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Spatial current-density instabilities in multilayered semiconductor structures
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Semiconductorp1-p2-n-p1-n11 structures are considered as (132)-dimensional active media. Such sys-
tems may exhibit several carrier injection modes associated with different nonequilibrium plasma/field patterns
along the cathode-to-anode direction and numerous self-organized current-density patterns in the transversal
plane. We study a peculiar field punch-through~FPT! mode by regarding the structure to be composed of two
transistor subsystems coupled by a field domain. The suggested model allows one to analyze the stability
properties of the uniform FPT mode with respect to transversal harmonic perturbations of the distributed
variables. An analysis of the dispersion relationsz(k) shows that depending on the material and design
parameters three different types of instability may occur. The first one is of Ridley type, in whichz first
becomes positive for the lowest wave numberk→0. The second case corresponds to an analog of Turing’s
instability where the uniform state is destabilized by a fluctuation with a wave numberk.0 and being different
from the lowest possiblek value. Third, at certain conditions both types of instability may appear simulta-
neously, so that a new diversity of spatiotemporal patterns can be expected due to the competition between
fluctuations with different wave numbers.

DOI: 10.1103/PhysRevB.65.245318 PACS number~s!: 72.20.Ht, 05.45.2a, 85.30.2z
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I. INTRODUCTION

Studies of current-density instabilities in self-organizi
solid-state media based on multilayered semiconductor st
tures are motivated by two factors. First, they are aimed
deeper understanding of self-organized patterns, their ev
tion and properties and the general concepts
self-organization.1–5 Second, such multilayered structur
seem attractive for certain applications as, e.g., ne
algorithms6,7 or image processing systems8,9 in semiconduc-
tor device technology. For such kinds of applications,
exploitation of propagating fronts, stationary or traveli
current-density filaments, and spatially periodic curre
density patterns are very promising. Although, e.g., curre
density filaments may appear in diverse semiconductor
tems as n GaAs,10–14 p Ge,15 Si p-n diodes,16,17 Si
multilayered devices,18–20 or ac-driven thin-film ZnS:Mn
devices,21,22 Si multilayered structures are advantageous
cause of the well-developed silicon technology, the roo
temperature operation of the device and the variety of p
terns which have already been observed in these struct
While instabilities in thyristors are usually connected with
pronounced negative differential resistance~NDR! and can
often be attributed to an instability of Ridley type,23 there are
also indications of Turing-like patterns1 in thyristorlike
structures18 and in Si thyristors24–26under certain conditions
Furthermore, interesting dynamics of switching fronts ha
been predicted in gate-drivenp-n-p-n structures,27,28 while
in p11-n1-p-n2-n1 structures various generic types of fil
ment oscillation have been observed, including pendulum
filament oscillations19,29 and traveling18,30 and spiking
filaments.31

The present paper is a continuation of experimental
0163-1829/2002/65~24!/245318~15!/$20.00 65 2453
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theoretical studies18,32–34of thyristorlike systems with a spe
cific multilayer p1-p2-n-p1-n11 structure. In Refs. 33 and
34 we theoretically studied the nature of possible local tr
ger mechanisms inp1-p2-n-p1-n11 structures in detail.
They were based on a double-injection process coupled
a positive current feedback loop between electron and h
injection currents. However, depending on the design par
eters two basically different situations can occur, leading
different instability scenarios.

If the efficiency of then11-p1 electron emitter is large
enough, local switching is possible at relatively low a
moderate currents. If, additionally, the excess carrier lifeti
in the bulk is small, a plasma layerP may evolve in thep2

bulk close to the p2-n junction. In this case, the
p1-p2-n-p1-n11 structure can be considered to be co
posed of two interactive subsystems: a thyristorlike act
subsystem, theP-n-p1-n11 subsystem, and a passive res
tive layer ~the p1-p2 subsystem!. Based on this concept,
(132)-dimensional analytical approach was developed34

An analysis of the derived model equations showed th
depending on the device parameters, the stationary hom
neous current-density state may be destabilized by a me
nism of either Ridley23 or Turing1 type.

If, in contrast, the injection efficiency of the electro
emitter is sufficiently small, which occurs if the doping co
centration of both then11 andp1 layers is sufficiently high,
the space-charge region of the reversely biasedp1-n junc-
tion can totally occupy then base, and furthermore the fiel
domain can expand over the main part of the low-dopedp2

bulk of the structure. After this, then base no longer exists
more as a functional element of the thyristorlike subsyste
Nevertheless, as shown in Ref. 33, both theoretically and
measurements, a thyristorlike regenerative trigger mec
©2002 The American Physical Society18-1
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nism may appear under these conditions. In this case,
p1-p2-n-p1-n11 structure can be divided intop1-P-F and
F-p1-n11 subsystems, acting as a virtual anode and a c
ode transistor, respectively, and coupled by a field domaiF
covering the residual part of thep2 bulk and the wholen
layer.33 The field domainF works as a collector in both
virtual transistors and the plasma layerP acts as a base in th
anode transistor. We refer to this type of injection mode
field punch-through mode~FPT mode!.

In the FPT mode the total depletion of then layer essen-
tially changes the functions of the subsystems; thus we
pect a drastic modification of the transversal instabi
mechanism in comparison with the cases studied earlier.34 In
particular, the conductivity modulation of the field doma
and the fact that its anode-side boundary, theP-F boundary,
is floating should cause a variety of peculiarities concern
the evolution of transversal current-density and poten
fluctuations.

In this paper we therefore suggest an analytical appro
for the instability mechanism in the family o
p1-p2-n-p1-n11 structures operating in the FPT mod
The paper is organized as follows. In Sec. II the investiga
semiconductor structure is described and the regenera
thyristorlike mechanism of the FPT mode is explained.
adequate (132)-dimensional analytical theory is develope
in Sec. III. The stationary homogeneous states are de
mined in Sec. IV, and the dispersion relations are derived
Sec. V. In Sec. VI several limit cases are discussed, illust
ing the influence of the transversal currents in the transi
subsystems and the potential fluctuations in the field dom
on the stability properties of the whole system. Finally, ty
cal instability scenarios arising in the multilayered structu
are presented and conditions for the simultaneous appear
of Ridley- and Turing-type instability are derived.

II. SEMICONDUCTOR STRUCTURE AND FIELD
PUNCH-THROUGH MODE

The multilayer structure under consideration is
p1-p2-n-p1-n11 structure with large contact areas@Fig.
1~a!# driven by dc biasVS via a load resistorR. For simplic-
ity a stepwise doping profile@Fig. 1~b!# is assumed, approxi

FIG. 1. Geometry of the sample~a! and doping profile along the
~anode-to-cathode! x direction ~b!.
24531
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mating the experimentally investigated structure describe
detail in Refs. 18 and 32. The design topology in the verti
direction can qualitatively be characterized by the relatio

wp ,wn!wp2, Na@Nd.Na
2 , ~1!

wherewp2, wn , andwp denote the widths of thep2 bulk,
the n base, and thep1 base, respectively, andNa

2 , Nd , and
Na their corresponding doping concentrations. The exc
carrier lifetimet inside thep2 bulk is assumed to be of th
order of;10 ms. In the doped layers, especially in thep1

base, the lifetimet1 is at least one order of magnitude low
because of the well-known heavy doping effects.

