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First-principles calculation of the melting curve and Hugoniot of tin
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~Received 29 April 2002; published 1 July 2002!

By performing extensive first-principles and classical molecular-dynamics~MD! simulations, we have cal-
culated the melting curve of tin, up to 50 GPa by direct phase coexistence, and its Hugoniot curve up to 200
GPa, using an equilibrium MD technique, the so-called Hugoniostat. In both cases, our results are in good
agreement with recent shock-wave experiments, but indicate that the temperatures on the Hugoniot at very high
pressures might be higher than previously thought. We also predict that the shoulder on the first peak of the
liquid structure factor disappears under pressure, in connection with structural changes in the liquid.
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Dynamical simulation of complex processes such as m
ing or the propagation of shock waves at the atomic scal
a field of growing interest,1 due to the increasing compute
power and efficiency of the codes.

As for metals, effective potentials of more or less co
plex functional forms can be fitted~either on experimenta
data or on quantum calculations!, that satisfactorily repro-
duce the physical properties of the material, on a given th
modynamic domain. Yet, there is no guarantee to the tra
ferability of such potentials to very different thermodynam
conditions, and for example, to the high (P,T) states reached
behind a shock front, or close to melting at high pressure
overcome this, fullyab initio calculations would be the so
lution. However, they still suffer from severe size and tim
limitations, especially when it comes to dynamical pheno
ena involving large time and size scales, so a reliable a
native is still necessary.

We have recently proposed2 such an alternative, the so
called optimal potentials~OP! technique, that couples quan
tum and classical molecular dynamics.

We start by generating, at a given (P,T) point of interest,
the ‘‘largest’’ ~i.e., in size and time! ab initio MD trajectory
that we can afford. We then select a set of uncorrela
atomic configurations along theab initio trajectory and fit
empirical potentials of a given functional form by requirin
that they accurately reproduce~within 1% in the case of tin!
the first-principles atomic forces and stress tensor on th
configurations.3 These optimal potentials explicitly depen
on theab initio thermodynamic state, and mimick very pr
cisely the ab initio dynamics. They can then be used f
extensive classical MD simulations, and produce fir
principles quality thermodynamic data~some of them possi
bly out of reach ofab initio calculations! at ~or close to! that
reference state. Such optimal potentials are hardly trans
able to strongly different thermodynamic conditions.

One possible application of the OP method is the de
mination of melting at a given pressure by a solid-liqu
coexistence method.4

As the melting temperatureTm at pressureP is not known
a priori, it is determined by the following iterative proce
dure. Starting from a trial melting temperatureTm

0 , an ab
initio trajectory is generated at (P,Tm

0 ), from which we fit an
OP. The melting temperatureTm

1 of this potential is com-
puted. Anab initio trajectory is generated at (P,Tm

1 ), and a
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new OP is determined, whose melting temperature isTm
2 .

The procedure is iterated untiluTm
i 2Tm

i 21u,100 K ~at most
three times in all our calculations!. Of course, OP’s can be
generated either from liquid trajectories only, from solid tr
jectories, or from both.Tm is unaffected by the initial choice
of Tm

0 , provided that it is reasonable. At eachab initio step,
it is possible to find a whole class of potentials that sati
the required accuracy, and produce the same thermodyn
quantities~e.g., melting temperature, enthalpy or volume d
ferences, elastic constants, etc.! within the error bars.5

If the system undergoes electronic structure changes u
melting, it is no more possible to represent both the solid a
the liquid at melting by a single potential, which is implie
in the solid-liquid coexistence technique. But our proced
can be adapted: the OP’s fitted on the solid and those fi
on the liquid can be used to calculate free-energy differen
by thermodynamic integration and thus deduce the mel
temperature atP.

In a first paper,2 we have calculated the melting line o
iron, up to earth’s core pressure conditions. We will he
focus on the melting line of tin.

Tin has recently been the subject of shock-wav
experiments6 and an ‘‘experimental’’ melting line up to 25
GPa has been proposed. During plate impact experiment
some shots, a singularity was observed upon release in
interface velocity recordings. It was interpreted as the sign
melting, and the authors have developed a simple th
phase mixture model,7 so as to propose corresponding tem
peratures, which are extremely difficult to directly measu
in such experiments.

