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Equation of state and the Hugoniot of laser shock-compressed deuterium:
Demonstration of a basis-function-free method for quantum calculations
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In most density functionals the energy is a functional of the electron dengity and afunction of the
nuclear positiondR; . We consider, a functional dioth n(r) and the nuclear density(r)==8(r —R)). In
reducing the two Kohn—Sham equations, a classical mapping valid for interacting electrons is invoked. The
exchange-correlation is nonlocal and free of self-interaction errors. As a challenging application, we calculate
the equation of state and the shock Hugoniot of deuterium relevant to topical shock experiments. The calcu-
lated Hugoniot is quite close to the SESAME and path-integral Monte Carlo Hugoniots. We also treat the
nonequilibriumcase, which is extremely difficult for standard methods. Here thea2 assumed to be hotter
than the electrons, and lead to the soft Hugoniots similar to those seen in the laser-shock data. The softening
arises from hot D —e pairs occurring close to the zero of the electron chemical potential.
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Hydrogen isotopes have been extensively studied; yet We present first-principles results for the EOS and the
laser-shock experiments of Da Sile al,! Collins et al.? Hugoniot of deuterium, using novel theoretical methods. Our
and Mostovychet al® produced unexpected disagreementmethod is computationally simple and uses simple integral

with the equation of stattEOS of the SESAME databade. equations and a basis—set free classical mapping of quantum
The disagreement occurs for temperaturds with ~ SYStems using DFT ideas. We calculate all the pair-
~0.8 eV <T<~10 eV, and for densities 18 ,<~2 distribution functiongPDFs9, g;;, withi=1,2,3;(ore;, e,

' O B — s  and D" nuclej of a three-component system. Being based on
where the electron-sphere radilia a.u), rs=(3/4mn)"".  the PDFs, it is manifestly nonlocéle., gradient corrections
Heren is the electron-number density. The coupling constantirre not needgd and it has no self-interaction errors. The
I' =(potential energy(kinetic energy ranges from 1 to-30. method can be used for the quasiequilibrium two-

The degenerate electrons begin to change to a classicimperature case witfip# T, as well. Consider the fluid
system in the anomaly regim@R), while thee—D* inter- with a D" at the origin, and let the one-body den_smes of the
action is close to bound-state formation. Thus the AR poses §l€ctrons and D be n(r) and p(r). Thenn(r) is really
difficult, strongly correlated many-body problem of wide Moe(r) =nGpe(r). Similarly, the p(r) is really the mean
interest—from astrophysics and fusion to materials sciencé.IUCIear desnity 'T”“'“p"ed. by the deuteron-deuteron PDF.
Hence a flurry of activity has focused on the deuterium EOSI_ThE. fre? ene_rgFI 'Z a_fun_cuonal ofr'][he fornF[nI(ré,ﬁ(rr)]].
and its HugonioP. These involve intuitive approachésalled aking functiona en_vaﬂyes, we have/o coupled Kohn-—
“chemical models’,® assuming the existence of molecules,Sham_'\/Iermln equations:

D,D", etc., and first-principles approaches like the path- SF[n(r),p(r)]/én(r)=0, (eN]
integral Monte Carlo(PIMC), a finite-T quantum Monte
Carlo approach. Unlike PIMC, density-functional theory SF[n(r),p(r)]/ép(r)=0. @

