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Ortho-para conversion of hydrogen at high pressures
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Ortho-para conversion rates in solid H2 measured as a function of pressure up to 58 GPa are examined
theoretically. Analyses of the data provide information on the relative role of diffusion versus intrinsic depen-
dences of the conversion rate on ortho concentration. A theory of the conversion has been developed using a
closed-form representation of the conversion promoting nuclear magnetic interactionHss expanded in spherical
harmonics. The mechanisms considered include double conversion, excitations in theJ51 andJ52 manifolds
as conversion energy sinks, and a possibility of intermediate states from which the conversion energy is
dissipated via the strong electrical quadrupole-quadrupole~EQQ! interaction. Conversion rates were evaluated
for a total of 12 new channels; the two other channels considered previously for moderate pressures have been
reconsidered to account for factors that influence phonon-assisted energy dissipation, the most important being
the compression-related decrease of the conversion energy~gap closing!. Contributions from the standard
one-phonon channels with single and double conversion yield fairly good agreement with low-pressure data.
The proposed new channel identified as responsible for the observed conversion acceleration is the one in
which the conversion HamiltonianHss only initiates conversion driving the system to a temporarily nonequi-
librium state from which the conversion energy is dissipated via EQQ coupling into excitations within theJ
51 manifold. Our mechanism predicts a strong and abrupt conversion slowdown at still higher compressions.
The abrupt decrease in rate observed at a given pressure at longer times~decreasing ortho fractions! can be
explained as due to the inability of slow diffusion to restore the random distribution of ortho species and due
to the intrinsic inefficiency of the new channel at lowc.

DOI: 10.1103/PhysRevB.66.014103 PACS number~s!: 62.50.1p, 63.20.Ls, 78.30.Ly
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I. INTRODUCTION

The application of very high pressure has proved to b
singular means by which a broad range of physical phen
ena can be explored, from molecular dissociation and me
lization to quantum solid-state effects. Ortho-para convers
in solid hydrogen, an ultimately quantum process, is one
the striking examples. Varying pressure opens up and ma
possible a spectrum of new conversion mechanis
‘‘switching in’’ an ensemble of low-frequency rotational an
translational excitations. It is commonly accepted that ort
para ~o-p! conversion in solid hydrogen is well understoo
for pressures up to a few gigapascals. The main conver
promoting mechanism is the magnetic dipole-dipole inter
tion between the nuclei of two neighboring ortho molecul1

whereas the energy released in the conversion process is
ried away by phonons. At zero pressure the prevail
energy-removal mechanism is emission of two phonon1,2

There must be also a substantial contribution from o
phonon processes owing to the quantum-crystal nature
solid hydrogen.3 As the pressure is raised to a few gigapa
cals, the one-phonon process becomes dominant.3

The first experiments on o-p conversion date back to
1930s. The conversion in the solid is a slow process req
ing months for a sample to come to equilibrium with resp
to the o-p-fraction ratio. Conversion at elevated pressures
attracted interest, in particular, in an attempt to utilize it a
probe of the phonon density of states in the highly anh
monic quantum crystal of hydrogen. The conclusion reac
0163-1829/2002/66~1!/014103~18!/$20.00 66 0141
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so far was that, as the pressure is increased to a mod
value of several gigapascals, the dominant convers
energy-removing mechanism becomes the one-phonon e
sion that accompanies the conversion of one or
molecule;3 the relevant density of states, as deduced fr
conversion rates under pressure,4–6 mimics roughly what fol-
lows from calculations7 and experiment.8,9 Hence, the con-
version rate is expected to diminish rather rapidly as
pressure is raised. However, as recent conversion rate m
surements at high pressures show,10–13this decreasing behav
ior of the rate versus pressure, after reaching a minimum
around 5 GPa, changes over to a steep and ever acceler
growth. There were only general plausible guesses as to w
might be the cause for that extraordinary conversion
hancement but no specific model has been suggested.

There are three main factors that influence the magnit
of the ortho-para conversion rate in solid H2. The first is the
mechanism that drives an ortho molecule to convert to
para state; this factor involves various magnetic field sour
that make an ortho molecule convert. The second is the ch
nel responsible for carrying away the energy released in
conversion process. The third is the spatial distribution
ortho molecules in the sample. Each channel includes
type of energy-removing excitation, the type of conversi
act, and the pathway. The energy sinks to be considered
phonons,J52 excitations, and reorientations within theJ
51 manifold ~which we call librons to distinguish from ro
tons!. We consider two conversion types, the stand
~single-conversion! act in which one ortho molecule goes
©2002 The American Physical Society03-1
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STRZHEMECHNYet al. PHYSICAL REVIEW B 66, 014103 ~2002!
para state and a double conversion act in which both m
ecules convert simultaneously. The pathway implies the w
the conversion process occurs: in the standard process
sidered previously for low pressures1–3 the magnetic nuclea
dipole interactionHss initiates conversion and, simulta
neously, ensures energy removal~via phonons!. It is, how-
ever, possible to separate these two processes; namelyHss
will be needed to promote conversion itself and to drive
system to an intermediate state from which excitations
created via a more ‘‘promising’’ interaction@for instance,
electrical quadrupole-quadrupole~EQQ!#. Thus, the standard
channel considered previously is a single-conversion pro
promoted by the nuclear magnetic dipole interaction w
one or two phonons emitted. At low pressures the idea
intermediate state is not good because an intermediate
brings to the probability a small coefficient. Yet at high
pressures, this unfavorable circumstance is outweighed
the high power of the compression ratioj5r/r0 (r0 is the
molar density at zero pressure! and by other factors.

Experiments on ortho-para conversion in dense hydro
have been carried out over the pressure range where the
H2 adopts the hcp structure and is essentially orientation
disordered. This makes the theoretical task especially d
cult, since even at zero pressure there is no theory of
rotational energy spectrum of this highly random syste
Moreover, some of the issues pertaining to the general no
of the form of individual parts of the rotational spectru
have not been addressed. Fortunately, there is sufficien
perimental evidence for reasonable estimates of the rele
energies to be inferred. In some cases, in order to obtai
least semiquantitative results, we performed calculations
the 100% fcc orientational ordered array of quadrupo
subsequently introducing reasonable corrections to acc
for lower ortho fractions and hcp structure. The most pro
ising channel turned to be the one in whichHss only drives
an ortho molecule to convert, creating an intermediate s
which is momentarily out of equilibrium and which relaxe
back to equilibrium-emitting libronlike excitations via th
EQQ interaction.

The aim of this paper is to consider all the factors a
mechanisms that control ortho-para conversion in an atte
to single out those that can be decisive for very high pr
sures. The structure of this paper is as follows. In Sec. II
recast the standard nuclear magnetic dipole-dipole inte
tion Hamiltonian into a closed general form, which is co
venient for subsequent calculations. The basic experime
results on conversion from 0.4 to 60 GPa~Refs. 10 and 12!
are analyzed in Sec. III in order to examine relevant mec
nisms. In Sec. IV we examine in general terms the th
basic energy sinks, namely, phonons,J52 excitations~ro-
tons!, and ‘‘librons’’ ~excitations within theJ51 manifold!.
Calculations for all the channels are in Sec. V; part of
relevant algebra is moved to the Appendix. Section VI co
tains general discussion and conclusions.

II. HAMILTONIAN

In this section we focus on the conversion promoti
Hamiltonian, recasting it to a form suitable for high pre
01410
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sures. The cause that drives an ortho molecule of H2 to con-
vert is the magnetic field gradient felt by the nuclear ma
netic moment of this molecule. In pure hydrogen there
two magnetic field sources. One is the total nonzero nuc
moment of the conversion-promoting ortho neighbor wh
the other is the magnetic field produced by the rotating m
tion of the same ortho neighbor. The nuclear spin-spin in
action Hss and the spin-rotation interactionHsr vary with
intermolecular distance in the same way (}R23) and Hsr
scales1 to Hss as (2 –3)31022 irrespective of density~pres-
sure!. The corresponding correction can be introduced
multiplying the final result by 1.05. So for the sake of sim
plicity we leave only the prevailing spin-spin term.

The magnetic dipole interaction between the nuclear sp
of moleculesi and i 8 is characterized by the energy

Hss524A6m0
2 (

s,s8561
(
nt

C~112;n,t2n!

3Sis
n Si 8s8

t2nC2t* ~V is,i 8s8!Ri j
23 . ~1!

Here m0 is the nuclear magnetic moment of the proto
Ris,i 8s85R01(d/2)(w8s82dws); s and s8 denote pro-
tons, respectively, in moleculesi and i 8; Sis

n is then spheri-
cal projection of the nuclear spin operator of protons in
molecule i; d is the interatomic distance in the hydroge
molecule;w andw8 are the unit vectors along the respecti
molecular axes;V is,i 8s8 is the unit vector along the axi
connecting the two protons chosen;C2t(V) are Racah’s
spherical harmonics;C(112;n,t2n) are the Clebsch-
Gordan coefficients.

Let us express the nuclear spin variables through th
linear combinations

I i5Si 11Si 2 , ~2!

which is the total nuclear moment of moleculei, and

K i5Si 12Si 2 , ~3!

which is the operator linking states of different parity of th
same molecule.

In these variables the Hamiltonian~1! takes the form

Hss5HII 1HIK1HKI1HKK . ~4!

The same superscriptsi i 8 are omitted. All the terms are simi
lar in form ~see below!. Analysis of all four can be found in

Van Kranendonk’s book.14 We consider first the termHKI
ii 8 ,

which initiates ortho-to-para transitions in moleculei, leav-
ing molecule i 8 in the ortho state. This term, for brevit
denoted asV, is

V[HKI
ii 8524A6m0

2(
t

Z2t

3
F111F122F212F22

4
. ~5!