All our ab initio calculations are based on a finite tem
perature extension of density-functional theory within loc
density approximation, and on a pseudopotential descrip
of the valence electrons (5s and 5p states! with the ion
core.8 Our results for the solid phases are in good agreem
with experimental data.9

In all the classical MD simulations, atoms intera
through modified embedded atom model~MEAM !
potentials.10 Such potentials, which include many-body co
tributions through angular forces, have proven to be w
suited for a variety of metals and for tin.11

At ambient pressure, we calculate a melting temperat
for the b-tin phase of 450 K, which compares well with th
true experimental one~510 K!. The enthalpy change upo
melting is DHm50.05 eV/atom~expt. 0.073! and the rela-
©2002 The American Physical Society03-1
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tive volume changeDV/V52.58% ~expt. 2.3!. We actually
estimate the uncertainty on our calculations around 100 K
most. For the other pressures that we considered, the
phase is tetragonal centered (c/a50.9), as predicted by the
pseudopotential, the bct-to-bcc transition occurring beyo
50 GPa atT50 K. Theab initio sample contains 144 atom
for theb-tin phase and 256 atoms for the bct one. We obt
the following set of points on the melting line:~10 GPa, 990
K!, ~20 GPa, 1490 K!, ~40 GPa, 2150 K!, all of them with
uncertainty6100 K.

As can be seen on Fig. 1, our temperatures are consi
with the ones calculated with the simple mixture model.

We have also analyzed the structure of the liquid close
melting, at low and high pressure.

On Fig. 2, we have plotted the calculated structure fac
of liquid tin at ~0 GPa, 550 K!, ~20 GPa, 1550 K!, and ~40
GPa, 2150 K!, i.e., above the melting line, but still close to
so that our state-dependent potentials do not lose their a
racy. At ambient pressure, our structure factor is in strik
agreement with the experimental one.12 In particular, we re-

FIG. 1. Melting curve of tin.

FIG. 2. The calculated structure factor of liquid tin; solid cur
~0 GPa, 550 K!, dotted line~20 GPa, 1550 K!, and long dashed line
~40 GPa, 2150 K!. Inset: comparison with experiment at~0 GPa,
550 K!.
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produce the shoulder on the right of the first peak of
structure factor, which disappears for the two higher pr
sures. This shoulder can be correlated with the presenc
the liquid of tetrahedral fragments, reminiscent of theb-tin
structure.

At high pressure, these anisotropies are lost and liquid
behaves like a regular liquid. They also disappear prog
sively at low pressure upon heating. Yet, it seems unlik
that there could exist a liquid-liquid phase transition in tin

Another challenging problem is theab initio calculation
of Hugoniot curves, i.e., the (P,V,E) points in the thermo-
dynamic diagram accessible to a material, after shock lo
ing. They obey the Hugoniot equation of energy conservat
before and after the shock:

E5E01
1

2
~P1P0!~V02V!, ~1!

whereE is the internal energy per atom and subscript ‘‘0
refers to thermodynamic quantities in the initial unshock
state.

The recently proposed uniaxial Hugoniostat13 is an equi-
librium MD technique that simulates both thermodynam
and structural properties of shocked crystalline solids a
fluids.

In this method, an initial uniaxial compressione5V/V0 is
applied to the system, and the dynamical evolution of
system is computed using modified equations of mot
~EOM!, which constrain the system to satisfy the Hugon
relation at each time step.

The implementation of the uniaxial Hugoniostat meth
in ab initio calculations is straightforward: it follows th
same formalism as for a Nose´ thermostat14 i.e., an additional
term is included in the equation of motion for the ions a
the EOM for the electrons is unchanged.15

In a first step, we have calculated the full Hugoniot cur
of tin using a single classical potential~any of the MEAM
potentials constructed for the melting study, plus a pre
ously published MEAM potential fitted on thermodynam
macroscopic quantities11! for all compressions and for th
unshocked state.

None of these potentials was able to describe the Hu
niot curve on the whole pressure range. Moreover, all
calculated curves strongly departed from the experime
data, confirming that the use of a single effective potentia
not adequate for simulations of a real material on a w
pressure-temperature range.

In a second step, we have calculated the Hugoniot cu
fully ab initio.

We performed first-principles simulations for differe
compression factors up toV/V050.55, the starting solid
phase beingb tin. Our results are displayed in Figs. 3 and

It is interesting to compare our predictions, not only wi
experiment, but also with effective equations of state~EOS!
values, like the SESAME ones.16 These comparisons are dis
played on Figs. 3 and 4.