In equilibrium there are threep-n junctions, namelyJ1 ,
JC , and J2, formed by then11-p1, the p1-n, and n-p2

junctions, respectively. At a small forward bias~‘‘ 1’’ at the
p1 emitter! the junctionsJ1 andJ2 play roles of electron and
hole emitters, whileJC acts as a collector, similar to thyris
torlike systems described in Ref. 34.

For the realization of the FPT mode at larger biases
doping profile is subjected to certain restrictions. The fi
one concerns the doping concentrations of then11 emitter
and thep1 base which should be in such a relation that t
emitter efficiencyg1 of the junctionJ1 is sufficiently small,

g1~ j 1!5
j 1n

j 1
,ah5

b

b11
, ~2!

where j 1 and j 1n denote the total emitter current density a
the electron emitter current density, respectively, andb
5mn /mp is the electron-to-hole mobility ratio. Physically
Eq. ~2! means that the injected electron current never
ceeds the electron drift current under high injection con
tions.

The second restriction concerns the parameters of the
ner n layer. When the forward bias is increased, the spa
charge region of the junctionJC , subsequently called the
high-field domainFh , expands into then layer toward the
junctionJ2. If the doping concentrationNd and the widthwn
of the n layer satisfy the inequality

Ndwn,
ee0Eav

q
, ~3!

it can be ensured that the maximum electric field rema
below the avalanche breakdown fieldEav (;2
3105 V/cm in silicon! even when the anode-side bounda
of the high-field domainFh reaches the junctionJ2. Hereq,
e0, ande denote the elementary charge, the vacuum perm
tivity, and the dielectric constant of the material. During th
phase the diffusion current of holes injected from thep2

bulk passing the quasineutral part of then base and the field
domainFh causes an increase in the electron injection of
junction J1. The total current density is, however, strict
limited by the large resistance of thep2 bulk.

As the voltage increases further, the current densityj may
significantly exceed the characteristic equilibrium curre
density j Deq

of the junctionJ2, and is therefore mainly car
ried by a field current
8-2



-

oo
he
he
e

d

er
ca
a
,
e

he
-

-
ffi-

s
ide

ike
e

at
t, a
the

pro-

arly
cies
-

or-

isms

e

ny
the
be

-

ely.
de
c-
-

pe-
e.
ss
ed

-
ar-
nd
he

he
the
is-

r-
ity
n

SPATIAL CURRENT-DENSITY INSTABILITIES IN . . . PHYSICAL REVIEW B65 245318
j @ j Deq
;

qDN

lD
,

and the quasineutral part of then layer may completely van
ish. HerelD5Aee0kT/q2N is the Debye length, andN de-
notes the characteristic free carrier concentration. For sm
junctionsN is of the order of the doping concentration at t
position x, where the donor concentration is equal to t
acceptor concentration; in the considered case we havN
'Na

2 . Thus a total field punch-through of then layer occurs,
when the space-charge region, i.e., the high-field domainFh ,
occupies the whole widthwn . The punch-through threshol
voltage is defined as

Vpth5
qNdwn

2

2ee0
. ~4!

For further consideration, the voltage rangeV.Vpth ~the
FPT mode! is of main interest. The FPT mode is charact
ized by a specific plasma/field stratification along the verti
x direction @Fig. 2~a!#. While the field domain expands as
low-field domainFl into thep2 bulk from the cathode side
a plasma layerP with an increased carrier concentration d
velops inside thep2 bulk close to the anode sidep1 contact.
The widthj of this P layer is assumed to be smaller than t
diffusion lengthLh5(Dht)1/2, and therefore satisfies the in
equality

j!~Dht!1/2,wp2. ~5!

As shown in Ref. 33, ifg1( j 1),ah @Eq. ~2!#, theP layer has
a sharp boundary with the low-field domainFl . The excess
carrier concentration inFl remains relatively small, and am
bipolar drift transport predominates over diffusion at su

FIG. 2. Nonequilibrium plasma-field stratification along the ve
tical direction ~a! and possible contours of small current-dens
fluctuations, which are periodical along the transversal directior
~b!.
24531
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ciently low fields. Thep1 emitter, theP layer, and the field
domain F5Fl1Fh form a functional element working a
virtual p1-P-F transistor, subsequently called the anode-s
transistorTA .

The interaction between the anode-side transistorTA and
the cathode-side thyristorTK , the n11-p1-F transistor, is
manifested in the condition33

a1~ j !1a2~ j ,V!51, ~6!

holding for stationary homogeneous states in thyristorl
devices.35,36 Herea1 anda2 denote the current gains of th
transistorsTK andTA , respectively@Fig. 2~a!#, andV is the
voltage drop across the whole multilayer structure. Only if
least one of the two coefficients increases with curren
thyristorlike regeneration process and a range of NDR in
stationary current-density vs voltage characteristicj (V) may
appear. Such dependencies of the current gains can be
vided by different nonlinear recombination mechanisms35,36

which lead to emitter leakage currents depending subline
on the injection current. In practice, the desired dependen
of a1( j ) anda2( j ) can be adjusted by utilizing special dis
tributed gridlike shunts or even driving gate elements tail
ing the efficiency of the emitter junctions.37 In the following,
it is supposed that suitable sublinear leakage mechan
exist in both transistor subsystems.

The low-field domainFl contributes essentially to th
voltage drop across thep2 bulk. It should be noted that the
internal n layer, when totally depleted, does not play a
active role for the regeneration process, in contrast to
situation considered in Ref. 34. The FPT mode can even
realized without it~i.e., without the development of the high
field domainFh). Nevertheless, the existence of then/Fh
layer influences the shape of thej (V) characteristic, and
therefore changes the triggering characteristic quantitativ

The stability properties of the homogeneous FPT mo
may be influenced by small nonuniform current-density flu
tuations. Figure 2~b! schematically illustrates various con
tours of possible current fluctuations resulting from the s
cific (132)-dimensional configuration of the structur
Obviously, the current paths may lead partly vertically acro
the individual layers and partly transversally along the dop
layers, the metal contacts or the high-resistivityp2 bulk in
the r direction, r5y1z. These current fluctuations are in
separably linked with corresponding fluctuations of the c
rier concentration, the electric field, and the potential a
with fluctuations of the boundary position between t
plasma layerP and the field domainF.

III. „1Ã2…-DIMENSIONAL MODEL

In this section we develop the physical description of t
two transistor subsystems and the field domain coupling
two subsystems. After that the time scale hierarchy is d
cussed and finally a self-consistent (132)-dimensional set
of model equations is derived.
8-3
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A. Transistor TA

It is convenient to characterize the excitation conditio
for quasineutral elements of the system by the inject
level, i.e., the ratio between the excess carrier concentra
and the doping concentration. The FPT mode is character
by a high injection level in theP layer of the transistorTA .

The charge dynamics inTA can be described in terms o
the well-known charge-control model.35 According to this
approach we consider the specific charge densityQ(y,z,t)
5Q(r,t) per unit square of the plasma layerP in TA ,

Q~r,t !5qE
j(r,t)

p~x,t !dx, ~7!

where p(x) is the excess carrier concentration along
width j of the virtualP base.

By assuming quasineutrality in the virtual base the lo
dynamics of this charge for the two-dimensional transve
geometry can be described by

]Q

]t
5D'D'Q2

Q

t
1 j jn2 j lk . ~8!