Here
3-2
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Fss85
C2t~V is,i 8s8!

uRis,i 8s8u
3

~6!

and we introduced the irreducible rank-2 tensor

Z2t5(
m

C~112;m,t2m!Ki
mI i 8

t2m . ~7!

In Eq. ~5! the sum of the fourF ’s is symmetric under a
head-tail permutation of moleculei 8 and antisymmetric un-
der the same permutation of moleculei. Hence the expansion
of this sum in spherical harmonics of the orientation va
ables of both molecules will contain terms odd inwi and
even inwi 8 . The rest will cancel out. Therefore the expre
sion @F111F122F212F22#/4 can be simply substi
tuted by F11 but one should bear in mind terms of wh
symmetry are to be retained in the expansion.

In order to obtain from Eq.~5! or ~6! the terms respon
sible for conversion, this energy is expanded in powers
d/2R. In fact, this parameter, which is sufficiently small~ap-
proximately 0.1! at ambient pressure, appears inHKI in Eq.
~5! together with functions of the vectorsw or w8. These
functions govern the matrix elements of the transitions
volving the final and initial rotational states of the participa
ing molecules. The quantityF in Eq. ~6! is a function of two
molecular unit vectorsw andw8 and the intermolecular uni
vector n. The dipole-dipole interaction~in our case, mag-
netic! has a specific form which permits this interaction to
represented as a closed and rather simple formula. We d
onstrate this procedure15,16 for R5Rn5r22r15r 2n22r 1n1
~assuming, without losing generality,r 2.r 1), recasting the
known expression15 as convenient for our purposes:

CLM~n!

RL11
5(

l 50

`

B~L,l !~2 !L1 l
r 1

l

r 2
L1 l 11

3$Cl~n1! ^ CL1 l~n2!%LM , ~8!

with

B~L,l !5F ~2L12l 11!!

~2L11!! ~2l !! G
1/2

. ~9!

Hereinafter we employ the standard definitions15,17 of
the irreducible tensor product of two irreducible tensorsM
andN,

$MJ1
^ NJ2

%Jm5(
n

C~J1J2J;n,m2n!MJ1 ,nNJ2 ,m2n ,

~10!

and of the scalar product of two irreducible tensors, say,RL
andQL , of the same rankL,

~RL•QL!5(
m

RLmQLm* . ~11!

Now we apply Eq.~8! to our case, expanding consec
tively in the small-value vectorsdw/2R, dw8/2R, ands/R,
01410
-

-

f

-

m-

wheres is the relative displacement of the two interactin
neighbors. After simple algebra we finally have

C2t~R11!

R3

5 (
l ,m,p50

`

S~ l ,m;p!
~d/2! l 1musup

R31 l 1m1p
$Cl~w! ^ $Cm~w8!

^ $Cp~s! ^ C21 l 1m1p~n!%21 l 1m%21 l%2t , ~12!

where

S~ l ,m;p!5A~512l 12m12p!!

5!~2l !! ~2m!! ~2p!!
. ~13!

We stress that this expression is exact and complete. E
tion ~12! allows us to pick easily an arbitrary term of th
necessary symmetry. We shall also use a shorter definiti

ĥ~ lm;p![(
t

Z2t$Cl~w! ^ $Cm~w8!

^ $Cp~s! ^ C21 l 1m1p~n!%21 l 1m%21 l%2t ,

~14!

with Z2t from Eq. ~7!. The irreducible tensor of rank zero i
Eq. ~14! is essentially~to within a scalar function! the corre-
sponding partial Hamiltonian.

This result stems from the specific form of the dipol
interaction. We note that the coefficients in Eq.~12! are regu-
lar functions ofd/2R, in contrast to anisotropic interaction
of arbitrary form, which generate spherical harmonic exp
sions with the coefficients explicitly diverging asR tends tod
~if both interacting particles are linear molecules! ~Ref. 18!
or to d/2 ~if one of the particles is a spherical entity! ~Ref.
19!.

There is a term in the nuclear spin-spin interaction Ham
tonian ~1! or ~5!, namely,HKK , which can be important a
higher pressures. In form it coincides with the term just co
sidered,HKI , but contains odd harmonics of both angul
momenta. An analog of the sum in Eq.~5! for this term reads
F112F122F211F22 . The HamiltonianHKK is respon-
sible for processes in which two interacting ortho molecu
convert simultaneously. The ratio of the coefficients
ĥ(1,1;0) toĥ(1,0;0) is 6(d/2R0)j1/3. Even with account of
the typical proportion of matrix elements this ratio does n
seem to be prohibitively small. Previously, this term has be
rightfully neglected because in this process the two simu
neous conversion acts release twice as large energy (2Econ
.340 K), which at low pressures can be in no way dis
pated into one or even two phonons.

III. OVERVIEW OF RECENT EXPERIMENTAL RESULTS

We now summarize the results and analyses of rec
measurements of ortho-para conversion in solid H2 at high
pressure. NMR measurements, which in principle provid
direct measure of the conversion, have been reported to
3-3
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STRZHEMECHNYet al. PHYSICAL REVIEW B 66, 014103 ~2002!
GPa.11 Raman measurements have been carried out ov
much broader range of pressures from 0.9 to 57.7 GPa,
more extensive data coverage at intermediate pressures
at short times.10,12Although Raman spectroscopy provides
less direct measure of the conversion than does NMR,
two data sets are in excellent agreement within their mu
error bars over a broad range of pressures and densitie~as
discussed further below!. In Fig. 1 we show inverse ortho
fractions calculated from integrated Raman intensities a
function of time. At short times, all the curves are rath
close to straight lines but at longer times the deviations fr
the linear law are substantial, especially at the higher p
sures. These deviations contain valuable information ab
the kinetics of the ortho system, which can be a result of
simultaneous action of conversion and migration, both
which can be pressure dependent. We compare diffe
methods of analysis in order to draw qualitative conclusio
regarding conversion mechanisms and channels.

As we are dealing with solid hydrogen at low tempe
tures, the conversion is mostly that of ortho-to-para. A ty
cal experimental situation in this case corresponds to a la
ortho fraction decaying in time. Since ortho-to-para conv
sion is caused by the interaction with neighboring ortho m
ecules, the rate of variation of the ortho fractionc is propor-
tional to the average number of nearest ortho neighborsM:

dc

dt
52

K

12
Mc ~15!

or

d

dt S 1

cD5K
M

12c
. ~16!

By removing c2 from the right-hand side of Eq.~15! one
takes fully into account the simple fact that two ortho neig
bors are needed for at least one of them to convert to par
the ortho distribution is random, thenM512c ~12 nearest

FIG. 1. The inverse ortho fraction vs time for several pressu
The dash-dotted lines are linear fits to short-time data. The s
lines are Monte Carlo best fits~see text!.
01410
a
ith
nd

e
al

a
r

s-
ut
e
f
nt
s

-
-
ge
-
l-

-
If

neighbors in a hcp lattice!. If now K is independent ofc, Eq.
~15! is a second-order rate equation permitting analytical
lution:

1/c51/c~0!1Kt. ~17!

At low pressures and over almost the entire range of te
peratures T and ortho concentrationsc ~except for T
,1.5 K and c<4%), K does not indeed deviate signifi
cantly from a constant value during many hours.4,20 At
higher pressures and longer times, deviations from linea
can arise from a nonrandom distribution of ortho molecu
as well as from an ortho fraction dependence of the ove
K.

The former factor depends to a large extent on the ab
of diffusion to restore the distribution to random. Regardle
of its mechanism but depending on the interplay of the
ergy parameters, diffusion can lead to opposite results. If
temperature is high~as compared to the characteristic anis
tropic interaction energy between ortho molecules!, the equi-
librium distribution is random and fast diffusion is capable
efficiently maintaining randomness. In the low-temperatu
case, when diffusion is faster than conversion, the numbe
ortho-ortho nearest-neighbor pairs will be substantially lar
than in the random distribution, as observed in clusterizat
at low ortho fractions and low temperatures.

A method for examining the role of diffusion in the re
toration of random distributions was described in Ref. 1
Assuming the conversion rateK to be independent ofc, the
K values were determined by restricting the analysis to
initial decay at very short times~see Fig. 1!. The entire data
set was also fitted to Eq.~15! or ~16! directly, using two
methods, a mean-field rate equation based on the wor
Schmidt20,21 and Monte Carlo simulation based on th
method developed by Perrell and Haase.22 As described in
Ref. 12, for c.0.3, the different approaches are in go
agreement, while forc,0.3 the random distribution resu
underestimates the experimental concentrations, the m
field model overestimates the concentration~as expected for
a mean-field model23!, and the Monte Carlo simulation fit
the data quite well. Good agreement with the concentra
versus time data is found at all pressures using the Mo
Carlo approach~e.g., Fig. 1!; however, deviations betwee
the calculations and the experimental data appear to incr
at longer times and lower running ortho fractions.12

In view of the deviations from the model at lowerc, it is
also possible thatK varies withc. To examine this question
we first note that in general the right hand side of Eq.~16!
can be treated as a phenomenological conversion rate pa
eter K, which depends explicitly on ortho fractionc. This
general assumption embraces the effect of diffusi
dependent re-distribution as well. As a test, we analyzed
data from the Raman experiments. First, the experime
points were fitted to a simple polynomial of the second ord
The derivativedc21/dt is then the value of the conversio
function at timet, viz., K„c(t)…. This fitting polynomial can
be also used to deduceK0, the limit value of K at c51,
which can be chosen as a universal measure of the con
sion rate at a givenP. The extrapolation-related correction

s.
id
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ORTHO-PARA CONVERSION OF HYDROGEN AT HIGH . . . PHYSICAL REVIEW B66, 014103 ~2002!
as compared to the values employed in Monte Carlo sim
tions in all cases but two are insignificant~less than 3%!. In
this analysis,K(c) is not a constant but a strong function
c, changing substantially~e.g., more than fivefold at 17.
GPa! as the ortho concentration decreases for all 14 run
pressures above 3 GPa. Even the three runs at the lo
pressures studied yield results basically consistent with
treatment below; however, those data do not allow draw
unambiguous inferences owing either to an insufficien
long duration of experiment or to experimental uncertainti

