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Cauchy-like relation between elastic constants in amorphous materials
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It is well known that in addition to the longitudinal modulus, viscoelastic liquids show a shear stiffness at
sufficiently high probe frequencies due to structural relaxations. For probe frequencies that are large compared
to the structural relaxation frequency, the measured elastic longitudinal and shear moduli become so-called
clamped propertiesc; andcy,, respectively. During freezing or polymerization of amorphous liquids, these
clamped moduli behave in a strongly nonlinear fashion as a function of temperature or polymerization time.
Based on Brillouin spectroscopy data we will show that there exists a linear relation betjyeamcy, over
a large temperature or polymerization time range. Surprisingly, the parameters of this linear relation between
the elastic moduli vary only little for different materials. Implications for the nonlinear elastic behavior at the
glass transition will be discussed on the basis of moden&sen parameters.
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The elastic behavior of simple isotropic liquids is fully thermal freezing of liquids. We will show that the dimension-
described by the static longitudinal modulti (Voigt nota-  less parameteB appears to be three as predicted by the
tion), the corresponding shear modulef, is zero® In con-  generalized Cauchy relatiénParameterA essentially re-
trast, isotropic solids show in addition to the longitudinal mains constant during the chemical or thermal solidification
modulusc,; the shear modulus,,. Between the compo- Process. Furthermore, we will investigate the implications of
nents of the related elastic stiffness tensor the isotropyR (1) for the anharmonic elastic properties around the ther-
relatiorf*® c,,=C1,+ 2,44 holds. If in addition the atoms in- Mal glass transition.
teract through a central potential, the Cauchy identity In the following we restrict our discussion to the elastic
=c4, may hold and together with the isotropy relation onedata obtained within the high frequency Iir(ii.te.t measuring
obtains a reduction to only one independent elastic corfstanfrequency clamped moduliand therefore omit the super-
c11=3c4,. However, this Cauchy identity for the isotropic SCript=. Of course we are interested in L&) but since we
state is usually not fullfilled.In applying the concept of an usually have no access to the mass density we approximate
elastic property to a fluid Zwanzigt al® have calculated a LR (1) by
generalized Cauchy relatioci;=3c;,+ f(T,p) for an iso-
tropiq liquid, which contains an additive terffr(T,p) ds— v vZ(x)]=A+Bv2(x), )
pending on temperature and thermodynamic presstife.
and cy, are the so-calledrequency clampeelastic moduli o~ 5 .
which will be found in liquids only at sufficiently high With A=A/p(x) anduvi(x)=cii(x)/p(x), whereuv;(x) with
frequencie$° For argon this additive term(T,p) was es- i=1,4 are the hypersound velocities qf the Iongltudmal and
timated to be rather smdllA Cauchy-like relation at the transverse polarized modes, respectivelydenotes either
transition from the liquid to the solid state was recently re-€mperaturd or curing timet. Usually p(x) varies only little
ported by Yamureet all® Based on Brillouin spectroscopy vylth X, therefore LR(2) is expected to be a good approxima-
these authors have reported a relation betwegft) and ~ ton of LR (). , , ,
c2,(t) for a curing epoxy resin. Despite a significant nonlin- All data reported in the following experiments were mea-

: X : . sured with a modified six-pass Tandem Brillouin spectrom-
ear behavior of the elastic constants as a function of curin o X .
. ) ) ) ter (Sandercock Scientific Instrumeitsaving a high con-
time t they found a linear relationshi.R),