For the shock Hugoniot curve plotted in a (P,V/V0) dia-
gram ~Fig. 3!, a good agreement is found between expe
mental data,ab initio results, and effective EOS.
3-2
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More interesting is the plot in the (P,T) diagram~Fig. 4!.
Below 50 GPa, some discrepancies betweenab initio and

experimental results are observed. They come from the
that the system is supposed to be solid and to exhibit a p
transition from the initialb-tin structure to a body-centered
tetragonal~bct! or body-centered-cubic~bcc! structure. Con-
stant volumeab initio simulations do not reproduce th
solid-solid phase transition, and instead our material melt
lower pressures than in experiments. This is due to the
that our simulation cell is not allowed to change shape.
principle, the constant Hugoniot MD technique could
coupled with Parrinello-Rahman MD, but the resulting equ
tions of motion are not straightforward to implement.

Up to 100 GPa, there is an overall reasonable agreem
However, above 100 GPa,ab initio temperatures on the

FIG. 3. Hugoniot curve plotted in a (P,V) diagram using theab
initio Hugoniostat technique. The dotted and dashed lines repre
EOS ~1! and ~2!, empty and filled triangles represent experimen
data andab initio results, respectively.

FIG. 4. Hugoniot curve of tin plotted in a (P,T) diagram. The
dotted and dashed lines represent EOS~1! and ~2!, and filled tri-
angles are ourab initio values. Solid line represents the EOS o
tained with the three-phase mixture model. In inset, theab initio
trajectory forV/V050.56; the solid triangle is theab initio aver-
aged value and diamonds represent the averaged Hugoniostat
with a large cell for several optimal potentials fitted on theab initio
trajectory~see text!.
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Hugoniot start departing from the SESAME ones, and o
calculations predict increasingly higher temperatures on
Hugoniot at very high pressures than assumed in
SESAME-like EOS.

Till recently, it was very difficult to measure temperatur
in shock experiments, and in order to build effective EO
one had to make assumptions, usually on the variation
constant volume specific heat with pressure and tempera
in the liquid. The calculated temperatures are very sensi
to this law. We have calculatedCv along the Hugoniot, and
we find that it slightly decreases with pressure, whereas
the effective EOS models it turns out to be either constan
slightly increasing. This is consistent with our higher tem
peratures.

One could argue about the transferability of our pseu
potential to pressures of the order of 200 GPa and temp
tures of 15 000 K. To shed light on this point, we have a
tested a pseudopotential that includes the 4d electrons in the
valence. The calculations are considerably heavier. Yet,
predicted temperatures on the Hugoniot are not changed

Finally, we have also checked size effects in our class
simulations by fitting optimal potentials on Hugoniostatab
initio trajectories, and running Hugoniostat classical simu
tions with large cells.

The results are displayed in the inset in Fig. 4 for a co
pression of 0.56~only the time averaged values of the pre
sure and the temperature are shown!. The agreement betwee
the ab initio and classical results is good, and no size eff
is evidenced. Moreover, the dispersion of the classical M
results can give an estimate of the error bar on theab initio
Hugoniot point.

One should stress here that, if there is a size effect in
ab initio sample~which we have verified not to be the cas
here!, this method is, by essence, unable to overcome17

The same procedure has been used for other compres
factors, and the same adequacy between classical MD anab
initio results has been found.

As a conclusion, by coupling first principles and classic
molecular dynamics through the optimal potentials te
nique, we have calculated the melting line and the sh
Hugoniot curve of tin. Close to melting, at low pressur
liquid tin is anisotropic, being reminiscent ofb-tin structural
features. On the contrary, we predict that above 10 GPa,
close to melting tin behaves like a regular liquid. Diffractio
data in liquid tin at high pressure would be desizable. As
the Hugoniot equation of state, the agreement with exp
mental data is very good in (P,V) coordinates, but ourab
initio simulations predict higher temperatures at very h
pressures than calculated with effective EOS. This confir
the urgent need for reliable temperature measurement
shock-waves experiments. Meanwhile, extensiveab initio
calculations could be helpful to revisit effective EOS table
As for theory, work is in progress to apply our methodolo
to more complex systems, such as alloys and molecular
tems.

The authors acknowledge fruitful discussions with
Laio, S. Scandolo, G. Chiarotti, C. Cavazzoni, J. Cle´rouin,
G. Zérah, P. Faure, B. Sitaud, C. Boissie`re, B.L. Holian, R.
Ravelo, and T. Germann.
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