Figure 2 shows the values forK as a function of pressur
and density, including the Raman,10,12NMR,11 and the earlier
lower-pressure data.4–6 For the Raman results we show theK
values extrapolated toc51. The conversion rate exhibits
strongly nonmonotonic variation with compression: it fir
slightly increases to a maximum, then decreases to rea
minimum, and then accelerate dramatically. Explanation
this unusual behavior, documented by both Raman and N
data, is the main objective of the present theoretical stu
The rates deduced from Raman and NMR measurem
agree well up toj.3.3 but tend to diverge at higher com
pressions. This divergence has led to questions regarding
applicability of the Raman scattering technique for determ
ing the ortho-para composition at high pressures where
mixing of rotational states~and hybridization with the pho
non excitation! might preclude an accurate determination
the ortho and para concentrations. As discussed elsewhe12

however, these effects have negligible influence on meas
Raman intensities. Moreover, there is disagreement for
conversion rates only for the two highest pressures obta
in the NMR study, and these have large uncertainties.11 Al-
though the differences are just outside the stated uncer
ties of the two studies, both studies show the strong incre
in rate at similar pressures that is the primary focus of

FIG. 2. Measured conversion rates vs density. The points
from Refs. 10 and 12~solid circles! and Ref. 11~open squares!. The
open circles are earlier data from Refs. 4–6. The curves are gu
to the eye.
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present theoretical study. We also note that the recent da
Grazzi and Ulivi13 on conversion in Ar(H2)2, taking into
account the difference in the number of nearest H2 neigh-
bors, are consistent with these results for pure hydrogen

IV. THEORY

A combination of three major factors, viz., the energy si
excitation, the type of conversion act, and the pathway, c
trols the conversion rate at high pressures. All these th
factors are closely linked to the type of partial Hamiltoni
in Eq. ~14! to be used in calculations. There are three typ
of excitations capable of carrying away the energy relea
during conversion or participate in this process. These
phonons,J52 excitations, and collectivized rotational exc
tations in theJ51 manifold. For simplicity, we will some-
times call theJ51 excitations librons and theJ52 excita-
tions rotons.

Ortho-para conversion of a chosen molecule involv
transitions between rotational states of the whole syst
Any rotational stateu$L%& is a state with, strictly speaking
all the N0 momenta coupled~where N05cNtot , c is the
ortho fraction,Ntot is the total number of hydrogen mo
ecules;$L% denotes the set of quantum numbers that cha
terize the state under consideration!. This state can be chose
as a product of linear combinations of one-particle rotatio
wave functions or eigenstates of the EQQ interaction Ham
tonian

HQ5
1

2 (
i , j

cicjHQ
( i j ). ~18!

Here ci50 if site i is occupied by a para molecule andci
51 if the site is in the ortho state; the EQQ interaction in t
pair (i , j ) of ortho molecules can be written in the form@no-
tation as in Eqs.~10! and ~11!#

HQ
( i j )5

25

6
A70G0j5/3

„$C2~wi ! ^ C2~wj !%4•C4~ni j !…,

~19!

wherej5r/r0 is the compression ratio, the unit vectors a
defined in Eq.~12!, and the EQQ interaction constantG0 is

G05
6

25

q11
2

R0
5

. ~20!

HereR0 is the nearest-neighbor distance at zero pressure
q115^1uQ̂u1& is the adiabatic matrix element of the electric
quadrupole moment operatorQ̂ between purely rotationa
states withJ51. The role of the EQQ interaction is twofold
First, it shapes the rotational energy spectrum and, secon
will be shown later, it can constitute the vortex that produc
energy removing excitations, including phonons, because
EQQ interaction couples translational and rotational degr
of freedom.

Temperature can also enter into the interplay betw
various energy parameters. If the ortho fractionc is high
enough and the temperature is low enough~or the pressure is
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3-5



-

e
s

se
. I

om

e
it

e
-
ra
r

ac
tio

a
o
in
e
u
e
r

bu
na
o
be
e
ur
re
ho

-

l-
t

m
o

r o
g

e
th
he
uc

-

the

ced
in

ll the
ve
the
s of
nd

ex-
ed

d
ith

hich
and
the

s-
e re-
use

e
n-

cts
is

can
n

-

STRZHEMECHNYet al. PHYSICAL REVIEW B 66, 014103 ~2002!
sufficiently high, or both!, the o-p mixtures undergo a struc
tural phase transition into the orientationally orderedPa3
phase.24 All experimental evidence indicates that within th
range of pressures and temperatures of the Raman mea
ments, hydrogen is in the disordered state~e.g., Refs. 10–12
and 25!. This increases the difficulty of the calculations.

In the orientationally ordered phase~at high enough ortho
fractionsc and low enough temperaturesT) the spectrum is
that of bandlike orientational excitations—librons—who
damping is due to the thermal and para impurity factors
the orientationally disordered phases~at low c and/or highT)
the orientational spectrum is by far more complex. There
no theory for the rotational spectrum of such highly rand
system as an o-p mixture withc about 50%. Moreover, it can
be said that this problem has not been so far even prop
addressed. It is true that this problem was partly dealt w
but from a different point of view in connection with th
problem of quadrupolar glass.26 EveryJ51 rotor sees a mo
mentary molecular field, which at extremely low tempe
tures fluctuates from site to site~the so-called quadrupola
glass! or, at higher temperatures, in both time and space~the
completely disordered phase!. As the temperature~or, more
precisely, the ratio of the temperature to the typical inter
tion energy! decreases, every quadrupole finds an orienta
with minimum energy and stays there. The issue that w
under study for a long time is the distribution of quadrup
larizations, which is the local order parameter characteriz
this glassy state~see Refs. 27–30!. It is reasonable to assum
that, irrespective of the structure, the rotational spectra m
have a definite span scaled by the EQQ energy param
G5G0j5/3. Fortunately, numerous experimental findings a
available which not only corroborate this assumption
also allow evaluation of such characteristics of the rotatio
spectrum as the width~span! and the position with respect t
other spectra. We will consider this issue in more detail
low. In our calculations, in order to get numeric, howev
crude, estimates, we will sometimes have to make reco
to the case of ordered state, introducing afterwards cor
tions to allow for less orientational order and a lower ort
concentration.

We have the following options for the partial Hamilto
niansĥ(LM ;N) defined in Eq.~14!.

ĥ(10;N). This term drives one of the interacting mo
ecules to change its parity and leaves the other exactly in
same rotational state. This is the standard conversion Ha
tonian used in all previous rate calculations involving one
two phonons. It can also bring the system to a numbe
intermediate states, which will dissipate the energy throu
another interaction~s! and not necessarily into phonons.

ĥ(12;N). This term initiates the conversion of the sam
molecule but by acting on the orientational variables of
other it allows the other molecule to be excited within t
states of the same parity; i.e., this term can directly prod
a libron ~an excitation within theJ51 manifold!. It can be
also elaborated to create additional librons.31

ĥ(11;N). This term drivesboth ortho molecules to con
vert simultaneously.
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The pathway with intermediate state consists in
following.32 The HamiltonianHss serves only to initiate con-
version in the chosen molecule at site 0 andnot to create
excitations. In this way, an intermediate state is produ
with molecule 0 in the para state and its surrounding still
the same state as before the conversion act. Because a
EQQ interactions involving the converting molecule ha
momentarily disappeared, this is not an equilibrium state;
coupling between the translational and rotational degree
freedom tends to relax both the molecular positions a
quadrupole directions to a new equilibrium, causing new
citations to be created. The coupling is explicitly contain
in the EQQ Hamiltonian, Eqs.~18! and~19!, a much stronger
one thanHss. In line with the general idea of Berlinsky an
Harris,33 the EQQ Hamiltonian of the intermediate state w
molecule 0 in the para state can be written as

H Q
( inter)5H Q

(0)2(
j

cjHQQ
(0 j )[H01VQ . ~21!

Here bothHQ Hamiltonians are described by Eqs.~18!–~20!.
The HamiltonianH Q

(0) with molecule 0 still in theJ51 state
serves as the unperturbed one. The second term, w
means lack of the EQQ interaction between molecule 0
all other ortho molecules after conversion, may serve as
perturbation:

VQ52(
j

cj~25/6!GA70j5/3

3„$C2~w0! ^ C2~wj !%4•C4~n0 j !…. ~22!

The idea of intermediate states, which is fruitful at high pre
sures, does not work at ambient pressure because of th
strictions imposed by the energy conservation law or beca
the probability is too low.

Prior to going into the analysis for every channel, w
formulate the problem of the conversion probabilities in ge
eral terms. The probability of the various conversion a
caused directly by the nuclear magnetic dipole interaction
given by

W5
2p

\ (
i , f

Pi u^ f uVu i &u2d~Ei2Ef !, ~23!

where any of the Hamiltonian terms enumerated above
serve asV. HerePi is the probability of the system to be i
the specific initial stateu i &; Ei andEf are the energies of the
initial and final states. IfN phonons are involved, by com
bining Eqs.~5!, ~12!, and ~23!, the conversion probability
W(L,M ;N) due to the relevant termĥ(L,M ;N) can be rep-
resented as

W~L,M ;N!