trast and a typical finesse of 100. Using 90A-scattering

() =A+BC), (1) geometr;}l*lzwe detected the longitudinél) and transverse

(T) polarized sound modes simultaneouéfyg. 1). With an

between the clamped elastic moduli throughout the polymereptical wavelength of 532 nm and a fixed acoustic
ization process wher& andB are material constants that are wavelengtf! of 376 nm, we measured in the GHz regime.
independent of. The question arises whether L®) is a  An influence of acoustic relaxation processes on the pre-
special property valid only for the resin investigated by Ya-sented data could be almost excluded by the absence of ex-
muraet al!® or whether it represents a more general rule forcessive acoustic attenuation and by the fact that the optoa-
a solid or solidlike amorphous state. Therefore, the main emeoustic dispersion functidhand the optical refractive index
phasis of this paper is the verification and generalization ohad approximately the same values. It is worth noting that
LR (1) and the specification of the parametéksand B. significant acoustic relaxation processes would cause the
Based on Brillouin investigations we will show that KR is  breakdown of LR(2). More experimental details are to be
not restricted to chemical freezing but also applies to thepublished elsewhere. In order to verify LR) it was essen-
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TABLE I. ParametersA andB of LR (2), for error details see
2500 - [ q ; . . i
4 ,L text. First four substances were measured in a curing experiment,
ﬂ lT last four substances were measured temperature dependent.
2000 4 1
g Substance i1 m2 B
g 1500- Al 2
gmoo DGEBA:DETA 100:10 2.66:0.05 2.96-0.03
2 DGEBA:DETA 100:14 | 2.8%0.09 2.81-0.05
= * T J DGEBA:DETA 100:14 I 2.870.03 2.82-0.02
500+ ‘ i . PR DGEBA:DETA 100:18 2.6+0.04  2.96:0.02
4 ; o
0. Z II# L DGEBA (T4=247 K) 2.66-0.07 2.98-0.05
-10 5 0 5 10 PAG-3-T (Tg=414 K) 2.43£0.09 2.96-0.06
Frequency [GHz] |1_(Tg=280 K) 1.90+0.02 3.18:0.02
(LiCI) 9.14H20)0 86 (Tg=138 K) 3.88:0.02 3.15:0.06
FIG. 1. Brillouin spectrum of PA6-3-T at 387 K in the glassy
Mean £ standard error of mean 2.FD.2 2.98£0.05

state. The central linéRayleigh peakis suppressed.

tial to select substances with elastic moduli that strongly vary¢ he measured data with our model function (R, In

with temperature or curing time.

We performed four Brillouin measurements on curing ep-
oxy systems consisting of diglycidylether of bisphenol A
(DGEBA) as prepolymer and diethylenetriamif@ETA) as
hardener with three different mixing ratios. As an experimen
tal result Fig. 2a) shows hypersound velocities as a function
of curing time for the mixing ratio of 100 mass parts
DGEBA and 14 mass parts DETA as a representative e
ample.

As expected, the temporal evolution®f(t) andv ,(t) is
nonlinear. The squared sound velocities derived from the

order to check the apparent linearity of aufr=v3(v3) rep-
resentations we give in Fi@ a representative example in-
cluding the deviations between the measured data and the
related fit values. The statistical distribution of the residuals
‘around zero confirms the applicability of the linear fit.
In order to prove the validity of LR'Y1) and (2) for
isotropic materials other than curing epoxy resins we ex-
Xended our investigations to organic and inorganic canonical
glass formers. Figure(B) shows related sound velocities of

1 % T L] T » T S 1 1
Brillouin data of each of the four mixtures can be described 800 DGEBA:DETA 100:14 II
by LR (2) with parameteré\ andB (Table . - B PA6-3-T
It is clear that for this material the parameté&randB are 7510 11 ]
not only significant for the initial and the final statehemi- [
cally frozen” network but also for all intermediate chemical 70 T
states, even for the nonequilibrium states involved in the =
curing process. We have also tested the statistic compatibility ,.é 63 ]
260
a b "_;
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FIG. 2. Evolution of the longitudinaffilled squaresand trans-
verse (open circleg hypersound velocities ofa) DGEBA-DETA
(100:19 mixture versus curing timelb) 11 below and above the
glass transition aly=280 K.

