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Using Re-W s-phase first-principles results in the Bragg-Williams approximation
to calculate finite-temperature thermodynamic properties
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First-principles~FP! calculations of total energies for 32 different configurations of Re-Ws phase were used
to fit a compound energy formalism~CEF! Hamiltonian that was used in phenomenological Calphad method
calculations to model finite-temperatures thermodynamic properties. A comparison with Connolly-Williams
method–cluster variation method~CWM-CVM! calculations indicates that the first-principles CEF~FP-CEF!
describes temperature-dependent site occupancies as well as the CWM-CVM approximation within the tem-
perature range of interest for applications. This result seems to indicate that the Bragg-Williams approximation
~BWA! is sufficient to describe the Re-Ws phase. A complete Re-W phase diagram is calculated using the
FP-CEF Hamiltonian for thes phase. Differences between the phase diagrams, and single phase properties
calculated both with, and without, the first-principles results are striking. It is expected that using the FP-CEF
s-phase description that takes into account the first-principles energetics will yield more reliable extrapolations
into higher-order system.
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I. INTRODUCTION

The compound energy formalism1,2 ~CEF! is commonly
used within the Calphad method3 to model complex multi-
component systems with: phases that have interstitials; in
metallic phases with wide homogeneity ranges; or pha
with order/disorder transformations. The firsts phase de-
scribed thermodynamically with CEF was in the Cr-
system4 and current databases have thermodynamic des
tions of s phases with 5–15 components, e.g., Ref. 5. B
cause there are very few experimental data on site occu
cies ofs phases it is very useful to calculate them from fi
principles~FP!. But a previous paper6 describing FP calcula
tions for the Fe-Crs phase failed to reproduce experimen
site occupancies.

Recently, Berneet al.7 published a FP study of thes
phase in Re-W. They presented total-energy calculations
32 different configurations of Re and W on the 30 sites in
s-phase unit cell. The Connolly-Williams method8 ~CWM!
was used to obtain a cluster expansion Hamiltonian for
culation of site occupancies as functions of temperature
composition, using cluster variation method~CVM!.9 We fit
our CEF coefficients to the Berneet al.7 total-energy results
and model thes phase in a phenomenological Calph
calculation;10 the FP-CEF results are then compared w
Berneet al.7 CWM-CVM results. The CEF is a generalize
Bragg-Williams approximation, which implies random dist
butions of components within each crystallographic site; i
short-range order is ignored.

II. THE CEF

The general Gibbs energy expression is

Gm5Gm
sr f2TSm

con f1Gm
xs . ~1!
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The surface of reference for the model is the su
of Gibbs energies of all configurations with atomi on
each sublattices weighted by the site fractionsyi

(s) . The
s phase has five sublattices with different numbers of s
and coordinations and can be described as (Re,W2
(Re,W)4(Re,W)8(Re,W)8(Re,W)8, sites 1–5, respectively
This gives 25532 ordered configurations. Thus, the surfa
of reference becomes

Gsr f5pi jklm
oGi jklm ,

pi jklm5yi
(1)yj

(2)yk
(3)yl

(4)ym
(5) . ~2!

These compound energies,oGi jklm , are exactly the same
FP energies calculated in the paper by Berneet al.7

The only additional term necessary to calculate the Gi
energy at any temperature is the entropy of mixing tha
assumed to be ideal in CEF

Scon f52R(
s

a(s) (
i 5Re,W

yi
(s) ln~yi

(s)!, ~3!

wherea(s) is the number of sites on sublattices. This means
one can directly calculate the properties of thes phase in
CEF from the FP results~FP-CEF!. No pair- or higher-order
effective cluster interaction parameters8 are needed to obtain
temperature-dependent properties.

III. RESULTS AND COMPARISON

Direct comparison between the FC-CEF and CWM-CV
~Ref. 7! calculations of site fractions as functions of comp
sition and temperature are showed in Figs. 1~a! and 1~b!.
Note that the diagram at 1500 K, Fig. 1~a!, is almost identi-
©2002 The American Physical Society03-1
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FIG. 1. Site occupancies a
two different temperatures.~a! FP-
CEF calculated site occupancies
1500 K. ~b! FP-CEF calculated
site occupancies at 300 K.
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cal to the CWM-CVM results~their Fig. 5, here plotted a
dashed lines!.

At temperatures below 1000 K the results of the tw
model calculations differ, in Fig. 1~b! a calculation at 300 K
is shown that can be compared with Fig. 4 in Berneet al.
Site occupancies of sublattices preferred by Re and W
almost the same as those predicted by Berneet al.,7 but the
fractions in sublattices with mixed composition are quite d
ferent from the CWM-CVM results. Thes phase is not
stable at these temperatures, so experimental verificatio
problematic.

In Fig. 2 site occupancies and heat capacity are plotte
functions of temperature. Above 1000 K there is practica
no difference between Fig. 2~a! and the analogous CWM
CVM diagram, Fig. 7 in Ref. 7. It is interesting to note th
the rapid change in site occupancies below 500 K co
sponds to a peak in the heat capacity Fig. 2~b!.