5
gss

2

\ S d

2R0
D 2(L1M )

A~L,M ;N!j21(2/3)(M1L1N)

3(
i f

Pi

usu2N

R0
2N

u^ i uĥ~L,M ;N!u f &u2d~Ei2Ef !. ~24!
3-6
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Heregss5m0
2/R0

3 and

A~L,M ;N!5192p@S~L,M ;N!#2, ~25!

whereS(L,M ;N) is as in Eq.~13!. Since below 70 GPa the
admixture of higher-J states is rather small, we neglect th
corresponding compression-related corrections to the ma
elements of anyĥ.

For an intermediate state, the matrix element in Eq.~23!
will be

^ f uVu i &5(
( is)

^ f uVQu~ is!&^~ is!uHssu i &
E( is)

, ~26!

where summation runs over possible intermediate states
the energiesE( is) . Here we need to know details of the e
ergy spectrum of the intermediate state.

Since we will be dealing with a number of different cha
nels with long descriptive names, we need some abbrevia
nomenclature. The pathway will be denoted asS for the stan-
dard one, whenHss serves both to initiate conversion and
create excitations, andI for pathways with intermediate
states. The first two numerals of the partial Hamiltonian la
will fully describe the type of conversion act. The type a
number of sink excitations are placed at the end. For
ample,S10-2p denotes the channel considered by Berlins
and Hardy2 with the standard pathway via Hamiltonia
ĥ(10;2) with two phonons born. ChannelS12-1l will mean
the standard pathway via the Hamiltonianĥ(12;0) with one
libron created.

The quantity we focus on in this paper is the probabil
W of a given ortho molecule to undergo conversion. T
relation betweenW and the conversion parameterK appear-
ing in the macroscopic equation~15! can be easily obtained
if the distribution of ortho molecules remains random duri
conversion. The decrease of the number of ortho molec
N is proportional to the number of nearest-neighbor or
pairs N2 : dN/dt522WN2. Here the coefficient 2 reflect
the fact that either of the two molecules in the pair can c
vert. In the random approximation,N256cN and we obtain
K512W. Exactly the same differential equation holds f
double conversion with the modification that the same co
ficient 2 implies that both ortho molecules convert simul
neously. Thus, the relation betweenW andK for double con-
version is the same as for single conversion.

A. Phonons

Phonons as the conversion energy sink possess man
viting properties, among which is the wide range of possi
energies. In other words, the energy conservation law
mits phonons to participate in the conversion process at
pressure. On the other hand, the ever broadening rang
allowable phonon energies leads to depletion and low pr
abilities.

Partly as a reminder, we consider first the chan
S10-1p3 controlled by the Hamiltonianĥ(10;1) with one
phonon serving as the conversion energy sink.31 The reduced
displacementss/R0 are expressed through the standard p
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non variables and their product is subsequently summed
possible phonon states together with thed function in Eq.
~24!, producing a weighted density of states of the form

f ~E!5
1

Re
2 (

k
^0usmuk&^kusm* u0&d~E2ek!. ~27!

Herek5(k,g) is the wave vector and the polarization inde
of the emerging phonon;ek is the phonon dispersion law. Fo
varying density theR22 factor scales asj2/3 @already ac-
counted for in Eq.~24!#; the productsmsm* suppliesek ~or the
Debyeu) to the denominator; summing overk yields a func-
tion of energyg1

(10)(E). Thus, the extra probability factor du
to one phonon will scale as@Q0 /Q(j)#g1

(10)(E) whereQ(j)
is the Debye temperature at a givenj; Q0 is the Debye
temperature at zero pressure;E is the conversion energy
which for the time being is treated as a constant. The fu
tion g1

(10)(E) is nonzero within the range from 0 to a valu
close toQ(j). If one assumes that this function retains
mathematical similarity under compression, then it can
represented3,5 in the form useful for varying volume:g(E)
5G1(«)/Q(j) with

«5E/Q~j! ~28!

andG1(«), the reduced one-phonon density of states, wh
can be calculated for zero pressure. In other words, this d
sity of states function is set not to vary with pressure wh
the energy point« varies between 0 and 1. Finally,

W~S10-1p!}j10/3@Q0 /Q~j!#2G1~«!. ~29!

Similarly, for the partial Hamiltonianĥ(10) with two
phonons,

W~S10-2p!}j12/3@Q0 /Q~j!#3G2~«!. ~30!

It follows that the resulting density-related probability fact
for any channel with the partial Hamiltonianĥ( lm;N) with
N>1 phonons involved will bejn@Q0 /Q(j)#N11 with n

5212/3(l 1m1N). For the family of Hamiltoniansĥ(11)
the density factors for the one-phonon and two-phonon p
cesses are

W~S11-Np!}H j4@Q0 /Q~j!#2, N51,

j14/3@Q0 /Q~j!#3, N52.
~31!

So one can see that the density dependence of the D
temperature is a very important factor. At lower pressure
convenient way to express this dependence is by using
Grüneisen lawQ5Qjg, where g52] ln Q/] ln V is the
Grüneisen parameter. However, the Gru¨neisen parameter
which is 2.3–2.4 as derived from heat capacity data34,35 at
ambient pressure, steadily decreases with increasing c
pression.

The high-pressureQ values can be deduced from optic
phonon frequency measurements.36 For pressures up to 20
GPa there is the known relationship,36,37 which when cus-
tomized to our notation takes the form
3-7



d
in

o

w
n
y

fo

rt

,
ith
d

ee
K
ft

-

l

as
is

.

. A
d
et
co

ov
an
pe

rg
.

ra
ith
rs

sult
rgy
tho
Let

e-

d
that

d in
tho

ged
ter-

r-
t
the

ro-
is
the

y of

t
tion
ate.
tary
ule

oval
for

ower

STRZHEMECHNYet al. PHYSICAL REVIEW B 66, 014103 ~2002!
ln@Q~j!/Q0#5 (
k51

3

Ck~ ln j!k, ~32!

with C152.2188, C2520.611 92, andC350.019 666. In
subsequent evaluations we use the Debyeu values deduced38

from high-pressure optical phonon frequencies measure
Raman scattering39,40 and represented in the same way as
Eq. ~32! with C152.141 andC2520.285 ~the fitting was
without C3). Both C1 coefficients are zero-pressure extrap
lations for the Gru¨neisen constant.

The shape of the densities of states for one or t
phonons is another important factor. We use the represe
tion of Eqs.~29! and~30!, in which the shape of the densit
of statesG1(«) and G2(«) is fixed while the argument«
moves to smaller values as the density~and the Debyeu)
increases. To get a better insight, the range of variation
both functionsG1(«) andG2(«) can be divided roughly into
two regions. For example, the one-phonon function~see, for
instance, Ref. 3! consists of a low-valued Debye-like pa
stretching in energy from 0 to«1.40 K @here G(«)
}«3/Q2] and a denser part stretching from«1 to «2
.120 K, where to a sensible extentG(«) may be roughly
considered a constant. To yield a rate of any significance«
must be within the latter interval. What is happening w
decreasing energy is depicted in Fig. 3. The above two e
points are put on the vertical axis and the interval in betw
is right-incline hatched. A similar favorable interval (90
,«,240 K) for two-phonon processes is shown as le
incline hatch. One can see that for single conversion~the
lower curve! the moving energy point starts within the two
phonon area, enters the one-phonon interval atj.1.2 (P
.0.06 GPa), and leaves for good the two-phonon interva
j.1.4 (P.0.2 GPa) and the one-phonon one atj
.2.3 (P.3 GPa). Then it moves deeper into the incre
ingly unfavorable region, diminishing the probability. Th
scenario, predicted by previous calculations,1–3 is corrobo-
rated by experimental findings for moderate pressures~see
the references in the Introduction!. As can be seen from Fig
3, the double-conversion channels~the upper curve! yield
high conversion rates at noticeably higher compressions
probabilities are affected by the compression-related
crease of the conversion energy, which is discussed in d
in the next subsection. As a result of this decrease, the
version rate curves will be ‘‘compressed.’’

Phonon densities of states at high pressures should
calculated with account of all the factors discussed ab
which have been ignored in previous publications. These
some other relevant issues are addressed in another pa41

B. Excitations within the JÄ1 manifold „librons…

Another obviously good candidates for conversion ene
sink excitations may come from the rotational subsystem42

These excitations, including librons~or reorientations within
the J51 manifold! and rotons (J52 excitations!, are con-
trolled by the EQQ interactions scaled asR25. Hence one
can expect that the role of this interaction, which is compa
tively weak at ambient pressure, will become important w
increasing pressure. On the other hand, since the conve
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energy is the energy difference between theJ51 ~sur-
rounded by ortho neighbors in the solid! andJ50 states, the
pressure-related increase of the EQQ interaction must re
in a reduction of the Boltzmann-averaged conversion ene
due to the fact that at low enough temperatures all or
molecules are predominantly in their local ground states.
us first consider reorientations within theJ51 manifold or
— for brevity — librons.

The spectrum of librons in the ordered state is well d
fined and known in sufficient detail~for references and a
discussion see Ref. 14!. As to the orientationally disordere
phase, for the absence of any theory we can only surmise
the spectrum for reorientations within theJ51 manifold
must have a certain span comparable to the energy ban
the ordered state, with a proper allowance for lower or
fractions. The libronlike excitations within theJ51 mani-
fold of a disordered ortho-para mixture must be short ran
and spatially irregular. The respective energy span is de
mined by the ortho fractionc so that, very roughly in the
molecular-field approximation, the span width is propo
tional to the average number ofJ51 molecules in the closes
surrounding times the characteristic EQQ energy. Thus,
span widthD0 is proportional toG0cj5/3, i.e., depends both
on pressure and ortho fraction.