FIG. 3. Linear fits of the squared hypersound velocities of a
curing epoxy resin DGEBA:DETA 100:14 Il and of a temperature-
dependent investigation of PA6-3-T and(lipper parx. The residu-
als of the respective fit show the validity of LR) (lower par}.
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the longitudinal and the transverse polarized hypersonienaterials is often extremely small it may happen that mea-
modesv,(T) anduv4(T) in the vicinity of the thermal glass suringv, can be quite demanding and time consuming. In
transition of the oligomer |1 (tertiary-butyl-4{1-(4-  this case LR2) can be very helpful in order to get estimates
benzyloxyphenytl-methylethyl-phenyl-iso-phthalate, de- of v,4(x) on the base of measured(x).
noted as compound 11 by Kgar et al®. Although the The validity of LR (1) for the relationship betweery,(x)
v1(T) andv4(T) curves both show a clear kink at the ther- andc; (x=t or T) yields a relationship between the deriva-
mal glass transition temperatufg the squared sound veloci- tives of the elastic constants,
ties follow LR (2) (Fig. 3) for the liquid as well as for the
glassy state. Further studies on chemically rather different 3"C11/IX"=Ba"C gyl IX", (3
freezing liquids such as DGEBA, poly-trimethyl-
hexamethylen-terephtalam{®A6-3-T), and an aquaeous so- provided the derivative of the ordel(=1) exists. Expand-
lution of 14 mol % LiCl suggest a broad applicability of the ing c,; andc,,in a Taylor series up to the order Nf Eq. (3)
relation LR (2) between the clamped squared sound velocitogether with the assumed universalgy=3 implies the re-
ties vf and vﬁ of isotropic materials(Table ). Since the duction of the total number of expansion coefficients neces-
thermal glass transition temperature of PA6-3T is almosskary to describe the temperature/time dependenag 6X)
within the center of the measured(T) interval this material andc,4(x) from 2N to N+ 1. In the cas&=T the expansion
is a good candidate to test the simultaneous validity of LRto first order reflects the thermal anharmonicity of the related
(2) for the liquid and for the glassy statEig. 3). The statis- sound mode. In order to examine this aspect we discuss the
tic reliability of the linear fit with respect to the measured behavior of mode Gmeisen parameters in the vicinity of the
data is obvious, the distribution of the residuals around zershermal glass transition of canonical glass formers. The sig-
confirm the validity of LR(2) for this material for tempera- nificant role of acoustic anharmonicity in terms of mode
tures abovel; as well as belowl, with same parametes ~ Gruneisen parametereMGP) was shown for polyvinylac-
andB. As a consequence, the thermal glass transition tenftate,  polymethylmethacrylate, and polystyrene by a
perature is completely hidden in the LR) representation. ~ Jump"~in the MGP afT, which in turn reflects a signifi-
The standard errors @ andB obtained by a linear least- cant change of the related elastic potential during the freez-

squares fit are below 2%. The maximum change of the magg9y Process. According to Brodst al.™ the temperature de-

density either during polymerization or during thermal freez_pendepce of the elast_|c mOdu.“ aroum’g' can be formally
ing is in total less than 5% in our experiments. This as well[@KeN into account by introducing MGP's,
as the following systematic influences on the Brillouin- B, .
frequencies may lead to a slight bending of the=v(v,) i dIn[f}(T)] p(TH[df}(T)/dT]

curves especially at small sound velociti€s: continuous ylf(T).p(T) 1=~ din[p(T)] = f(T)[dp(T)/dT]’
polymerization during data accumulation of a spectr@m, ¢

weak skewed transverse phonon lines due to the interferenggherei = 1,4 is the polarizatioiiongitudinal and transverse,
with the wings of strong Rayleigh lines, afid) the onset of respectively, a f1:9(T) are wave vectofomitted in the fol-

acoustically relevant relaxations at short curing times, etc; .. ; ;
. . . _ ' owing) and frequency of the acoustic modejs the tem-
Therefore the fit parameters might be slightly biased but thE 9 g y

e N ) erature, angh(T) is the mass density of the sample. Usin
deviation of our estimations from the unbiased parameter ®(T) y P 9

are expected to be below 10%. A closer look at Table | showaghg?;'sﬂ(;? tft?goevlvér;%Ceztp;;rr::lsosni(;‘g;ﬁtgzntgn::p;enragtej rgi\(/jeery]a:en
that all the materials investigated in this study follow (B

with the values ofB closely grouped together. Taking into
account the above-mentioned maximum error interval of

= 10% we find that according to Table | all the individual wherea' anda? are the volume expansion coefficients of the

data have a nonzero overlap of their error intervals. Espe: .
cially B=3, appearing in the generalized Cauchy relatior(?!IO|UId (T>Tg) and the glassy statd & Tg), respectively. By

. . . . |,g
given by Zwanziget al® is within the intersection of these Tt;oduc_:rln% 1:hze lg follczjvxn% _Sh%t_ ,gOtat'oQ?' kI
error intervals. Thus, within the margin of errors we tdke C11(Tg)/( v4") an 7{‘151__ Ya 2}’1 (each for lig-
=3 as a reliable estimate for all materials investigated so fatid @nd glassy phas@nd Ay /= y; 4~ 714 (€ach for lon-

Furthermore the standard error of the mean value Bor ditudinal and transverse polarized moded combining Egs.

