line, and dotted line denote spin susceptibility atx50.08, 0.14, and
0.2, respectively. The inset of~d! shows the frequency dependen
of Imx0 at q5~p,p! for the doping x50.08 ~solid line!, 0.14
~dashed line!, 0.20 ~dotted line!, and 0.24~dashed-dotted line!.
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sponse and the commensurate resonance belongs to pa
the same collective mode.15,29 In the previous investigation,8

the incommensurate magnetic response is explained s
based on the structure of Imx0, because of the consideratio
x'x0. However, we find that the peak position of Imx in q
space, i.e., the incommensurability, is mainly determined
the RPA correction 11hJgqx0 and in turn by the low-
energy steplike rise. This can be seen clearly from Fig. 3~b!,
where the dashed-dotted line, the dotted line, and the da
line denote the imaginary parts of the bare spin susceptib
Imx0 at q5~p,0.72p!,~p,0.8p!, and ~p,0.9p!, respectively.
These wave vectors are the incommensurate peak posi
in the renormalized spin susceptibility Imx at frequencies
v50.15J,0.3J, and 0.45J, respectively. Clearly, the low en
ergy steplike rises in Imx0 as shown in Fig. 3~b!, and con-
sequently the low-energy peaks in their real parts shown
Fig. 3~a! are at the same values as the above frequencie
the corresponding wave vectors. On the other hand, the
commensurabilities in Imx0 for v50.15J, 0.3J, and 0.45J
are at q5~p,0.72p!,~p,0.76p!, and ~p,0.88p!. The same
situation is found for other doping concentrations. Therefo
both the resonance peak and the incommensurability
mainly determined by the steplike rise of Imx0.

Below the lowest frequency for each doping dens
shown in Fig. 2, we find that a crossover of the incomm
surate peaks from the~p,p1dp! direction to the diagona
direction occurs. It is because the excitations will be limit
to be along the diagonal direction~the node-to-node excita
tion!, such asC→D as shown in Fig. 1, when the excitatio
energy is below the crossover energy due to the ene
conservation law and thed-wave symmetry of the SC gap.
is a specular feature for the model based on the FS topo
and may also act to distinguish between the stripe and the
nesting models. Unfortunately, the crossover energy for
underdoped system is too low to be available for the exp
mental observation due to the dim scattering intensit13

However, we can see from Fig. 2, that it increases with d
ing density and is about 0.135J, 0.175J, and 0.2J for the
doping x50.08, 0.14, and 0.20, respectively. So, we exp
that it may be in the experimental observable range for
overdoped cuprates. For example, the crossover energ
x50.20 is 0.2J'26 meV, which is experimentally acces
sible according to the recent paper.13 Above the resonance
frequency, the incommensurate peak occurs again. In
ticular, we find that only in the underdoped regimex
<0.13) are the incommensurate peaks along the~p,p1dp!
direction. They are along the diagonal direction in the op
mally doped and overdoped regimes (x>0.14). It in fact
reflects the doping dependence of the intensity ratio of
incommensurate peak along the~p,p1dp! direction to that
along the diagonal direction, which decreases with the
crease of doping density when the frequency is above
resonance energy.28 From Fig. 2, one can see that the incom
mensurability above the resonance frequency increases
frequency, so the dispersion shows a upward curvature th
similar to that of a massive magnon in a disorder Ne´el state.

We show the doping dependences of the incommens
bility d in the ~p,p1dp! direction in Fig. 4~a!, for energies
01450
s of

ly

y

ed
ty

ns

in
for
n-

,
re

-

y-

gy
S
e
i-

-

t
e
for

r-

-

e

-
e

ith
is

a-

v50.15J, 0.175J, 0.20J, 0.25J, and 0.35J. In the under-
doped regime, the incommensurability increases with the
crease of doping and exhibits a nearly linear doping dep
dence for all energies. In the high-energy range,
incommensurability increases with the decrease of
quency. For La22xSrxCuO4, it is found that the incommen
surability is energy independent for\v,15 meV. The same
behavior is found here when the frequency is reduced to
below aboutv50.20J, as can be seen from Fig. 4~a!. By a
closer inspection of the doping dependence of the inco
mensurability at low frequencies such asv50.175J and
0.15J, we find that the equalityd52x holds in the doping
range fromx50.06 tox50.13. We note that the incommen
surability d defined here is twice that used by experiment
ists that is indexed in units of the reciproal-lattice vecto
This equality has been observed at low frequencies in un
doped cuprates2,13 and is believed to be explained previous
by the stripe model.7 Therefore, our result provides an alte
native explanation based on the FS nesting. However,
incommensurability increases continually in the whole do
ing range, which is different from the experimental observ
tion that it saturates near the optimal doping and in the ov
doped regime.2,13 We also show the doping dependences
the resonance energyEr in Fig. 4~b!. This result has been
reported by Li and his co-workers in a smaller doping ran
before.24 A nearly linear doping dependence of the reson