Here D'5]2/]y21]2/]z2 is the two-dimensional Laplac
operator,D' an effective diffusion coefficient,t the excess
carrier lifetime at high injection levels,j jn the normal com-
ponent~along thex direction! of the electron current densit
at the boundary between theP layer and the low-field do-
main Fl , j lk the current density of electrons leaving theP
layer at thep1-P junction by leakage mechanisms whic
will be discussed below. Under high injection conditions t
hole injection current density at this boundary consists o
drift and a diffusion current density, whereby the first one
determined by the electron-to-hole mobility ratiob and the
second one depends on the stored chargeQ in the P layer
and the diffusion transit timeu,

j jp5
1

b11
j j1

Q

u
, ~9!

u~j!5
j2

2Dh
, ~10!

whereDh52Dpb/(b11) is the ambipolar diffusion coeffi
cient andDp denotes the hole diffusion coefficient.

Taking into account that the total currentj j at theP-F
junction is given byj j5 j jp1 j jn , Eq. ~9! can be rewritten

Q5 j jgu, ~11!

g5ah2a~ j j , j jn!.0, ~12!

whereg.0 always holds because of Eq.~2!.
Furthermore we assume, that the electron leakage cu

density j lk at thep1-P plane is determined by the excitatio
level in the vicinity of this plane which in turn can be es
mated from the maximum value of the excess plasma c
centrationDpm in the P layer:
24531
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2Q

qj
. ~13!

We consider two different groups of leakage mechanis
The respective current densitiesj sb and j sp depend sublin-
early and superlinearly on the plasma chargeQ. The total
leakage currentj lk is then given by

j lk5 j sb1 j sp . ~14!

The sublinear leakage components suppress the hole
jection at low injection levels and may emanate from reco
bination rates decreasing with the current, or from intentio
ally incorporated microdistributed shunts as mentioned
Sec. II. We will account for different mechanisms by th
phenomenological term

j sb5Csb
(n)S Q

j D n

, n,1, ~15!

where Csb
(n) is a n-dependent proportionality factor. Fo

higher current density values the dependence ofj sb on Q
becomes very weak. If, e.g., emitter shunts with a finite sh
resistanceRsh are used, the leakage current is limited by t
value VA

max/Rsh, whereVA
max is the maximum voltage drop

~typically <1 V) across the shunted junction. Therefore,j sb
practically saturates at a constant value, a fact which is u
for an estimation below.

At high injection levels the injection efficiency is limite
due to Fletcher’s mechanism,38 smooth doping effects,39 Au-
ger recombination,40 etc. These effects cause extra carr
losses adding to the usual recombination processes; the
described here by the following term showing a superlin
dependence on the plasma chargeQ:

j sp5Csp
(m)S Q

j D m

, m.1, ~16!

with the m-dependent proportionality factorCsp
(m) . If only

Fletcher’s mechanism is limiting the injection efficiency, w
have m52 and, in accordance with Ref. 33,Csp

54Dn /qle f fNa
1 , where Na

1 and le f f denote the doping
concentration and the effective diffusion length of electro
in thep1 layer, respectively, andDn is the electron diffusion
coefficient. The relations between the total current densityj j

and the electron current densityj jn are governed by pro-
cesses in the transistorTK and the field domainF, which are
considered in more detail in the following two subsection

B. Transistor TK

The transistor subsystemTK has a vertical doping profile
which resembles that for high-frequency transistors, and
be described in terms of Shockley’s junction theory~see,
e.g., Ref. 36!. The injection level in thep1 base can be
characterized by the minority excess concentrationDn, and
is assumed to be relatively low,Dn;exp(qw1 /kT)!Na ,
where w1 denotes the voltage drop across the junctionJ1.
Accordingly, in this case the vertical component of the c
rent density is governed by diffusion of electrons inject
8-4
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into thep1 base, while the transversal current consists o
of a hole drift currenti 1;2“'w1. Here“'5(]/]y,]/]z)
is the two-dimensional“ operator.

The continuity equation describing the local charge d
namics in thep1 base can be written in the form

C1e~w1!
]w1

]t
5s1wpD'w11 j C2 j 1 , ~17!

where C1e denotes the voltage dependent capacitance
unit square of the junctionJ1 ands15qmpNa is the conduc-
tivity of the p1 base. The termsj C5 j Cn1 j Cp and j 15 j 1n
1 j 1p are the vertical components of the current density
the F-p1 junction and the junctionJ1, respectively, where
the indexn (p) denotes the electron~hole! component. The
electron injection current densityj 1n of the junctionJ1 can
be expressed byj 1n5 j n0 @exp(qw1 /kT)21#, which implies a
linear dependence on the excitation level. Here and be
saturation current densities36 are denoted byj ...0. The hole
leakage current densityj 1p may consist of both linear an
sublinear parts:j 1p5 j l in1 j sub. The linear component is du
to hole diffusion into then11 layer: j l in5 j p0@exp(qw1 /kT)
21#. The sublinear component may occur due to Sah-Noy
Shockley recombination or the excess current density c
ponent of a tunnel current.33,34 In both casesj sub is of the
form j sub5 j sb0@exp(Aw1)21# with A,q/kT, and therefore,
j sub;( j n)n1 with n15AkT/q,1.

The capacitanceC1e(w1)5CB1CD consists of the bar-
rier capacitanceCB;@(qee0Na)/2(wb2w1)#1/2 and the dif-
fusion capacitanceCD5q j1nu1 /kT, wherewb is the built-in
potential, andu15wp

2/2Dn denotes thep1 base transit time.
The values ofCB andCD are considered to be of the sam
order for the junctionJ1.

Finally, the current densityj 1, its electron componentj 1n ,
and the electron injection coefficientg1 of the cathode emit-
ter can be expressed as function of the emitter voltagew1:

j 1~w1!5~ j n01 j p0!@exp~qw1 /kT!21#

1 j sb0@exp~Aw1!21#, ~18!

j 1n~w1!5 j n0@exp~qw1 /kT!21#, ~19!

g1~ j !5
j 1n

j 1
5g1~w1!. ~20!

Because of the sublinear character ofj sub as function of
electron current densityj 1n , the coefficientg1 saturates at
sufficiently large current densities, provided that the low
jection condition is not violated.

C. Virtual collector

In the high-field partFh of the field domain, the concen
trations of free carriers are negligibly small,n,p!Nd ; there-
fore, Poisson’s equation is given by

Dw52
qNd

««0
, ~21!
24531
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whereD5]2/]x21]2/]y21]2/]z2 is the three-dimensiona
Laplace operator, and the electric-field strength follows fro

E52“w. ~22!

In Ref. 33 we showed that the low-field domainFl has a
sharp boundary with the plasmaP layer and its main part is
quasineutral. Therefore, in the low-field domainFl the Pois-
son equation simplifies to

Dw52
q

««0
~p2n2Na

2!50. ~23!

At the boundaryx85wp21wn2x5wn between the low-
and high-field domains thex componentEx of the electric
field satisfies the condition

Exux85wn205Exux85wn10 . ~24!

Since the voltage drops of the emitter junctions are re
tively small ~typically <1 V), we assume that the voltageV
applied to the multilayer structure completely drops acr
the field domain, i.e.,w(x850)50; w(x85h)5V ~Fig. 3!,
which can be written as

2E
wp21wn2h

wp21wn
E•dx5E

0

h
Ex~x8!dx85V. ~25!