IV. CONCLUSIONS AND PERSPECTIVES

Site occupancy diagrams are critical for describing
properties of thes phase. The FP-CEF yields as good
approximation of the temperature and composition dep
01220
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dencies ofs-phase site occupancies as the CWM-CVM c
culations; at least for temperatures well above 500 K, wh
is the range of practical interest. This suggests that sh
range order, which was ignored in the FP-CEF calculati
may not be essential for modeling topologically close
packed~TCP! phases such ass.

There is an assessed Re-W description using CEF
the thermodynamic database referenced above~old!. It is
now interesting to compare some properties of thes phase
from this database with the FC-CEF description~present!.
In Fig. 3~a! the excess heat capacity for the FC-CEF desc
tion is compared with CEF one, which was modeled w
Kopp-Neumann’s rule and thus has zero excess h
capacity.

The CEF description was obtained by fitting a simplifi
s phase model that assumed the same mixing on three
lattices, only Re on one, and only W on another sublatti
i.e., (Re)8(W)4(Re,W)18. With this simplification there are
only two terms in theGsr f term and these can be fitted to th
scarce experimental data. In Fig. 3~b! the enthalpy of the
FP-CEF-fitteds phase is compared to the CEF fitted; refe
ence states ares Re ands W. In the stable range fors
d
-

ty
FIG. 2. Site occupancies an
heat capacity as functions of tem
perature. ~a! FP-CEF calculated
site occupancies atx(w)50.4. ~b!
FP-CEF calculated heat capaci
at x(w)50.4.
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FIG. 3. Comparisons betweens for old ~CEF! and present~FP-CEF! models.~a! FP-CEF calculated heat capacity at 1500 K.~b! CEF
and FP-CEP calculated enthalpies at 1500 K.~c! CEF and FP-CEP calculated entropy at 1500 K.
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phase, the enthalpies are not very different, but CEF mo
did not extend to the pure elements and gave much lo
enthalpy at high Re content. Such differences can be v
important when extrapolating the data for a binary asse
ment to multicomponent systems.

The FP-CEF description of thes phase was fitted into the
CEF old assessment without changing the descriptions
any other phases. The additional parameters needed are
ues for the difference between Gibbs energies for the p
elements in thes phase relative to other phases, and a va
of HRe

s (T50 K)2HRe
hcp(T50 K)516 300 J/mol HW

s (T
50 K)2HW

bcc(T50 K)520 200 J/mol taken from.12 En-
tropy values for the pure elements in thes phase were fitted
subject to the constraint that thes phase does not becom
stable at pure element compositions. The final Gibbs ener
are

oGRe
s 2 oGRe

hcp516 30022.62T,

oGW
s 2 oGW

bcc520 20024.55T. ~4!
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Additionally a contribution depending only on compos
tion and temperature is used

Gex5xRexWLRe,W , ~5!

where xi is the mole fraction ofi and LRe,W5224 700
25.4T. In Fig. 3~b! the FP-CEF enthalpy calculated wit
and without this excess contribution is shown. A sm
adjustment of one parameter in thex phase was neede
to describe the temperature of the invariant equilibria
2400 K.

In Fig. 3~c! the entropy as function of composition a
1500 K is shown calculated using the CEF~old! and the
FP-CEF~present! s models, with and without the contribu
tion of Eq. ~5!.

The old phase diagram is shown in Fig. 4~a! and the
present one in Fig. 4~b!. The largest difference occurs at th
low temperature where thes phase is stable to lower tem
peratures and for higher W contents. This is a direct effec
the better FP-based energetics on the site occupancy. Wit
the FP results, there was no constraint on the eutectoid c
position. There is an Calphad assessment in the literatu13

that gives a phase diagram very similar to the one calcula
FIG. 4. Different s phases
in Re-W. ~a! CEF calculated old
phase diagram.~b! FP-CEF calcu-
lated present phase diagram.
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here using the FP energetics. However, the enthalpy of ths
phase is not better than in the CEFs model presented here

The contribution from the Eq.~2! and Eq.~3! only de-
pends on configuration and the excess term, Eq.~5!, added to
the phase description in order to fit the phase diagram
only depending on composition. The CEF Hamiltonian us
in this work can be written as

Gm5Hm
con f FP~y!2TSm

con f BW~y!1Gm
con f2 indep~x,T!.

~6!

This kind of separation of contributions is already us
with some success in Calphad assessments.2,11

Further comparisons with calculations of the thermod
namic properties using the CWM CVM and FP-CEF will b
very interesting. It is expected that this description of t
Re-W s phase, which is available in Ref. 14, yields bet
extrapolations into higher-order systems where the precip
tion of s phases are critical, for example, in the developm
of new high-temperature Ni-based superalloys. More FP
culation of formation energies for relaxed atomic configu
U
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tions with different structures of TCP phases, and more g
erally for the so-called Hume-Rothery phases, in the bin
subsystems of Ag-Al-Cu-Co-Cr-Fe-Hf-Nb-Ni-Re-Ta-Ti-W
Zn, are very helpful. A similar treatment of Re-Ta system
in progress.
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