The energy considerations for the channels involving
tational excitations are illustrated in Fig. 4. The energy
counted from the state when the chosen molecule is in
para state. The horizontal axis gives the reduced intensit
the EQQ interaction; the valueG/G050 can be attributed to
the free molecule; the valueG/G051 corresponds to ambien
pressure. The middle angle symbolizes the spread of rota
energies of the chosen molecule when it is in the ortho st
The lower angle symbolizes the spread for the elemen
excitations in the closest surrounding of the chosen molec

FIG. 3. The ranges where the phonon-related energy rem
mechanisms operate. The left-incline and right-incline hatch are
two- and one-phonon processes, respectively; the upper and l
curves represent, respectively, channelsS10 andS11.
3-8
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after it has converted. The arrows show conversion tra
tions; the arrow length is the conversion energy, release
downward and absorbed when upward. As the pressur
increased, the minimum energy to be dissipated decre
considerably. At a certain critical pressure~indicated in Fig.
4 as the large circle! and above, the energy can be dissipa
within the J51 manifold.

The decrease in conversion energy is real, it can be
rectly seen in inelastic neutron scattering43,44 or NMR45 ex-
periments. What is especially important is that this decre
is observed in both fcc and hcp phases. Moreover, with
count of the large width of the scattered peak in h
crystals44 the shifts in both phases virtually coincide atc
575%. The energy spread for reorientational excitatio
within the J51 manifold can be rigorously defined for th
100%J51 ordered state. The molecular field splits this lev
into the ground statem50 singlet and am561 doublet; the
latter is broadened by the off-diagonal part of the EQQ
teraction into a band. This band for single-libron excitatio
at k50 stretches46 from 6.2 to 11.3 cm21 ~from 8.9 to 16.3
K! with the center of gravityD0 at 8.79 cm21 ~12.6 K!. The

FIG. 4. Energy scheme for single-conversion transitions invo
ing J51 andJ52 excitations with varying EQQ interaction. Th
J52 roton ~arrow R) is too energetic to take up the conversio
energy. The energy is counted from the state in which the cho
molecule has converted and all otherJ51 molecules are in their
local ground states. Thus, the converting molecule starts fro
state with the energy to be released~solid down-pointing arrow!
2B2(2/3)D0, whereD0 is the compression-dependent energy sp
Another ortho molecule can now be excited to the libron ba
~shaded region! to take up a maximum energy of roughlyD0

~shown as a dashed up-pointing arrowL) if two-libron states are
taken into account. At a critical value ofG ~large circle! the energy
span of the excited molecule is wide enough to accommodate
entire conversion energy.
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last figure is somewhat below the one that can be estim
~14.4 K! from neutron scattering data.44 In principle, two-
libron excitations46–48may also contribute, shifting the uppe
bound to 21 cm21 ~30.2 K!. The quantityD0 is the energy
distance between them561 andm50 sublevels of theJ
51 level for j51, c51. Then, (2/3)D0 will be the down-
ward shift of them50 level caused by the EQQ molecula
field. Making use of all the above-quoted figures we find th
Ec5E02(2/3)D0 or, after rescaling to arbitraryj andc and
assuming a linear relation,Ec5E028.4G0cj5/3 with E0
52B.170.5 K.

Here we must add that we do not expect a substan
decrease in effective EQQ energy, similar to the appar
decrease of the operating EQQ interaction that splits
S0(0) band.49 We ascribe that ‘‘insufficiency’’ to the effect o
a rank-4 crystal field25 rather than to dielectric screening.50 If
so, any rank-4 field has no direct effect onJ51 states, all the
matrix elements being zero. Indirect influence throu
higher-J states is negligible. Thus, as far as theJ51 mani-
fold is concerned, the EQQ interaction operates uns
pressed.

C. JÄ2 excitations„rotons…

Let us now consider in more detail the channel where
energy removing agent is aJ52 excitation, which we call a
roton. There are two arguments that make this channel pr
ising. The first one is the fact that an ortho molecule conve
ing to the para state can go directly to theJ52 manifold;
i.e., the respective probability is controlled by the Ham
tonian ĥ(10;0), which contains the factord/R0 to the least
power. One can also expect that a noticeable contribu
will come from the Hamiltonianĥ(11;0), which drives two
ortho molecules to para state simultaneously, one to thJ
50 and the other to theJ52 states. The other argument
the predicted compression-related softening of theJ52
roton.51,52 Unfortunately, this is not directly applicable t
ortho-rich mixtures. Here the resonance interaction t
broadens the roton state into a band in pure para solid,
which case the theory was developed, is in fact absent
cause too few para molecules are available in the nea
surrounding.

The energetics of the processes involving direct excitat
of one converting molecule into theJ52 state is illustrated
in the same Fig. 4, where the top angle depicts the ro
energy span. At zero pressure and the EQQ interaction
the time being disregarded, the kinetic energy of the rot
6B, is prohibitively high and the energy released in a sin
(2B) or even double (4B) conversion processes is insuffi
cient to bridge that gap. That is, in this case it is not a qu
tion of where the energy released is dissipated but where
extra energy to excite the particle into theJ52 state is to be
found. Thus, to ‘‘make’’ this channel work we must find
cause which lowers the lowest possible levels of theJ52,
localized or delocalized, so that it connects directly with t
J51 submanifold of the converting particle.

Taking the EQQ interaction into account, we recolle
~see previous subsection! that at low temperatures the con
verting ortho molecule sees a typical molecular field crea
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FIG. 5. Comparison of zero-
pressure Raman spectra~Ref. 53!
of pure p-H2 and n-H2. Since the
off-diagonal spread is insignifi-
cant, the bandwidth reflects th
spread of molecular fields of the
surroundingJ51 molecules that
acts on the Raman-excited pa
molecule.
a
g

ve

th

y
is

ed
s

r
pe

th

u

n

f t

le
g

th
th

ame

af-

for
d
the

.

ing
e,

in

s on
-
-

h-

the
ion
k.

er-
isms
bili-
els.

to-

i-

re
by its ortho neighbors. The spanD0 for a J51 molecule was
discussed in the previous subsection. Similar reasonings
ply to the process when two neighboring ortho molecules
simultaneously to the para state. Thus, when during con
sion the molecule goes fromJ51 to J52, it finds virtually
the same molecular field, which allows us to evaluate
spread by simple rescaling.

Let us now analyze the energy spread of aJ52 excitation
surrounded predominantly by ortho molecules. The energ
the roton without an EQQ interaction with the surrounding
6B. An attempt to look for possibly lowest energies relat
to the EQQ interaction leaves us with the following option
~i! single conversion, no nearest para neighbors;~ii ! single
conversion, one or a few para neighbors;~iii ! double conver-
sion, no nearest para neighbors;~iv! double conversion, one
or a few para neighbors. Here we recall that at low tempe
tures and high pressures only the lower parts of the res
tive spans at 2B and 4B are occupied~see Fig. 4!. As an
example we give analysis for case~i!. The level lowering can
be due to the molecular field effect associated only with
diagonal elements of the EQQ interaction of theJ52 state
with its J51 environment. Speaking in terms of the molec
lar field, the anisotropic potential created by theJ51 mol-
ecules surrounding the chosen molecule can be represe
in the form e2C20(w). When in theJ51 state, the chosen
molecule’s spectrum is E(1m)5(2/5)e2A2(1m) with
A2(10)51 andA2(161)521/2. If now the same molecule
is in the J52 state, its spectrum is E(2m)
5(2/7)e2A2(2m) with A2(20)51 andA2(261)51/2, and
A2(262)521. Since the width of theJ51 energy range is
known, the ratio (2/5)A2(11) (2/7)A2(22)57/10 of the
lowest energies sets the slope for the lower boundaries o
J52 range in Fig. 4.

It can be easily verified that either for single or doub
conversion the lowerJ52 line meets the energy releasin
lines at too large a value ofG, well over those at which
enhanced conversion rates were observed. Account of o
options does not give different results, because effect of
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off-diagonal elements between para neighbors is of the s
order as the diagonal ones betweenJ51 andJ52. We must
note that the span of roton excitations can be seriously
fected by the rank-4 crystal field.25

We also give a few pieces of experimental evidence
the energy span of theJ52 state in ortho-rich disordere
mixtures. One is obtained by comparing the shapes of
S0(0) band in purep-H2 and in normal H2 at zero pressure
We superimposed these two spectra from Bhatnagaret al.53

in Fig. 5. We point out that, since the off-diagonal spread
effect is inefficient in the case of the normal solid mixtur
the domelike feature reflects precisely the spread ofJ52
state in the inhomogeneous molecular field of theJ51 sur-
rounding. A similar effect at high pressures can be seen
Raman spectra for normal o-p composition.54 The fact that at
higher pressures the spread of molecular fields depend
compression can also be seen10 from conversion-related tem
poral variations of theJ53←1 bandwidth at a fixed pres
sure. Though varying duly with pressure~the spread in-
creases!, this effect is strongly moderated by the fourt
harmonic crystal field, which does affect theJ52 state.
Thus, because at any pressure the minimum energy of
J52 excitations is too high to accommodate the convers
energy, these excitations can hardly serve as energy sin

V. CALCULATIONS

In this section we evaluate the probabilities of the conv
sion processes that can occur according to the mechan
selected in the previous section. We calculate the proba
ties separately for several channels or groups of chann
Some of technical details are placed in the Appendix.

The operator part of the conversion promoting Hamil
niansĥ that acts on the angular variables of moleculesi and
j is proportional toC1n(wi)C00(wj ), C1n(wi)C1m(wj ), or
C1n(wi)C2m(wj ). The rotational transitions initiated by e
ther of these operators take place between statesu i$L%& and
^f$L8%u. At low enough temperatures the initial states a
3-10
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ORTHO-PARA CONVERSION OF HYDROGEN AT HIGH . . . PHYSICAL REVIEW B66, 014103 ~2002!
those with lowest possible energies. In a general case
proper averaging procedure should be applied. The tra
tions under consideration are characterized, first, by the
ergy difference between the two states and, second, by
value of the relevant matrix elements. Both the energy
ference and the matrix elements are difficult to calculate
curately for such a highly random system as an ortho-r
o-p mixture.