The local widthh of the low-field domainFl is given by
~Figs. 1 and 2!:

h~r,t !5wp21wn2j~r,t !. ~26!

The injection level in the low-field domainFl is assumed
to be moderate:n,p'Na

2 . The carrier transport in this cas
is supported by the ambipolar drift mechanism which is d
scribed by the following partial differential equation for th
excess concentrationsn5Dp:

]n

]t
52~v•“n!2

n

tF
, ~27!

v52
bNa

2

q@~b11!n1Na
2#2

• j52
b11

b
mp~ah2a!•E.

~28!

FIG. 3. Potential distributionw(x8,r ) illustrating the correlation
between potential fluctuationsdw and fluctuationsdh of the anode-
side boundary of the field domain.
8-5
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Herev is the ambipolar drift velocity,tF is the carrier life-
time in the low-field domain, andj the three-dimensiona
current density vector defined by

j5s~ j , j n!•E, ~29!

where the local conductivitys( j , j n) is assumed to be modu
lated due to the double injection of carriers into the fie
domain:

s~ j n , j !5ahF sp2

ah2a~ j n , j !G , ~30!

with sp25qmpNa
2 . The ratio

a~ j n , j !5
j n

j
~31!

denotes the electron fraction anywhere insideFl including its
boundaries withTK andTA @compare Eq.~12!#.

When the modulation process of the carr
concentration—described by Eq.~27!—occurs, the plasma
profile moves along the field lines with the drift velocityv.
For a p-type semiconductor the drift velocityv is directed
from the cathode to the anode. The drift time through
whole widthl F5h of the field domainF is tdr5 l F /uvu, and
is assumed to be much shorter than the high-injection l
time t in the p2 bulk.

D. Final set of model equations

From the considerations above a characteristic time-s
hierarchy follows

t@u.t1 , tF@tdr . ~32!

All values in Eq.~32! are much larger than the times fo
recharging the barrier and the diffusion capacitance of ju
tion J1 @given by t1B5r 1n

emCB;10 ns andt1D5r 1n
emCD

5u1;1 ns, respectively, wherer 1n
em5(d j1n /dw1)21 # and

the Maxwell relaxation time in thep2 bulk (tM5ee0 /sp2

,1 ns).
The most inertial subsystem is therefore the anode t

sistorTA due to the slow dynamics of the plasma charge
the virtualP base, which is described by

]Q

]t
5D'D'Q2

Q

t
1 j jn2 j lk . ~33!

As the electron transit timeu1 in the cathode transistorTK
is much smaller than the carrier lifetimet1 in the p1 base
under low injection conditions, the base transport coeffici
bn'1/cosh(A2u1 /t1)'1, so thatj Cn5a1( j 1) j 1.g1 j 1. Be-
cause of the hierarchy of the time scales, Eq.~32!, we con-
sider Eq.~17! in the quasistatic approximation:

s1wpD'w15 j 12 j C5 j 1p2 j Cp , ~34!

where the latter equation is valid, sincebn'1.
The electric field in the field domain is governed by t

equation
24531
e

-

le

c-

n-
n

t

Dw52
r

««0
, ~35!

with r5qNd in the n base andr50 in thep2 bulk.
Neglecting the recombination term in Eq.~27! we de-

scribe the injection processes inFl by

]n

]t
52~v•“n!. ~36!

In addition to thex components of the electric field be
tweenFh andFl @Eq. ~24!#, all x components of the curren
densities at the internal boundariesx0 between neighbored
layers are continuous:

j x, . . .
ux0205 j x, . . .

ux010 . ~37!

At the side surfaces of the device, defined by$y50,Ly%
and $z50,Lz%, the field and diffusion current densitie
should vanish; therefore, the following boundary conditio
have been chosen in all three subsystems (TA ,TK , and the
virtual collector!:

~n•“'Q!uy50,Ly ; z50,Lz
50, ~38!

~n•“'w1!uy50,Ly ; z50,Lz
50, ~39!

~n•“'w!uy50,Ly ; z50,Lz
50. ~40!

Heren is a unit vector normal to the side surface.
It should be noted that condition~25! should also be sat

isfied for any vertical cross section of the device. In t
following, global excitation of the device is considered to
controlled by a current source~i.e., R→` in Fig. 1!:

E
0

LyE
0

Lz
j ~y,z!dy dz5I 5const, ~41!

whereI is the total current in the external circuit.
The set of partial differential equations~33!–~36! together

with the constraints~11!–~16!, ~18!–~20!, ~25!, ~28!–~30!
and the boundary conditions~24! and ~37!–~41! presents a
self-consistent (132)-dimensional description of the multi
layered device under study.

IV. STATIONARY HOMOGENEOUS STATES

Stationary plasma/field distributions, which are homog
neous with respect to they-z plane, are described by a re
duced set of equations for all space- and time-depend
variablesY, and are obtained from Eqs.~33!–~36! by putting
]Y/]t50, ]Y/]y50, and]Y/]z50. As the electric fieldE
and the current densities in the domain become strictly
dimensional, the ambipolar drift equation~36! can be re-
duced to

vx

]n

]x
50, ~42!

where vx is the x component of the drift velocityv. This
means that the excess plasma concentration is constant
8-6
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where in Fl : n5n0. Its value is defined by the ratio
j n(x850)/ j (x850) at the cathode-side boundary of the d
main,

n05Dp05
1

b11

a1

ah2a1
Na

2 ,

where we have used the fact that for stationary homogene
states the conductivitys0 of the domain Fl and the
electric field E0 itself are also determined by the rat
j n(x850)/ j (x850):

s0~ j ,a1!5ah

sp2

ah2a1
, ~43!

E0~ j ,a1!5
1

s0~ j ,a1!
j . ~44!

For a1'0.5–0.6 the excess concentrationn5Dp'Na
2 ,

which is consistent with the assumption of moderate inj
tion.

The width of the plasma layerj can be determined by
solving Eq.~33! for the stationary state usingj jn5a1 j . For
any arbitrary case withn,1 andm.1, the following tran-
scendental equation for the normalized variablej̄5j/Lh can
be derived:

j̄21S j n

g0• j D
12n

j̄n1S g0• j

j m
D m21

j̄m2 j̄0
250, ~45!

where

j n52FCsb
(n)S t

Dh
D n/2G1/(12n)

,

j m52FCsp
(m)S t

Dh
D m/2G1/(12m)

,

j̄05A2a1~ j !

g0
,

andg05g0(a1)5ah2a1 is the one-dimensional limit value
of g.

The j (V) characteristic of the device for stationary hom
geneous states is implicitly given by

V~ j ,w1!5VFh
1VFl

, ~46!

VFh
5Vpth1E0~ j ,a1!wn , ~47!

VFl
5E0~ j ,a1!@wp22j~ j !#, ~48!

whereVFl
andVFh

denote the voltage drops across the lo

and high-field domains, respectively, andj 5 j (w1) and a1
5a1(w1) are determined by Eqs.~18!–~20!.