(DFT) as embodied in standard codesg.,vasp),® and stan-  As shown in Refs. 12 and 13, E€) leads to alquantum
dard quantum Monte Carl®@MC) methods become inappli- Kohn-Shan(KS) equation for the electrons, while E@), a
cable at finitef and partial degeneracies. Configuration-classical KS equation, becomes the hyper-netted-chain
interaction(Cl) type calculations with a basis df functions  (HNC)* equation for a specific choice of the correlation po-
grows exponentially withN, while even theT=0 ground- tential (there being no exchange potential in the classical
state problem increases b Even simplified tight-binding  system. Thus the KS eigenfunctions, as well as the
approachesgusing one or two functions per nuclgushich ~ n(r), p(r), in the hydrogen fluid were calculated by solving
may be useful in some regimes, can become numericallfds-(1) and(2)."? In Car-Parrinello approaches the N ions at
prohibitive® One of the objectives of this paper is to demon-sitesR; are explicitly treated. By treatingoth electrons and
strate an “order-zero”(basis-set independenapproach to ions via their distributions, we achieved a major simplifica-
equilibrium and nonequilibrium quantum calculations. tion. Our hydrogen calculations were later confirmed by
PIMC at higherT, and DFT at lowT (full degeneracy,  lengthy QMC* However, while Eqs(1) and(2) provide the
can be joined to yield a deuterium EOS close to SESAMEQgic(r), gii(r), i=ion, theg.r) was available only in LDA.
and disagreeing with the laser-shock data in showing no Recently, we showed how the electrons at the physical
strong softening:*! Recent magnetic-shock experimentstemperaturel, could be replaced by an equivalent classical
from Sandia are also close to the SESAME Hugofiot. system atTeez(T§+ Té)”z, such that the quantum effects
However a high degree of agreement exists in the indeperare correctly incorporatef. A simple expression for the
dent laser-shock resufts. electron “quantum temperatureT, as a function ofr was
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given. Application of the method, denoted the “Classicalshown by Minooet al, andm* =1/2 is the reduced mass of
Mapping of Quantum Systems using the hyper-netted-chaithe electrorpair. Minoo et al. usedT..=T, and holds only
equation(CHNC),” to three- and two-dimensional uniform at high T. The use OﬁeeZ(T2+T§q)l’2 instead ofT vali-
electron liquids atT=0 and finiteT, showed excellent dates it down taT=0 as well'®
agreement of the;;, energies, etc., with QMC results, for  Since the D are classical particles, the'®-D* interac-
even very strongly coupled situatioHs.'® Here we present tion is the Coulomb interactiosbss(r) = 1/r. The e~D* in-
an application going beyond pure uniform electron fluids.teraction is more tricky. Th&/¢¢, with the dBL correction is
Electrons in a uniform neutralizing background are math-ased on the quantum mechanics of two electrons. Similarly
ematically identical to a D system, except for changes of \ye determine the—D* interaction, ¢op(r), from the den-
scale[e.g, for D', rop=rs(Mp/me), etc.,Mp is the deu- sty profile npe(r) given by the KS equation for electrons
teron mass anth,=1]. Hence the D-quantum temperature interacting witha singleD" at the origin. We have discussed
Tpq is also available, and is negligible in the regime of in- this in the context of the “neutral pseudo-atom” DFT model
terest; thus D are treated as classical particles. (NPA-DFT) for solving the KS equations:?° This gives the
The densitiep andn are equal since the nuclear charge deuteron-electron PDF, i-egoe(r):noe(r)/ﬁ This npe(r)
Z=1. Consider a fluid of total density,,,, with three spe-  includesboth bound-state and continuum-staensities. Ap-
cies. Letx;=n; /Ny, Niot=p+N. The physical temperature plying the CHNC and the OZ equation to this system con-
is T, while the inverse temperature of the electrons |1/  taining asingleD™, we have
with 1/B¢e= \;‘(T2+T§). For D", no quantum correction is

needed and pp=1/Bpp is T. The B;; between electrons and ~ Boe®pe(r) =100 gpe(r)] —hpe(r) +Cpe(r),  (6)
D" is actually not needed since tipgoduct Bepdep(r) is

completely determined by quantum mechan(ese the fol- h _ +—J > F— Yot 7
lowing). However, here it is just the mean kinetic energy of pe(r) =Cpe(r) +n [ dr’ Cpe(r—r")hedr’).  (7)

the D" —e pair, i.e., Tep=(Teet Tpp)/2.
The classical equations for the PDFs and the Ornstein
Zernike (O2) relations are

The D'—D* DCF does not appear as there is only a single
D™*. Hence, knowing thgpe(r) from the solution of the KS
equation for the single deuteron problem, we can obtain
() =exd — B (N +h (N —ci(r)+Bi(r)], (3 Cpe(r) in terms othe(r)_. Hence thee—-D potential can be
9ii(r) A= Bij i (1) +hi () =i (N +B; (N1, ) extracted. This determines the produBpedpe(r), while
Bpe and ¢pe are not needed individually. However, on solv-
hij(r)zcij(r)+zsnsf drih; (|r=r'])cs;(r').  (4) ing the KS equation for the regime of interesty atomic
bound statesare found; the effective ionic chargé—n,
Here &;(r) is the pair potential between specieg. For =1, 1.€,ny, the number of bound electrons per nucleus, is
e—e (or D*—D™) this is just the Coulomb potenti&l.,(r).  Z€ro. This does not contradizansientbound states found in
For parallel-spin electrons, the Pauli principle prevents occuPIMC.?! Hence, at least in this regime of and T, Kohn—
pation of the same orbital. As befotewe introduce a “Pauli  Sham NPA-DFT is not needed; we set:
exclusion potential,”P(r). Thus ¢;;(r) becomesP(r)d;

+Veou(r), wheni,j denote electrons. The functiol(r) bpe(r)=—(Lr)[1—e™"oe], 8
=g(r)—1. The c(r) is the “direct correlation function

(DCPH)” of the OZ equations. Th;;(r) is the “bridge” term Kpe=(27MeTee) 2, 9
due to certain cluster interactions. If this is neglected, Egs.