As the pressure is raised, two things occur. The span w
ens while the minimum conversion energyEc decreases. The
conversion energy of an ortho molecule is the rotational
ergy 2B (B is the rotational constant of the H2 molecule!
minus the molecular-field ground state energy of that m
ecule ~see Fig. 4!. Since the ground-state energy ofJ51
molecules varies from site to site, conversion energies
distributed over a finite interval, even at zero temperatur

Hereinafter we shall use the following values: the equil
rium intermolecular distance at zero pressure,R053.788 Å;
the interatomic distance in the molecule,d50.7412 Å; the
zero-pressure molar volumeV051/r0523.16 cm3/mol.
Hence the values of some quantities:gss52.7031029 K
and (d/2R0)250.9631022. We will use the equation of stat
from Ref. 55.

A. Channel I 10À1l

We start with the channel, which in our opinion is main
responsible for the rapid increase of the conversion rat
high pressures.32 This is a channel in which the nuclear ma
netic dipole interaction Hamiltonian, Eq.~1!, serves only to
initiate conversion in the chosen molecule~we put it at the
central site 0! and not to create excitations. Thus, an inte
mediate state is produced as explained in the previous
tion. The difference between this channel and the standa
graphically illustrated in Fig. 6. The coupling is then expli
itly contained in the EQQ interaction of the perturbati
Hamiltonian, Eq.~22!. We use this expression to show ho
the role of the intermediate state changes with pressure.
relevant coupling parameter is the ratio of the typical EQ
molecular field to the conversion energy. At zero press
this ratio is roughly 1/10 and, being squared, adds a ne
gible contribution to the probability of the main channe
However, as the pressure is raised, two factors lead to a
enhancement of this mechanism. First, the coupling incre
asj5/3 reaching 10 atj between 3 and 4, i.e., compensati
the small ratio. Second, the conversion energy decreases
stantially with increasing density, which adds considerably
the growing efficiency of this channel.

Now, in the general equation for conversion probabil
the matrix element will take the form~we count the energy
from that of the initial state!

^ f uVu i &5(
( is)

^ f uVQu~ is!&^~ is!uHssu i &
E( is)

. ~33!

Here summation runs over intermediate states with the e
gies Eis . At low enough temperatures we can take that
initial state is the ground state without any excitations.
pure orientationally ordered ortho hydrogen the intermed
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state is essentially unique for all the molecules and its ene
is the conversion energyEc , which is pressure dependent.
o-p mixtures the intermediate energies will be distribut
over a certain range of finite width, even at zero temperat
Simplifying, we assume that atT50 an o-p mixture can also
be characterized by a unique conversion energy, which
pends on both pressure and the ortho fraction. The final s
will contain the excitations we are looking for, viz., one
two librons.

Depending on what excitation is under consideration,
leave the other subsystem unperturbed. Since we concen
on librons, we leave all molecular positions fixed. The m
promising partial Hamiltonians isĥ(10), since it contains the
ratio d/2R0 to the least possible power. The initial stateu i & is
a product of independent states of the quantities underg
changes during conversion, viz.,u1m& for the nuclear state o
the central molecule,u1m8& for the nuclear state of the
conversion-promoting molecule, andu10& for the rotational
state of the converting molecule respective to its intrin
reference frame. The intermediate state is the product~fol-
lowing the same sequence! of u00&, u1m& (m being the mag-
netic number of the ortho partner in the final state!, andu00&.

The conversion probability now is

W~10!5
2p

\ (
ka

Pi

u^kauVQu~ is!&u2

Ec
2

3u^~ is!uHssu i &u2d~Ec2eka!, ~34!

wherek and a denote the wave and mode numbers of t
emerging libron andeka is its dispersion law. The matrix
element^( is)uĥ(10)u i & can be easily calculated as for th
direct phonon-promoted mechanism2 or as outlined in the
Appendix. The result is~we safely sum over the nuclea
projection numberm, for the matrix elements ofVQ do not
involve nuclear spin variables!

FIG. 6. Vertexes for direct~standard! pathway and a pathway
with intermediate state. For standard channels~upper diagram! the
nuclear magnetic dipole interactionHss starts conversion and pro
duces energy sink excitations. In channels with intermediate sta
Hss only starts conversion whereas excitations are created thro
the EQQ interaction.
3-11
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^~ is!uĥ~10!u i &5
10

567
@114A2/5C20~n0i !#, ~35!

wheren0i is the unit vector between molecule 0 and m
eculei, which initiated the conversion act. Notice that, on
i is fixed, the matrix element of Eq.~35! will affect only one
term in the sum over the neighbors inVQ , Eq.~22!. Now the
conversion probability takes the form

W~10!5A
gss

\ S d

2R0
D 2 G0

Ec
2 j13/3F~«!. ~36!

HereA5640p/9, «5Ec /G, G5G0j5/3, and

F~«!5(
ka

u^kauVQ
(0)u~ is!&u2d~«2eka

(0)!, ~37!

where the superscript~0! means thatG0 appears in the re
spective quantities: thereby we normalize all the energie
G5G0j5/3 and remove the density dependence both from
interaction Hamiltonian and the dispersion law~it is reason-
able to assume mathematical similarity for the latter at pr
sures below 60 GPa!. Thus, the entire pressure dependenc
shifted to the« and we calculate as if we haveP50. Be-
sides, since theory normally usesG as the natural reduction
parameter, we will be able to make use of the available
merical estimates. From Eq.~37! it is obvious that the
mechanism under discussion will be operative only when
one-libron ~and/or two-libron! energy spectrum is broade
than the conversion energy. The former broadens fast w
pressure while the latter diminishes~see previous section an
Fig. 4!.

Before presenting the calculations, we once again rem
that there is no good theory for the energy spectrum and
elementary excitations in o-p mixtures. Therefore, to c
struct a semiquantitative theory we begin with the case of
orientationally ordered phasePa3 of pure ortho hydrogen
Then, hoping that the general result do not depend critic
on the state of the ortho system~see also our consideration
in previous section!, we shall introduce corrections to ac
count for the presence of para impurities.

Dealing with librons, it is more convenient to writeVQ in
Eq. ~22! in the notation of Raich and Etters:56

VQ526A2(
j

g~ j !@aj
†1bj

†1H.c.# ~38!

Here H.c. means Hermitian conjugate andg( j )5g0 j
(01) . For

definition of g i j
(nm) and the quantized operatorsa and b see

Raich and Etters.56 Remembering that there are four subla
tices inPa3 and two excitation modes~clockwise and coun-
terclockwise!, we expressa and b through their Fourier
transforms

aa~k!5A4/N(
j (a)

aj (a)exp@ ik• j ~a!# ~39!

and similarly forbj (a) . These Fourier transforms can be e
pressed through the true creation and annihilation opera
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cm~k!5(
n

Vmn~k!dn~k!, ~40!

where the subscripts denote modes. The matrixV(k) is the
unitary transformation that diagonalizes the equations of m
tion and yields the true excitations as linear combinations
c, an aggregate variable ofa andb. Finally, Eq.~37! takes the
form

F~«!572
4

N (
kl

(
j j 8

g~ j !g~ j !* Val* ~k!Va8l~k!

3d„«2vl~k!…. ~41!

This expression can be evaluated only numerically. But
get a rough estimate of the magnitude ofF we can take the
dispersion law for all modes to be the same. Then we ge

F518g~«!(
j

ug~ j !u2, ~42!

whereg(«) is the complete density of libron states@in our
case, the single-mode mode-independent density of st
~DOS! multiplied by 8#. In order to be able to use the avai
able numerical calculations by Berlinsky and Harris33 we use
their notation 6A2g015z01, which gives F53g(«)ug01u2
with ug01u2.1.36.

Knowing how Ec depends onj ~see Sec. IV B! we can
calculate the lowest valuej0 for this mechanism to be op
erative. It occurs when the conversion energy~the lower
boundary of the middle angle in Fig. 4! meets the uppermos
excitation level of the particle that takes up the convers
energy. At a certain valuejc , whenEc(j) crosses the lowes
libron branch, the libron becomes too energetic to accomm
date the ever decreasing conversion energy and this me
nism ceases to operate. Using values deduced from mea
ments, in particular, the libron frequencies obtained
Raman scattering at ambient pressure,46 we find that the
mechanism works~Fig. 4! from j0.3.2 to jc.4.9.

Going from fcc to hcp results in a narrower spread
states within theJ51 manifold. As can be inferred from
inelastic neutron scattering results,44 for ortho fractions of
;75% the bottom level in hcp is shifted upward by abo
1.5 K. This givesj053.7 andjc57.2; i.e., the mechanism i
shifted to larger compressions. Another important feature
that the excited states are expected to occupy a broade
terval, which brings about a rarified density of states b
makes the channel operative over a wider stretch ofj values.
The effect of para molecules is the evident depletion of
libron spectrum, roughly proportional to (12c). The rates
calculated by this approach are shown in Fig. 7 for pure o2
and for the normal~75% ortho! hcp mixture as short-dashe
lines. Both formally diverge at the respective compressio
because ofEc in the denominator of Eq.~36! tending to zero.
Actually no divergence will occur for the following reason
We recall that the region of rotational excitations in theJ
51 manifold~shaded in Fig. 4! is the band of true librons in
the orientationally ordered 100% ortho phase. The spect
of a disordered ortho-para mixture will only qualitative
resemble what is shown in Fig. 4 with the important diffe
3-12
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FIG. 7. The conversion rate vs reduced de
sity at high compression. The dashed line
theory for the orientationally ordered pure o-H2

phase; the solid curve, for~hcp! normal H2; the
dotted lines indicate nominal divergence. Th
points are from Refs. 10 and 12~solid circles!
and Ref. 11~open squares!. The open circles are
earlier data from Refs. 4–6.
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ence that the forbidden band~unshaded! will not be empty
but contain states owing to areas with fluctuationally redu
ortho concentrations. This means that in reality the evolut
of the conversion rate as a function ofj will be as follows.
Above j0 ~which depends on ortho fraction! this channel
comes into action, growing in efficiency asEc diminishes
with increasingj. Then, at a certain value ofj ~between 5.5
and 6 for normal composition! the system finds itself in the
depleted region~the forbidden band for librons in the ordere
phase! and the efficiency of this channel drops abruptly. F
nally, whenEc goes to zero the channel ceases to contrib
generally, conversion must stop at these pressures bec
the equilibrium ortho concentration becomes large~see Sec.
VI for details!.