The differential resistancer d of the entire device follows
from Eq. ~46! as
24531
-

us

-

-

r d5
dV

d j U
0

5
]V

] j
1

]V

]a1

da1

d j
1

]V

]j

dj

d j
, ~49!

and depends on the respective nonlinearities of the injec
current densities inTK and TA , which differ qualitatively
from each other. The ratioj n( j )/ j , which increases mono
tonically with j, leads directly to a modulation of the bul
conductivity insideFl , resulting in a decrease in the fiel
strengthE0 and the voltageVFl

. This causes an increase
the ratio j p( j )/ j in TA , which in turn leads to an increase i
j and, consequently, to a decrease inVFl

. As is obvious from
the definition ofr d @Eq. ~49!#, r d may change with the cur
rent in different ways. In particular, branches with NDR c
occur in thej (V) characteristic. SinceVFh

depends onj, the
existence of then layer influences the boundaries of th
NDR range to a certain though small degree.

We briefly consider two limit cases allowing an explic
analysis. For constantj sb ~which formally can be achieved
by settingn50) andm52, Eq. ~45! can be reduced to

j„w1 , j ~w1!…5LhA 2

g0
Fa1~w1!2 j sb / j

11g0 j / j F
G , ~50!

where a normalization factorj F5 j m525qNa
1le f f /(b11)t

for Fletcher’s leakage mechanism38 has been introduced, an
j sb5 j n50/25const. As fas as the approximation for Fletc
er’s term in Eq.~50! is valid for j ! j F , the term; j / j F can
also be neglected for estimations.

In the case that the sublinear leakage inTA is completely
suppressed we can setj sb50 in Eq. ~50! and obtain an ex-
pression which is the same derived ealier in Ref. 33. T
case has been completely studied within the framework o
one-dimensional model,33 including a numerical analysis o
the resultingj (V) characteristics and the conditions for ND
occurence.

In the opposite limit case, when the injection properties
TK are assumed to be linear, i.e.,a15const, and the nonlin-
ear injection properties inTA are taken into account by th
rough approximationj sb.const, the implicit dependencej
on w1 in Eq. ~50! vanishes and we obtain

j~ j !'LhA 2

g0
S a12

j sb

j D . ~51!

In this case the modulated conductivity of the low-field d
main does not depend onj; thus the field is simply propor-
tional to j, and thej (V) characteristic can be written explic
itly as

V~ j !2Vpth5V0
12V0

2 ,

V0
15

j

s0
~wn1wp2!, ~52!

V0
2'

jL h

s0
A 2

g0
S a12

j sb

j D .

The differential resistance then consists of positive and ne
tive parts,r d

1 and r d
2 , respectively,

r d5r d
11r d

2 , ~53!
8-7
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with

r d
15

wn1wp2

s0
,

r d
252

LhA2/g0

s0
FA~a12 j sb / j !1

j sb / j

2A~a12 j sb / j !
G .

It is evident from Eq.~53! that r d<0 can be fulfilled in a
certain current interval withj . j sb /a1. For higher current
densitiesr d is getting positive in any case. It should be not
that for sufficiently high current-density values the widthj
saturates to the valuej5LhA2a1 /g0 and, consequently, th
voltage becomes a linear function of the current dens
V( j )5(wp22LhA2a1 /g0) j /s0. That means that the uppe
branch with positive differential resistance~PDR! can occur
in the j (V)-characteristic even without any superlinear lea
age mechanism inTA .

V. INHOMOGENEOUS FLUCTUATIONS

In this section we analyze the stability of stationary stat
which are homogeneous in they-z plane, with respect to
small (132)-dimensional fluctuations of all space depe
dent variables. We use the same approach as in Ref.
linearizing all variablesY(x,r,t) in the vicinity of a station-
ary stateYustat :

Y~x,r,t !5Yustat1dY~x,r,t !. ~54!

The small variationsdY(x,r,t) should satisfy the sam
boundary conditions@Eq. ~38!# as the variableY(x,r,t). This
yields

dY~x,r,t !5dY~x,k!cos~kr!exp~zt !. ~55!

Here dY(x,k) is a local amplitude;r5y1z; and the wave
numbersk, ky , and kz are subjected to the conditionsk2

5ky
21kz

2 , ky5mp/Ly , andkz5np/Lz , with m andn being
integers. The condition connectingk5kx andky , kz results
from Eq. ~23! that requires that the potential fluctuations a
proportional to sinh(kxx)cos(kyy)cos(kzz)5sinh(kxx)cos(kr),
with ukxu5uku. Within the framework of our approach, th
full (1 32)-dimensional treatment ofdY is necessary only
for the virtual collector field domainF. The local variables
in the virtual transistor layers are averaged along thex direc-
tion; thus the corresponding fluctuations are two dim
sional.

A. Fluctuations of the excess charge and current density
in the transistor TA

Applying the linearization procedure Eq.~55! to the
charge balance inTA yields

S z1
1

t
1k2D'1

] j lk

]Q D dQ5d j jn2
] j lk

]j

]j

]h
dh. ~56!

For dQ(u, j j ,g), from Eqs.~11! and ~12! we obtain
24531
:

-

s,

-
4,

-

dQ5QF1

u

du

dj

dj

dh
dh1

1

j
d j j2

1

ah2a1
daG . ~57!

Relations between the fluctuationsdQ, d j j , da anddh de-
pend on the fluctuations inside the domainF and at its
cathode-side boundary withTK , and are determined in th
following subsections.

B. Fluctuations of the current-density and potentials
in the transistor TK

Linearization of Eqs.~17!–~19! with respect to perturba
tions ~55! yields the following relations between the electro
and the total current-density at the cathode-side boundar
the field domain:

d j Cn5aC
k d j C , ~58!

aC
k 5

r 1
em/r 1n

em

11r 1
em/r 1

k
[

a11 jda1 /d j1

11r 1
em/r 1

k
, ~59!

where r 1
k51/s1wpk2 can be interpreted as ak-dependent

effective resistance of thep1 base, andr 1
em51/(d j1 /dw1)

and r 1n
em51/(d j1n /dw1) denote the differential resistance o

the junctionJ1 with respect to the total current density an
its electron contribution, which depend parametrically onw1
@see Eqs.~18! and ~20!#.

C. Fluctuations of the potential, current density and boundary
position in the field domain

A three-dimensional description of the potential, carr
concentration, and current-density fluctuations is rather co
plex. However, in the vicinity of the stationary homogeneo
states, for which the relationsE52“w5const and“n50
are valid, it can be simplified.

The ambipolar drift equation for concentration fluctu
tions in the low-field domain reduces to

]dn

]t
52vu0•“dn, ~60!

where the index 0 refers to stationary homogeneous s
tions. The variablevu05(v0,0,0) is parallel to thex axis and
constant alongx, while its absolute value depends on th
stationary state under investigation. Using Eq.~55!, from Eq.
~60! we obtain

zdn52v0

d

dx8
dn,

with the solution

dn5dn~x850!expS 2
z

v0
x8D .

For sufficiently slow processes~the characteristic time scal
of the fluctuation is;1/z@tdr;0.1 ms) this means that the
fluctuations of both the concentrationdn and the local con-
8-8
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ductivity ds in Fl are actually determined only by the cu
rent density fluctuationsd j C and d j Cn in TK and do not
depend on thex-coordinate.

The fluctuations of the electron and the total current d
sity in Fl again depend in different ways on both the co
ductivity modulation and the three-dimensional potential
formations. From Eqs.~29!–~31! we obtain

d jn5d~a• j!5 j0•da1a1•d j, ~61!

d j5E0•ds1s0•dE, ~62!

with a15a0.
Evaluating Eq.~31! at the collector junction,x5xC , and

using Eq.~58! and the variational derivative of Eq.~30!, we
obtain

da5
1

j 0
~d j Cn2a1d j C!5

1

j 0
~aC

k 2a1!d j C , ~63!

ds5
s0

g0
da~ j , j n!5

1

j 0

s0

g0
~aC

k 2a1!d j C . ~64!