(3) and (4) form a closed set defining the HNC approxima- 1/Bpe= (Tppt+ Teo) /2. (10

tion. (In effect, the KS equations become HNC equations if , L . _
the correlation potentials are evaluated as a sum of hypelhe first equation is just th¥ico, with ther =0 value set to

netted-chain diagramsThe HNC is sufficient for the uni- " inverse dBL for the D—e pair, Kpe, as in thee—e inter-
form 3D electron(3DEG) for a range of ¢, up tor =50, as action. The dBL I, contains only the electron contribution

shown previously’ Hence we neglect the bridge corrections since the D is a classical particle. Thus only tffg. appears

in this study of deuterium. in kpe (the effective mass of the B-e pair ism,, since the
The P(r) is defined as in Ref. 16 from the zeroth-order d€UtEron massip>me). .
PDFs of the parallel-spin electrons. Thus: Finally, we solve the coupled set of CHNC equations to
' ' determine the six PDFs of treD" system. The excess free-
P(ry=h%(r)—c%(r)—In[g%(r)], 5 energyF.,{rs,T) is determined via a coupling-constant in-
AP =ha(n) = ei(n) = intgu(n)] ® tegration, as in Ref. 17, for a rangerafandT. The total free
where, e.g.,cgl(r) is the spin} DCF of the OZ equation. energyF(rs,T) is obtained by adding on the ideal electron

Only the produciBP(r) is needed. and D contributionsFe,Fg. The total pressur® and the
The Coulomb potentiaV.,(r) for two point-charge elec- total internal energyE are obtained as usual by

trons is 1f. However, an electron at the temperatdras =dF(rg,T)/0V, where V is the volume, andE

localized to within a thermal de Broglie lengttiBL). Thus, =dJBF(rs,T)/d8, where 3=1/T. In the regime of interest,

for the 3DEG we used a “diffraction corrected” forM, ie. 1.8<r<2.1, and 0.8 e¥T<15, we find that
VEE(r)=(1/r)[1—e ™ee]; here kee=(2mm* T2 as  Feydrs,T) is approximately linear, i.e., Fedrs,T)

014110-2



EQUATION OF STATE AND THE HUGONIOT OF LASER ... PHYSICAL REVIEW B6, 014110 (2002

05 0.40
a
[7]
5
o 004 L 035 €
)
Q
k-] =
@ 2
-05 . 0.30 E—
0.0 10.0 20.0
TieV)

FIG. 1. The excess free energy in the regime of interest fits the
linear formF¢,(rs, T)=M(T)rs+C(T); the slopeM(T) and the
interceptC(T) are shown as a function af. Note the change of y 0%
character inM(T) when u, passes through zero. densitylg/em®)

=M(T)re+C(T). The T dependence of1(T),C(T) is quite FIG. 2. Comparison of the CHNC Hugoniot with experiment

. . and other theories. Two nonequilibrium Hugoniots are also shown
nonlinear. Figure 1 shows thi(T) changes character near (see the teyt Experiments 1, 2, and 3 refer to Da Silea al,
T=6 eV, close to the Zero_ Qe - ) Collins et al,, and Knudsoret al., respectively.

Our P,E are compared with the PIMC dat®IC) in Table
I, showing good agreement far>2.75 eV. For lowerT, s ) )
our pressures are somewhat smaller. of view.”> A compactly held screening charge at each ion

The free energyF(rs,T) is used to calculate the deute- would act like a neutral object which, while having a very
rium Hugoniot for the initial state, Hy,Vo,Pp), With T hot deuteron at the center, would screen it from the cooler
=19.6 K and an initial density,=0.171 g/cm. The initial ~ outer electrons. The effect could lower the electron—ion re-
stateE,= — 15.886 eV per atom, and,=0. The results are laxation by an order of magnitudé?® If laser shock data
shown in Fig. 2. The CHNC Hugoniot, similar to PIMC, were gathered at several time delays, the details of the relax-
approaches SESAME at high A softening of the Hugoniot ation would be available. In lieu of such relaxation results,
around 2 Mbar, not seen in the PIMC, is also noted. Thishere we assume that the" Duclei are about 5 eV hotter than
appears nean and T where the interacting chemical poten- the nominal electron temperatufiee., Tpb=Te+5 eV), ex-
tial we(rs,T) passes through zero. cept at the lowest temperatures. Usihg, Tp in the HNC