B. Phonon-assisted channels

Now we focus on the conversion processes involv
phonons. A detailed analysis of the effect of all the import
factors on the phonon spectral densities at high pressures
be found in another publication.41 We first consider the
double-conversion channels and then address modifica
to the standard ones.2,3 In line with the reasons formulated i
the previous section, the new promising candidates, are
channelsS11-1p andS11-2p. Making use of Eqs.~13!, ~14!,
and ~25!, we represent the respective probabilities in t
form

W~S11-Np!5
gss

2

\
j (1012N)/3A~N!S d

R0
D 4

D~11;N!,

~43!

with @cf. Eq. ~13!#

A~N!512p@S~1,1;N!#25H 498960p, N51,

6486480p, N52,
~44!

and
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D~11;N!5(
i , f

Pi u^ i uĥ~11;N!u&u2d~Ei2Ef !~ usu/R0!2N.

~45!

The dependence onj is partly ‘‘removed’’ from the last ex-
pression~note the dependence onR0!.

In line with the reasoning of the previous section, a
quantity f (E) that has the form of the density of phono
states is to a good approximation a uniform function of
argument. This function scales to the inverse Debyeu and,
hence, for an arbitraryQ it can be recast asf (E)
5Q21G(«) with « as in Eq.~28!. Finally ~details of the
relevant algebra can be found in the Appendix and in R
41! we have for the probability of a double-conversion a
involving two ortho molecules:

W~S11-Np!

5
gss

2

\ S d

R0
D 4 p

27

3H 19600j4@Q0 /Q~j!#2 f̃ 2
(1)~«!, N51,

43120j4/3@Q0 /Q~j!#3 f̃ 2
(2), N52.

~46!

Here we introduced the complete densities of states,f i
( j ) ,

where i is 1 for single conversion and 2 for double conve
sion; j denotes the number of phonons involved. If we igno
the angular-dependent parts off i

( j ) , they coincide with the
‘‘isotropic’’ j-phonon densities of states. We do not need
write similar expressions for the single-conversion chann
S10–Np with one3 or two2 phonons. The role of various
corrections for the two-phonon density of states for chan
S10-2p can be found in Ref. 41.

All the four standard phonon-assisted channelsS10-1p,
S10-2p, S11-1p, andS11-2p are efficient belowj.2.5. We
found that Berlinsky’s calculations3 for the one-phonon
3-13
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channelS10-1p change noticeably if corrected to account f
two important factors, namely, the compression-related
crease of the conversion energy and theQ(j) relationship
obtained from Raman vibron frequencies@see Eq.~32! and
the accompanying discussion# as opposed to the simplifie
Grüneisen-law dependence used previously. The form
manifests itself in a ‘‘constriction’’ of theK vs j dependence
as compared to that calculated with a compressi
independent conversion energy. The latter correction res
in slightly higher rates, especially at higher densities. In F
8 we show conversion rates for the single-conversion
double-conversion one-phonon channelsS10-1p and
S11-1p. Details of these calculations can be found in R
41. It is interesting that the total of these two channels
fairly close to the result of Berlinsky3 calculated only for
channelS10-1p but without account of the two effects jus
mentioned. The agreement with experiment looks good, c
sidering the remarks below.

Owing to an extraQ(j) in the denominator@cf., for in-
stance, Eq.~46!#, the two-phonon channels are strongly su
pressed even at moderate pressures. ChannelS10-2p con-
tributes noticeably1,2 at very low pressures, as shown in Fi
8. Since the energy released in a double-conversion t
phonon act is roughly twice as large as in a single-convers
act, channelS11-2p comes into play at compressions abo
j.1.13, contributing little against the background of cha
nel S10-1p.

Conversion rates for all the standard phonon-assis
channels were calculated within harmonic approximati
Since solid hydrogen is a quantum crystal, at least at lo
pressures, the large intrinsic anharmonicities should prod
substantial contributions at phonon energies close and e
above the maximum allowable harmonic bounds for o
phonon and two-phonon states, as correctly noted
Berlinsky.3 The sharp one-phonon peak predicted by h
monic calculations is likely to be broadened~and perhaps
disappear, agreeing with experiment! as a result of quantum
anharmonicities and temperature.

C. Channel S12-1l with direct creation of librons

Because of the same energy conservation considera
this channel operates within the same range ofj as I10-1l .
The respective probability can be written in the form~we
omit details of calculation!

W~ I12-1l !.
9408p

125

gss
2

\G0
j7/3S d

2R0
D 3

r lib~E!. ~47!

This channel is of little significance because the probabi
contains the small parameterd/2R0 to the third power and
lacks the closing gap factor.

D. Other channels

We also considered several other channels, which tur
to be by far less efficient within specific ranges of compr
sions as compared to those already evaluated in detail ab
Among them are channels with theJ52 level as the inter-
mediate state and channelsI10-1p and I10-2p, which are
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similar to I10-1l but producing phonons rather than libron
to carry away the conversion energy. We do not show th
in Fig. 7.

VI. DISCUSSION AND CONCLUSIONS

Any conversion mechanism depends strongly on co
pression. The new mechanism, which is capable of expl
ing qualitatively the steep conversion rate enhancemen
H2 pressurized to 60–70 GPa~see Fig. 7!, is strongly sensi-
tive also to the ortho fractionc. This is because both th
average conversion energy and the span ofJ51 excitations
that take up this energy are strong functions ofc at a given
pressure. At relatively high ortho concentration~roughly
60%–75%! the new mechanism predicts an abrupt slowdo
for pressures higher than those studied. This happens w
excitations within theJ51 manifold grow too energetic to
accommodate the progressively decreasing average con
sion energy. This slowdown, discussed in Sec. V A and
picted in Fig. 7, is a direct consequence of high compress
There is also another possible reason for conversion to
at still higher pressures because of the decreasing conve
energy, since at highc the deviations in the spatial distribu
tion of ortho species from random are unimportant, wh
allows the conversion equation to be cast in the form11

dc/dt52Kc(c2ceq)/(12ceq) whereceq(T) is the equilib-
rium ortho concentration. This equation can be represen
in the form of Eq.~15!: dc/dt52Keff(c,T)c2 with

FIG. 8. Conversion rates at moderate pressures as calculat
this theory compared to experiment. The solid envelope is a sum
the contributions of standard single-conversion and doub
conversion channelsS10-1p and S11-1p, standard two-phonon
single-conversion channelS10-2p, and direct libron-assisted chan
nel S12-1l . The latter ~not shown to avoid overcrowding! starts
contributing atj>2.5 but remains small. Earlier calculations fo
channelsS10-1p andS10-2p have been duly corrected~see text!.
The points are from Refs. 10 and 12~solid squares! and Ref. 11
~open squares!. As in Fig. 7, the open circles correspond to earl
data~Refs. 4–6!.
3-14



u

te
d
e
to
n
e

m
n

t
h
ac
on
ly
tra
n-
ng

-
ibu
u
-
th
c-
u

y
m
ic
sin
sy

iv
e
y
g-
nc
er

n
s
th

u
l o

bi
re
n

ns-

e of

, in-
a-
the

n-
on.
an
the

he
ole

ng
n-

ion,

-
gy

he

used
ng

res-

n in
one
he
gy-
on.

er-

high
on-

ew

the
nnel

ure,
sity
on
well

res-

rate
de-
ne

ORTHO-PARA CONVERSION OF HYDROGEN AT HIGH . . . PHYSICAL REVIEW B66, 014103 ~2002!
Keff~c,T!5K~c!
12ceq/c

12ceq
, ~48!

whereK(c) is the true conversion rate parameter. The eq
librium ortho concentrationceq can be approximately written
as (3/4)exp@2Ec(j)/T#. At low temperatures and modera
pressures,ceq is very small and the fraction in the right-han
side of Eq.~48! is virtually unity. With increasing pressur
the conversion energyEc goes down, presumably even
zero, and the effective conversion rate can be a strong fu
tion of c and/orT. Moreover, it can even become negativ
entailing upconversion from para to ortho.