Equation~61! then can be rewritten as

d jn5~aC
k 2a1!•

j0
j
•d j C1a1•d j, ~65!

connecting the current density fluctuationsd jn , d j C , andd j.
Varying Eq. ~22! we describe fluctuations of the electr

field by three-dimensional potential fluctuations insideFl :

dE52“dw. ~66!

Figure 3 shows how the potential fluctuationdw(x8,r)
leads to a perturbation of the floating anode-side bound
dh. The allowed fluctuations with the wave-numberk,k2

5ky
21kz

2 , satisfying the Laplace equation~23! with the
boundary conditions~38! have the form:

dw~x8,r,t !5dwm

sinh~kx8!

sinh~kh!
cos~kr!exp~zt !, ~67!

with the amplitudedwm . It should be noted that by the tran
formationx85wp21wn2x the x component of the electric
field changes sign:Ex51]w/]x8 @compare Eq.~22!#.

A relation between the fluctuationdh and dw for kÞ0
can be derived from condition~25!,

V52E
wp21wn2h

wp21wn
Edx

5E
0

h01dh
Exdx8

5E0h01E0dh1dw~x85h0!, ~68!

which leads to

dh~r!52
1

E0
dw~x85h0 ,r!. ~69!
24531
-
-
-

ry

The x component of the field fluctuation is proportional
the fluctuation of the floating boundary positiondh:

dEx52kE0

cosh~kx8!

sinh~kh0!
dh. ~70!

Equations~61! and ~62! yield the fluctuations of thex
component of the electron and the total current density,d j Cn
andd j C , respectively, at the boundary betweenF andTK :

d j C5
ah2a1

ah2aC
k

~2 j 0k!

sinh~kh0!
dh, ~71!

d j Cn5
aC

k ~ah2a1!

ah2aC
k

~2 j 0k!

sinh~kh0!
dh. ~72!

Similarly, it follows for the corresponding current densi
fluctuationsd j jn and d j j at the boundary betweenF and
TA :

d j j5FaC
k 2a1

ah2aC
k

1cosh~kh0!G ~2 j 0k!

sinh~kh0!
dh, ~73!

d j jn5Fah~aC
k 2a1!

ah2aC
k

1a1cosh~kh0!G ~2 j 0k!

sinh~kh0!
dh.

~74!

Combining Eqs.~69! and ~73!, we can define an effective
k-dependent differential resistancer A

k ,

r A
k 5F S aC

k 2a1

ah2aC
k

1cosh~kh0!D s0k

sinh~kh0!G21

, ~75!

connecting the fluctuationsd j j anddw(x85h0):

d j j5
1

r A
k

dw~x85h0!.

The differential resistancer A
k does not only depend on th

strength of the three-dimensional potential deformation fo
given wave-numberk ~as in the case discussed in Ref. 34!,
but additionally depends on the conductivity modulation d
termined by both homogeneous and nonuniform fluctuati
in TK , which is reflected in the dependence ofr A

k on the
coefficientsa1 , s0, andaC

k .
The shape of the electric-field fluctuations in the field d

main can be illustrated by considering the differential qu
tient of the coordinatesyE and xE and assuming a uniform
distribution along thez direction, i.e.,k5ky :

dyE

dxE
5

dEy~xE ,yE!

dEx~xE ,yE!
5S ]dw

]y D Y S ]dw

]x D . ~76!

With x85wp21wn2x the solutionyE(x8) of Eq. ~76! is
given by

sin~kyE!cosh~kxE8 !5C, ~77!
8-9
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whereC is an integration constant. By using Eqs.~62! and
~67! we obtain the following equation determining the vec
lines of the current density fluctuations:

dyj

dxj8
5

d j y~xj8 ,yj !

d j x~xj8 ,yj !
5

s0]dw/]y

E0ds1s0]dw/]x8
. ~78!

The solution of this equation is

sin~kyj !F cosh~kxj8!1
aC

k 2a1

ah2aC
k G5C. ~79!

The curves defined byyE(xE8 ,C) and yj (xj8 ,C) can be
interpreted as contour lines for different constantsC and sur-
faces defined by Eqs.~77! and ~79!. Figure 4 shows the
current-density lines for two cases withl/h0@1 andl/h0
'1, where l52p/k. The different current-density line
have been obtained by varyingC in Eq. ~79!. When l/h0
@1 @Fig. 4~a!#, the current flow in the field domain is mainl
parallel to thex direction and most of the current-densi
lines starting at the anode-side boundary of the field dom
(x85h0) arrive at the cathode-side boundary (x850) and
enterTK ; that means the contour plot of the current-dens
lines for fluctuations with a sufficiently small wave numbek
differs only slightly from that of the homogeneous flow.
contrast to this, most of the current-density lines do not en
TK when the wavelengthl52p/k is of the same order ash0
@Fig. 4~b!#. In this case we can not expect that the cor
sponding current-density fluctuation is noticeably amplifi
by TK , and r A

k @Eq. ~75!# is approximately given by
h0 /(2ps0).

D. Dispersion relation

Eliminating the amplitudesdY from Eqs.~56!, ~57!, ~63!,
and ~71!–~74!, we find the dispersion relationz(k),

z~k!52k2D'1zG~k!2zsp~k!2zsb~k!, ~80!

where the components are given by

zG~k!5FB1~k!

B2~k!
21G 1

t
, ~81!

FIG. 4. Current-density lines in the field domain for fluctuatio
with two different wavelengths,l@h0 ~a! andl'h0 ~b!.
24531
r

in
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B1~k!5a11ahS aC
k 2a1

ah2aC
k D 1

cosh~kh!
,

B2~k!5
g0

2 S j

Lh
D 2F11

2 tanh~kh!

kj G.0,

zsp~k!5m
j sp

Q F12
1

kj coth~kh!12G.0, ~82!

zsb~k!5n
j sb

Q F12
1

kj coth~kh!12G.0, ~83!

and the values ofj, h, andQ belong to the stationary ho
mogeneous state under investigation as determined in
IV. In what follows we investigate the stability characteri
tics of stationary homogeneous states with respect to fluc
tions with a wave numberk by evaluating Eqs.~81!–~83!.

VI. STABILITY ANALYSIS

A. Limit cases

As is evident from Eqs.~80! and ~81!, z(k) can become
only positive if zG(k) is sufficiently large. Besides the obv
ous dependence on the strength of the regeneration pro
betweenTA and TK , it is influenced by a damping mecha
nism, caused by the transversal diffusion inTK , and a desta-
bilizing mechanism emanating from deformations of the h
mogeneous field distribution inside the field domainF. To
illuminate the influence of the different mechanisms
zG(k) we study two special cases in more detail.

1. Stabilizing influence of transversal currents in TK and TA

The influence of transversal currents inTK on the stability
behavior can be illustrated by ignoring the fluctuations of
field domain. ThenB1 in Eq. ~81! reduces to

a11ah

jda1 /d j2a1r 1
em/r 1

k

g02 jda1 /d j1ahr 1
em/r 1

k
.