FIG. 4. ~a! Doping dependences of the incommensurabilityd in
the ~p,p1dp! direction for different frequencies.~b! Doping de-
pendence of the resonance energyEr . The inset of~b! shows the
ratio between the incommensurability and the resonance ene
The solid line in the inset is a guide to the eye. Note that
incommensurabilityd defined here is twice that used by experime
tists that is indexed in units of the reciproal-lattice vectors.
6-4
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energyEr is found in the underdoped regime, then it sa
rates in the slightly overdoped regime and eventually
creases with the further increase of dopings. Due to the s
lar doping dependence in the underdoped regime, the rat
Er to d shows a linear behavior as can be seen in the inse
Fig. 4~b!. These results are remarkably in agreement w
experiments.13,22To understand these behaviors, we show
frequency dependences of the bare spin susceptibilityx0 at
the incommensurateq point ~p,0.84p! for different dopings
as shown in Figs. 3~c! and 3~d!, and at the commensurateq
point ~p,p! in the inset of Fig. 3~d!. We find that the steplike
rise at ~p,p! and the low-energy steplike rise at~p,0.84p!
increases monotonously with doping in the underdoped
gime. But the former saturates in the optimally doped regi
and then decreases with the further increase of dopings,
the latter increases with dopings in the whole doping ra
considered here. According to the above discussion, i
this feature that leads to the special doping depende
for both cases. From this reasoning, we may also argue
the saturation of the incommensurability observed
perimentally near and after the optimal doping should
be relatedonly to the change of the FS topology. Wheth
new physics such as the stripe phase is required or s
additional factors such as the change of the quasipar
nature due to a quantum critical point near the optim
doping30 should be taken into consideration, is an op
question.

The equality of the incommensurability and the dopi
density at low energies presented above is obtained usi
set of fixed parameters (t/J52,t8/t520.45, andh50.34!,
which has been used in the previous studies8,24,25and shown
to be able to describe many properties in high-Tc cuprates.
However, there is a variation between the onset doping d
sities for the AF instability among different cuprates.27 To
see its effect, we have carried out the calculations w
h50.426 that corresponds to setting the AF instability atxc
50.05.31 The results are presented in Fig. 5~a!, together with
those forh50.34. From a comparison, we can see that
increase ofh will lead to a decrease of the incommensu
bility and this change will decrease with the reduction
frequency. When frequency is reduced to be nearv50.15J,
no obvious difference between the results obtained w
h50.34 andh50.426 is observed. It is due to the weakne
of the RPA correction factor (11hJgqRex0)21 in the deter-
mination of the momentum structure of the renormaliz
spin susceptibility when frequency is low, because thep-h
excitations with decreasing frequency will move towards
node area that is more away from those excitationsA→B
~indicated in Fig. 1!, which satisfy the pole condition. An
other discussion of the robustness of the equality is how
depends on the parameterst8. We show in Fig. 5~b! a com-
parison of the results usingt8/t520.35,20.40, and20.55
with that usingt8/t520.45. Whenut8/tu decreases, the FS
will be less, and less curved as can be seen from Fig
where the dotted-dashed line in the second quadrant den
a part of the FS fort8/t520.35. In particular, the FS nea
the nodes will move towards the~6p/2,6p/2! points. As a
result, the incommensurability will decrease withut8/tu at a
fixed frequency. However, this change becomes less and
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obvious when the doping concentration is reduced. So, in
doping range fromx50.06 to 0.10 the equality still holds fo
v50.125J, 0.15J, and 0.215J in the cases oft8/t520.35,
20.45, and20.55, respectively. This indicates that the i
commensurability is sensitive to the FS topology, but t
sensitivity drops when the doping density is decreas
Therefore, the equality between the incommensurability a
the doping concentration can survive a certain range
change int8, because it holds at low dopings. From abo
discussions, we may conclude that our result of the equa
of the incommensurability and the doping density at lo
energies is robust.

In summary, we have examined the doping and freque
dependences of the incommensurability and the resona
energy in the SC state of high-Tc cuprates based on th
Fermi-surface topology. The calculations are carried out
use of the slave-boson mean-field approach to thet-t8-J
model and including the antiferromagnetic fluctuation c
rection in the random-phase approximation. We find that
equality of the incommensurability and the doping dens
exists at lower frequencies in the underdoped regime.
downward dispersion is reproduced and its doping dep
dence is presented for further experimental testing. We a
find a good linear behavior between the incommensurab
and the resonance energy in the underdoped regime, w

FIG. 5. ~a! Comparison of the doping dependences of t
incommensurabilityd in the ~p,p1dp! direction for h50.34
~scattered points! andh50.426~lines!. ~b! Comparison of the dop-
ing dependences of the incommensurabilityd in the ~p,p1dp! di-
rection for t/t8520.45 ~scattered points!, t/t8520.35 ~dashed
line!, t/t8520.40 ~solid line!, and t/t8520.55 ~dotted-dashed
line!.
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is consistent with experiments. Our results may sugge
common origin for the incommensurate spin response
the resonance peak based on the Fermi-surface topology
the d-wave superconductivity.
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