We can use the CHNC equations even when electrons argfjuations as before, we have calculated a quasiequilibrium
D" are at two different temperatureg, andTp. The shock  Fey(rs,Te,Tp) and a shock Hugoniotquasiequilibrium
is launched from an aluminum pusher; the shock acts omoncepts are discussed in Ref)ZPhe resulting nonequilib-
molecules initially around~20 K. Consider a scenario rium Hugoniot is given in Fig. 2.
where the shock energy transfers preferentially to the ions The higherT, makes the D-e fluid more compressible.
which become much hotter than the electrons. The velocityrhis appears counterintuitive if one considers only the D
measurements begin after about 3 ns in the laser work, anghntribution. The quasifree enery(re,To,Tp) consists of
after a longer time delay in the Sandia work. Landau— Sp|tze|: Fo, andFp,. On settingTp>Te, the Fp term taken
theory would indicate that the D-e equilibriation occurs  4jonereducesthe compressibility, but the total compressibil-
W_eII W|th|n the experlmental_tlme scalles S|_mple estlmateﬁty is increased by the major role of the pair-tef, . As
might give ~10* collisions within the time window of the seen in Fig. 1, the fluid is in a regime close to thg=0

experiments. However, the formation of coupled modes 'n[ransmon Thus a higheTp increasesTp, and reduces the
plasmas W|thT>1 strongly reduces the ion—electron equi- electron degeneracy even more, making it more compress-
libriation rate?? Experimental evidence exists for this point ible. When this effect is strong enough to offset the reduction
of the compressibility from the ideal gas term of the hotter
deuterons, a softening of the Hugoniot could result. In Fig. 2
we show a Hugoniot labeled NEQO where the ideal t€&gn
was computed just as in the equilibrium Hugoniot, while in
NEQ the full effect was included. Thus we see that except
T(K) Fee P(CHNC) P(MC) E(CHNC) E(MC) for the lowest temperatures, the contribution of the
deuteron—electron pairs dominate.

500000 —5.35310  26.278  25.980 113.30 11320  Qur explanation of the observed laser-shock Hugoniot
250000 —2.14960  12.244  12.120 47.57 45.70 emphasizes the equilibriation issue. Other factors like the
125000 —0.99712 5.374 5.290 13.60 11.50 planarity, constancy, and duration of the shock wave are also
65000 —0.64405 2.143 2280 —-3.21 —3.80 relevant. However, the present discussion strongly calls for
31250 —0.57058 0.754 1.110 —-10.74 —9.90 experimental and theoretical equilibriation studies. The
15625 —0.57119 0.213 0540 —13.97 —12.90 CHNC approach is numerically and computationally very
10000 —0.57890 0.058 0.470 —14.91 —13.60 simple and should be a handy tool in such studies in a variety
of disciplines. This simplicity enabled us to tackle the calcu-

TABLE |. The total pressur® (Mbar) and total energy (eV),
from the classical-map HNGCHNC) approach, and the path-
integral Monte Carlo(PIMC) approach of Militzer and Ceperley
(MC) atrg=2.0, i.e., at a deuterium density of 0.6691 gicm
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lation of a quasiequilibrium Hugoniot—a problem so far notergy as a functional of the electron densdtyd the nuclear
addressed by other quantum calculations. All the calculationdensity, together with the classical mapping of the electrons
presented here used only very modest computationglroduced a very powerful but computationally simple
facilities?* Our computer codes may be remotely accessedhethod, applicable to equilibrium and quasiequilibrium sys-
by interested researchers by visiting our webSite. tems. The equilibrium Hugoniot is in good agreement with

In conclusion, we present a parameter-free calculation obther first-principles calculations. Calculations with thé D
the EOS of deuterium in the regime of densities and temions hotter than the electrons by5 eV suggest that the
peratures addressed by recent laser and magnetic shock etomalous Hugoniots of the laser experiments may result
periments. Kohn—Sham calculations show the absence dfom hitherto unsuspected nonequilibrium effects which can
atomic bound states in this regime. The analysis of the ernbe addressed via new time-delay experiments.
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