Evaluating Eq.~81! for small wave-numbersk and smallh,
zG(k) depends parabolically onk:

zG~k!52Dw1
k21zG0 , ~84!

Dw1
5

ahg0~a11 jda1 /d j !r 1
em

t~g02 jda1 /d j !2B2~0!
qmpNawp , ~85!

zG05
1

t Fa11~ahjda1 /d j !/~g02 jda1 /d j !

B2~0!
21G . ~86!

The coefficientDw1
can be interpreted as an effective tran

versal diffusion coefficient of the potential of thep1 base
andzG0 is the increment of fluctuations atk→0.

Further simplification can be done when the superlin
electron leakage inTA is due to Fletcher’s mechanism, i.e
m52. Using Eq.~50! we obtain
8-10
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B2~k50!5
a12 j sb / j

11g0 j / j F
S 11

2h

j D .

Taking into accountr 1
em'(kT/q)/ j and usingDh52ahDp ,

Dw1
can be approximated by

Dw1
'

g0~11g0 j / j F!~a11 jda1 /d j !qNawpDh

2t~g02 jda1 /d j !2~a12 j sb / j !~112h/j! j
.

InsertingB2(0) into Eq.~86! yields

zG05S g0~a11 jda1 /d j !~11g0 j / j F!

~g02 jda1 /d j !~a12 j sb / j !~112h/j!
21D 1

t
.

For realistic parametersDw1
'(3 . . . 10)Dh . The sign of

zG0 depends on the sign of the differential resistancer d .
For larger values ofk, we haver 1

em/r 1
k@1, the nominator

B1→0 andzG(k) saturates:zG(k)→(21/t). As for the tran-
sistorTA , the term

zD'
52k2D' , D';Dh ,

is apparently the only stabilizing factor.

2. Destabilizing influence of the field domainF
For small and large wave numbersk of the potential fluc-

tuations in the field domainF we neglect the ’’potential dif-
fusion’’ in TK by supposings'5s1wp50, i.e., by suppress
ing transversal currents in thep1 base. For simplicity,a1 is
assumed to be constant and, as in the previous subsec
the superlinear electron leakage inTA is assumed to be
caused by Fletcher’s mechanism (m52). Then zG(k) is
given by

zG~k!5
1

t F a1~11g0 j / j F!

~a12 j sb / j !@112 tanh~kh!/~kj!#
21G .

~87!

For small values ofk we have

zG~k!'1k2DF1zG0 , ~88!

DF5
2

3t

a1~11g0 j / j F!

~a12 j sb / j !

h3

j~112h/j!2
, ~89!

zG05
1

t F a1~11g0 j / j F!

~a12 j sb / j !~112h/j!
21G . ~90!

The parameterDF can be interpreted as a transversal d
fusion coefficient of the potential fluctuations in the fie
domain at smallk, and 1/zG0 is the characteristic time scal
for the damping~or undamping! of transversally uniform po-
tential fluctuationsk50. It should be noted that Eq.~86!
describing the evolution of uniform fluctuations in the ca
ode transistor~Sec. VI A 1! reduces to Eq.~90! for a1
5const.

At very large values ofk the function zG(k) saturates
slowly according to
24531
on,

-

-

zG~k!→1

t S a1~11g0 j / j F!

~a12 j sb / j !@112/~kj!#
21D .

Equations~87!–~89! illustrate how the damping influenc
of the domain is reduced and the transversal ‘‘potential d
fusion’’ in the field domain may destabilize the homogeneo
state. It is noteworthy that the potential fluctuations are a
plified by the static value of the current gaina1 and this kind
of amplification cannot take place under the conditions st
ied in Ref. 34.

3. Hierarchy of transversal coupling mechanisms

For realistic design parameters the diffusion coefficie
Dw1

is of the order of 50–100 cm2/s, while the value ofDF

is about;10–20 cm2/s for j sb50 and may reach severa
tens of cm2/s for appropriately adjusted shunts of the ano
emitter. There are two characteristic hierarchy sequence
the diffusion coefficients:

Dw1
.D'.DF ~91!

or

Dw1
.DF.D' . ~92!

In the first case one can expectz to decrease monoto
nously with k, because the two leading terms2k2(Dw1

1D') are negative andDF( j ) is small. In the second case
peculiar situation may occur, wherez(k) decreases as
2k2Dw1

at small values ofk, while it increases as1k2DF at
larger k values; finally at very large values ofk the term
2k2D' is larger than all other contributions andz(k) be-
comes negative in any case.

Therefore, depending on the parameter combination,
can distinguish three characteristic ways of howz(k) can
become positive with increasing current~Fig. 5!: ~i! at small
k values, 0<k!kmax; ~ii ! only inside a certaink interval 0
,kmin<k<kmax; or ~iii ! there may appear two isolate
ranges fork, wherez(k).0. The first case can be identifie
with an instability of Ridley’s type and the second with a
instability of Turing’s type, while in the third case both in

FIG. 5. Schematic plot of the three characteristic cases show
how the dispersion relationz(k) may become positive. The thre
cases can be attributed to a Ridley-type instability~dashed line!, a
Turing-type instability~dotted line!, and the simultaneous appea
ance of Ridley- and Turing-type of instabilities~solid line!.
8-11
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stabilities can occur simultaneously, which may lead to
evolution of complex spatiotemporal patterns.

It should be noted that the termzsp acts at relatively large
currentsj ~though j ! j F). The termzsb is only slowly in-
creasing with current and can be considered to be relati
small. Therefore, these two terms omitted above do
change the main conclusions of the qualitative analysis.

B. Numerical illustrations

In calculations we use the following values for physic
constants: q51.6310219 C, k51.38310223 J/K, e0
58.854310214 F/cm, e(Si)511.7, T5300 K, ni51.45
31010 cm23, mp5480 cm2/Vs, mn5bmp , b(Si)52.8,
andDn,p5kTmn,p /q; the basic design parameters are giv
by wp5231024 cm, wn50, wp25531022 cm, Na

251
31013 cm23, Na5531017 cm23, t55 ms, j n052
310211 A/cm2, and m52. The parameters of the anod
contactp1 layer are:Na

151019 cm23 andle f f51024 cm,
leading toj F'8.4 A/cm2. The hole mobility in thep1 base
of the cathode transistorTK has been reduced tomp1

5300 cm2/Vs.
The influence of the nonlinear injection properties of t

cathode and the anode transistor on the dispersion rela
z(k) are demonstrated in Fig. 6. For this purpose, either
anode emitter leakage currentj lk5 j sb1 j sp @Fig. 6~a!# or the
sublinear part of the cathode emitter leakage current den
j sub @Fig. 6~b!#, was assumed to be zero. The four curves
both diagrams represent the most interesting componen

FIG. 6. ~a! zG(k) when the nonlinear injection properties of th
cathode transistor are dominating withj sb051.531022 A/cm2,
Csb

(n)5Csp
(m)50, andn150.125.~b! Sum ofzG(k) andzsb(k) when

the nonlinear injection properties of the anode transistor are do
nating with j sb050, n50.125, m52, and j n55. Both diagrams
s'5s1wp576.8 mS.0 correspond toNa5531018 cm23.
24531
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the dispersion relation for two current-density values and
two values ofs' , respectively.