. . . . o~ (4) and (5) we obtain the following relationship that yields
(Table )) is consistent with this assumptioA.is much more the parameters and B:

specific for the systems investigated in this study but in any
case A#0 demonstrates the clear incompatibility of the

Ci(M=Cii(TP[1—a"9(1+29,9)(T-Tyl, (5

. . . - : . 1, l.g
Cauchy identity. Settin®=3 as a fixed parameter in the fit chE=khsA Y8+ cu(Ty) _ kSA gty chs (6)
procedure, théA values change little and the squared error RN caa(Ty) cas(Ty) 44
sums remain almost constant. Under these conditforsn - =B

be determined by measuring only one single paib 9fv , Equation(6) clearly shows that the experimental observation
values which, of course, can be done in an experimentallA>0 implies for both the liquid and the glassy state that the
comfortable temperature/time regime. Since the BrillouinMGP’s of the transverse polarized sound modes exceed those
scattering cross section for transverse phonons in isotropiof the longitudinal ones. Moreover, E(G) approaches the
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Cauchy identity A—0) in as much the differencAy;%;  in this study is near 1000 kghmall values forA given in
between the longitudinal and transverse MGP’s vanishes. Iaple | can be multiplicated by a factor of 1000 to obtain a
other WOI’dS, the Cauchy |dent|ty Only holds true if the influ- reasonable approximation féras used inLR (1)

ence of the elastic anharmonicities are similar for the longi- |5 symmary, we have experimentally found the following
tudinal and transverse acoustic modes. A further result that (i) There exists a linear transformation between the

emerges directly from the fact that L&) holds true below  ¢jampeq shear and longitudinal elastic stiffness coefficients
and aboveTq with same parameters and B, concems the ¢ oy merizing or freezing viscous liquids, which is remi-

. | . ) . .
ratio Ay,_,/Ayj_, of the differences of the MGP’s within niscent of a Cauchy-like relation for the isotropic solid state.
the liquid and the glassy phase in relation to the ratio of the (i) The parameteB corresponds to that of the Cauchy

absolute MGP'sy;® and y;? of each phase, identity of the isotropic state.

(i) For a given material the additive paramefedoes
neither depend on temperature nor on the degree of chemical
reaction in the case of curing epoxies, thus even strong
changes of the chemical morphology do not alter this param-

The magnitude of the rati¢7) does not depend on the eter.
phase for which it is measured. A similar relation exists for (iv) The proposed Cauchy-like relation does not only con-
the ratio between the differencesy) 9/Ay, 9 of the  cern the relationship between the linear elastic constants, but

Ayl4,l 1+2)/|4 1+27|1
Ayl 1+298 14299

()

MGP’s within each phase, also the acoustic mode Greisen parameters describing non-
linear elastic properties of the isotropic state. Although the
AyT9 14298 1429 longitudinal and the transverse mode Geisen parameters

8 behave discontinuously at the thermal glass transition these
discontinuities are again strictly related to each other. If the
difference between the mode @risen parameters vanishes
the additive parameteA disappears yielding the Cauchy
identity.

(v) The proposed Cauchy-like condition can be used to
Thus, LR (1) imposes strict conditions on the anharmoniccaICUIate the temperature dependence. and/or time depen-
acoustic properties of the glassy phase via E§5-(8), if dence_ of the_ shear m°d“'954 on the baS|s_ of puréss data
those of the liquid phase are givéand vice versa combined with only one S|nglle44-data point. This feature

To give numerical values we estimated the density of°@n P€ used to predict, data in cases where they are hard
PAB-3-T, p(T,) = 1080 kg/n? by using the density at ambi- to measure, or can simply reduce the amount of experimental
ent temperatuf® p=1120 kg/ni and typical volume ex- WOk

pansion coefficients for such polymers as can be found in The range of vaIiQity Of. th? Cauchy-lik(_a relation is still
any textbook of polymer physics. Using?~3x 10 # and not clear but under investigation. Theoretical concepts of a

o' ~5x 10 * as typical values for the glassy and liquid State,generalized Cauchy reIa}ipn for liquids and amorphous solids
respectively, one can furthermore estimate then@isenpa- as We.” as further empirical 'd.ata may help to understand
rameters[Eq. (4)] y9=3.3,3=4.8 and y|1:5_5,7|4:9_6_ especially the role of the additive paramesfer

The same approximation gives elastic moduli and parameter

Aof LR (1) to becyy(Ty) =6.5 GPag,y(T4)=1.3 GPa, and The authors were supported by tbeutsche Forschungs-
A=2.6 GPa. Since the density of all materials investigatedyemeinschafespecially via SFB 277.

Ay 9 14298 1424,

For ideal glass formers tHgerm on the right-hand side of
Eq. (8) is an equilibrium quantity that is nonzero. This
means, that the ratio of the jumps of the MGP'sTgt is
determined by equilibrium properties according to E8).
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