At low ortho fractions, there are two possible mechanis
that can result in an abrupt conversion slowdown at lo
experimental times~decreased ortho concentrations!, ob-
served most distinctly at the higher pressures. The firs
related to the spatial distribution of ortho molecules. T
combined action of diffusion, temperature, and EQQ inter
tion can result in substantial deviations of this distributi
from random. If the diffusion of ortho species is sufficient
fast and the temperature is high compared to the EQQ at
tion, a random distribution of ortho molecules will be mai
tained at any time. If diffusion is fast and the EQQ is stro
~compared to the temperature!, the o-p mixture will phase
separate into areas rich in o-H2 and p-H2. If diffusion is slow,
the distribution will evolve with the fluctuationally high
concentration areas will be depleted first so that the distr
tion is nonrandom and conversion slows down. Previo
analyses of conversion rate data10,12 were based on the as
sumption that the conversion rate is independent of or
fraction and diffusion is the only conversion-controlling fa
tor. Under these restrictions, the best-fit Monte Carlo sim
lations ~without the return term! to the experimental data
assuming no diffusion gave good agreement, especiall
lower pressures~cf. Fig. 1!. The second possible mechanis
for behind the long time is directly related to the energet
of our new proposed conversion pathway. When progres
in time, conversion reduces ortho species and brings the
tem out of the energy overlap~see Fig. 4! necessary for the
new mechanism with high conversion rates to be operat
This will happen irrespective of the diffusion rate but will b
enhanced by slow diffusion and the associated deficienc
ortho-ortho nearest neighbors. We think that both lont
slowdown mechanisms operate in parallel, the importa
and contribution of each depending on the specific exp
mental situation.

Conversion rate measurements13 in the Ar(H2)2 com-
pound at high pressures also show an abrupt acceleratio
the conversion at roughly around the same compression
in pure hydrogen. However, even taking into account that
hydrogen nearest neighbors in Ar(H2)2 are fewer, the con-
version rates are still substantially lower than in H2. This
effect can be explained by a depletion of states in theJ51
manifold due to the presence of argon atoms. This is a s
indication that the channels responsible for the remova
conversion energy in Ar(H2)2 involve rotational, rather than
translational, excitations. We did not address other possi
ties for conversion mechanisms at very high pressu
Among these we should mention the expected breakdow
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the very notion of ortho and para species,57 which in particu-
lar may become efficient in connection with the charge tra
fer in phase III.58

Summing up we formulate the following conclusions.
~i! Recent measurements of the pressure dependenc

the ortho-para conversion rate in solid H2 provide a basis for
testing a broad suite of possible conversion mechanisms
cluding the role of quantum diffusion. Monte Carlo simul
tions indicate that at a given pressure the variation of
conversion rate with time~or ortho fraction! can be ex-
plained by the absence of diffusion, which results in a no
random distribution of ortho species that slows conversi
An additional independent contribution to this slowing c
arise from the predicted strong intrinsic dependence of
rate on the ortho fraction at high pressure.

~ii ! We derive a new closed-form expression for t
spherical harmonic expansion of the nuclear magnetic dip
interaction HamiltonianHss, which is mainly responsible for
the conversion. Any of the partial conversion-promoti
Hamiltonians can be conveniently picked from this expa
sion. Several new factors are taken into considerat
among which are double conversion~when both interacting
ortho molecules go to para state! and excitations within the
J51 manifold ~librons or their analog in disordered ortho
para mixtures! serving as sinks for the conversion ener
released.

~iii ! The conversion energy, which is counted from t
ground-state level of the convertingJ51 molecule, de-
creases with compression due to the increasing offset ca
by the random EQQ molecular field felt by the converti
molecules. We call this phenomenonJ51 gap closing. This
phenomenon turns to be of great importance at high p
sures.

~iv! We suggest a new channel of ortho-para conversio
solid hydrogen that is efficient at high pressure, namely,
in which Hss only starts the conversion act and brings t
system to an intermediate state from which the ener
removing excitations are produced via the EQQ interacti
This conversion channel with excitations in theJ51 mani-
fold as the energy sink is responsible for the strong conv
sion enhancement at high compressionsj.3. Gap closing
adds substantially to the conversion enhancement at
pressures. Theory predicts an abrupt slowdown of the c
version as the pressure is increased further~above 65–70
GPa for 65%–75% ortho!.

~v! We have calculated conversion rates for a n
phonon-assisted channelS11-1p with two interacting ortho
molecules going to the para state simultaneously during
same conversion act. We have also reconsidered the cha
S10-1p calculated previously by Berlinsky3 to take into ac-
count the correct dependence of the Debye temperat
which scales the ultimate harmonic energy, on the den
ratio j as well as the gap closing. A sum of the conversi
rates due to these two phonon-assisted channels agrees
with the older results on conversion rates at moderate p
sures.

~vi! The abrupt decrease of the observed conversion
at long experimental times as the ortho concentration
creases to around 20% or lower arises from two factors. O
3-15
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is due to the lack of diffusion, which results in a preferent
depletion of regions with high ortho concentrations, lead
to nonrandom distributions. The other is a strong sensitiv
of the new channel to the span ofJ51 excitations and henc
the ortho fractionc.
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APPENDIX

To illustrate how the phonon-related conversion rate pr
abilities are calculated we take channelS11-1p, which is the
direct double conversion with one phonon emitted, as
example. To calculateD(11;1) as in Eq.~45!, we rewrite Eq.
~14! in explicit form

ĥ(1)~1,1;1!

5 (
t,w,m,n,l

C~112;m,t2m!KmKt2m8 C~132;w,t2w!

3C1w~w!C~143;n,t2w2n!C1n~w8!

3C~154;l,t2w2n2l!

3
usi j u
R0

C1l~si j !C5,t2w2n2l* ~n!. ~A1!

The initial state of the two molecules involved is a product
the rotational statesu1M & andu1M 8& and of the nuclear spin
statesu1m& and u1m8&. The final rotational states are a
zeros plus the quantum numbers of the emitted phon
Making use of the known matrix elements2 for nuclear-spin
and rotational transitions we obtain the corresponding pr
ability matrix element, which is a function of all the var
ables (M ,M 8,m,m8):

P (1)[^ i uĥ~1,1;1!u f &

5
1

3
~2 !M1M8C~112;m̄,m2m8!

3C~132;M̄ ,M1m2m8!

3C~143;M 8̄,M1M 81m2m8!(
l

C~154;l,M

1M 81m2m82l!C5,M1M81m2m82l

3~n!
usi j u
R0

^1phuC1l~si j !u0&. ~A2!
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Here ^1phuC1l(si j )u0& means the matrix element betwee
the states with no phonons and one phonon labeledk, which
includes its wave vectork and polarizationg. It is implied
that this matrix element will be multiplied by its Hermitia
conjugate and the product will be summed overM, M 8, m,
m8, andk. Since every of the four initial rotation states a
independent and have three components and assuming
all of them are equally probable, for the probability of th
initial state we havePi51/27.

We note that the matrix elementP (1) has only one inner
summation index~over l), which enables us to simplify it
effectively. Substituting the longest string of indices~but
without l!, which is the inner summation index for the prob
ability! M1M 81m2m8 for N and excludingm8, we have

P (1)5
1

3
~2 !M1M8C~112;m̄,N2M2M 8!C~132;M̄ ,M1N!

3C~143;M 8̄,N!(
l

C~154;l,N2l!

3C5,N2l~n!
usi j u
R0

^kuC1l~si j !u0&. ~A3!

Now the variablem appears only in the first Clebsch-Gorda
~CG! coefficient. Thus, the summation overm in the relevant
expression for the probability will yield~we apply the uni-
tarity rule! (m @C(112;m̄,N2M2M 8)#255/3. In other
words, the first CG is equivalent toA5/3. The same proce
dure can be applied in Eq.~A3! consecutively to the next two
CG coefficients to obtain

P (1)⇒A 35

9A3
(
l

usi j u

R0
^0uC1l~si j !u1ph~k,g!&

3C~154;l,N2l!C5,N2l~n!, ~A4!

where only one variable to be summed after squaring, v
N, is left.

Inserting the matrix elementP (1) into the sum of Eq.~45!
we have

D~11;1!5
35

813243S s

R0
D 2

(
Nll8k

C~154;l,N2l!

3C~154;l8,N2l8!C5N2l~n!C5N2l8
* ~n!

3^0uC1l8
* ~s!uk&^kuC1l~s!u0&d~ek2«!, ~A5!

whereek is the phonon dispersion law. To simplify this ex
pression we apply first the ruleCl 1m1

(n)Cl 2m2
(n)

5(LC( l 1l 2L;00)C( l 1l 2L;m1m2)CL,m11m2
(n), then the

known renaming trick17

C~abe;ab!C~edc;a1b,d!

5(
f

A112 fA112e

3W~abcd;e f!C~bd f;b,d!C~a f c;a,b1d!, ~A6!
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whereW(abcd;e f) is the Racah coefficient, and, finally, th
orthogonality rule(mC(abc1 ;m,N2m)C(abc2 ;m,N2m)
5dc1c2

In the end we arrive at

D~11;1!5
35

27381
~x01x2!. ~A7!

Here

x0
(1)5

1

33R0
2 (

l
^slsl* &« , ~A8!

where we use the definition

^AmBn&«5(
k

^kuAmu0&^0uBnuk&d~ek2«!. ~A9!

The function x0 is easily expressed through the standa
phonon density of states

f 0~E!5~1/3!(
m

^smsm* &E . ~A10!

The other term in Eq.~A7!, x2
(1) , is a spectral function tha

can be reduced to the form
ta

nd

es

H

F.

i,
,

iz.

01410
d

x2
(1)5

1

33
A2

3(ll8
C2l82l~n!C~112;l8,l̄ !

^slsl8
* &«

R0
2

[
1

11
f 2~«!. ~A11!

Finally,

D~11;1!5
35

24057
@ f 0~«!1 f 2~«!#

5
35

72171

1

R0
2K F ~ns!21

s2

3 G L
«

, ~A12!

wheren is the unit vector along the intermolecular axis. Bo
spectral functionsf 0(«) and f 2(«) have been calculated in
the harmonic approximation by Berlinsky3 assuming that the
intermolecular interaction is central and can be described
a single force parameter. In contrast to the case
monoconversion2,3 with the Hamiltonian based onĥ(10), in
our case the contribution of the spectral functionf 2(«) is
appreciable. Calculations for other phonon-assisted chan
that take into account several factors not considered in B
linsky’s calculations can be found in another paper.41
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