In Fig. 6~a! the nonlinear leakage currentsj sb and j sp
have been neglected so that the NDR is only due to
nonlinear injection properties of the cathode emitter. In t
case, z(k) is simply given by the sum ofzG(k) and
2k2D' . For a fixed current-density value the twozG(k)
curves for the two differents' values merge together fo
large wave numbers, whilezG(k,s'.0),zG(k,s'50) for
k,250 cm21. This clearly illustrates the stabilizing influ
ence of current spreading inside thep1 base (s'.0) for a
certaink interval. Moreover it is evident that uniform fluc
tuations withk50 are the most critical ones, leading to a
instability of Ridley’s type.

In Fig. 6~b! the sublinear part of the emitter leakage cu
rent density of the cathode transistor is set to zero, anda1 is
assumed to be independent of the current density, so tha
NDR is based essentially on the nonlinear injection prop
ties of the anode emitter. Sincezsp(k) is rather small in this
case, the sum of onlyzG(k) and zsb(k) is shown in the
diagram. Similar to Fig. 6~a!, current spreading in thep1

base tends to stabilize fluctuations at lowk values. However,
at larger wave numbers the destabilizing effect of poten
fluctuations in the field domain comes to light, reflecting t
dominance of a nonuniform fluctuation with a wave-numb
0,kmin,k,kmax when a stationary uniform state i
destabilized—similar to a Turing type of instability. Alto
gether it can be concluded that an instability of Ridley type
favored when the activity ofTK is high ~at largeda1 /d j),
while an instability of Turing type preferrably occurs whe
the activity of TA dominates. These circumstances can
used for controlling the structure properties.

The j (V) characteristics may contain current density
tervals with NDR or may show PDR in the whole inves
gated current density interval. In the following we consid
two examples with NDR, showing a Ridley type of instab
ity and an analog of the Turing instability. The design para
eters are specified in Table I. In the two investigated ca
the activities of the two transistors are comparable; howe
for the parameter set N1, contributions ofTK where chosen
to dominate slightly overTA . For the second case~parameter
set N2! the situation is the reverse.

The j (V) characteristics calculated for different parame
values of j n are presented in Fig. 7. The tracesJR( j n) and
JT( j n) are built up by Ridley and Turing instability points
calculated for the correspondingj (V) characteristics. These
traces define regions wherez(k)>0. In Fig. 7~a! the two
regions do not overlap, Turing’s region is situated at sma
currents on the lower PDR branches of t
j (V)-characteristics. In Fig. 7~b! the two regions overlap
partly. At the intersection pointsMLEFT and MRIGHT of the
tracesJT and JR the value of both dispersion relations

i-

TABLE I. Parameter sets used for the calculations.

Set j p0 (A/cm2) j sb0 (A/cm2) n1 n

N1 0.952310211 231022 0.1 0.25
N2 1.026310211 531024 0.225 0.12
8-12
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zero, i.e.z(k0,R)5z(k0,T)50 at a certain critical current
density valuej 0,R5 j 0,T and at certain values of the wav
numbersk0,R andk0,T which differ from each other.

The dispersion relationsz(k) at the two intersection
points are shown in Figs. 8~a! and 8~b!, respectively, for
three different current densities (j 2, j cr , j 1). In both cases
zcr(k) belonging to the critical current densityj cr , which
has been determined together with the respective value oj n

from Fig. 7, is negative for all wave numbersk up to but
excluding two pointsk5k0,R50 andk5k0,T.0. By varying
the current density aroundj cr the evolution ofz(k) is quali-
tatively different in the two intersection points. At the poi
MLEFT an increase in the current density up toj 1 causes an
increase inz around k50 and a decrease inz around k
5k0,T , i.e. intensifying Ridley’s instability and stabilizing
the device with respect to an instability of Turing type. A
for the right intersection pointMRIGHT , both instability
types are damped~intensified! as the current density in
creases~decreases!. This is reflected in the dispersion rela
tion by the fact that two narrowk bands arise wherez(k)
.0 which are separated by ak-interval with z,0.

When the device is operating in a state where the unifo
state is unstable with respect to both Ridley and Turing ty
of instability, interesting spatial-temporal patterns might a
pear due to competition processes of different evolving fl
tuations. For example, if initially perturbations with a lon
wavelength are predominating, so that a large area of
sample switches into the on state while another large a

FIG. 7. j (V) characteristics calculated for the two parame
sets N1~a! and N2 ~b!. The tracesJR( j n) and JT( j n) mark the
stability border with respect to instabilities of Ridley and Turin
types.
24531
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remains in the off state, this state itself might become
stable with respect to perturbations with small waveleng
and cause the evolution of periodic Turing patterns. Th
Turing patterns may evolve simultaneously, but in differe
ways for the two parts in the on- and off-states, respectiv
Finally two transversal domains with different types of Tu
ing patterns could appear, raising questions concerning t
mutual interaction and possible coexistence. Many other s
narios based on these instabilities and leading to interes
self-organized structures are conceivable.

In this context it is interesting to note that the dispersi
relation in the case of coinciding Ridley and Turing instab
ties looks similar to the real part of the dispersion relati
near the codimension-two Turing-Hopf bifurcation studied
a semiconductor heterostructure model.41 In such a system
complex spatiotemporal patterns consisting of mixed Turi
Hopf modes may appear, as has been shown for systems
one-41 and two-dimensional42 contact geometries. Analogou
to these results, in our case we expect a complex behavio
the form of mixed patterns, consisting of filamentary a
periodical current-density distributions. However, the set
model equations studied in Refs. 41 and 42 contains o
lateral degrees of freedom. The relevant vertical~along thex
direction! processes are reflected in local kinetic function
The instabilities in our system are essentially governed by
interaction between the stabilizing processes in the an
and the cathode transistor, and the destabilizing influenc
the field domain in between. For this reason the full
32)-dimensional description is necessary in contrast to
mentioned semiconductor heterostructure, where local
netic functions are used to account for the vertical proces

r

FIG. 8. Dispersion relations at the two intersection poin
MLEFT ~a! and MRIGHT ~b! of Fig. 7~b! for three different current
densities, respectively.
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Finally let us turn attention to the approximations used
the setting of the initial problem. For the current-density
terval of interest for the appearance of instabilities,j
;1 –10 A/cm2, the typical voltage drop across the samp
amounts to a few tens of volts, and is therefore distinc
larger than the voltage drops across the emitter junction
was supposed. The widthj of theP layer is typically in the
range ofj5(0.05–0.2)wp2 for the investigated cases wit
NDR, soj is small in comparison with the widthl F5h of
the field domain. The transient time through the widthj is
equal tou5j2/2Dh5(122) ms, and the drift time for the
field domain istdr5(0.120.5) ms. Therefore, the condition
t@u@tdr is fulfilled which justifies the corresponding a
sumptions chosen in Secs. II and III.

VII. SUMMARY

A detailed analysis of the field punch-through mode
p1-p2-n-p1-n11 structures has been presented in the fra
id
.
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of a two-transistor model where the two transistors
coupled by a high-field region. It turned out that depend
on the nonlinear injection properties of the emitter regions
the two transistors, instabilities of Ridley or Turing type m
destabilize uniform current-density states. In particular,
have shown that Ridley and Turing instabilities may a
appear simultaneously under certain conditions. The inte
tion and competition of the different fluctuations evolvin
simultaneously or in a secondary bifurcation may lead
interesting types of patterns with complex or even un
pected spatiotemporal behaviors.
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