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Semiconductor nanocrystals in a magnetic field
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The influence of a magnetic field on the electron and hole energy spectra of spherical uniform and multilayer
semiconductor nanocrystals is investigated. The calculations are performed within thek•p method and enve-
lope function approximation. The valence subband mixing is taken into account by considering a two-band
Hamiltonian for the hole states. It is shown that the magnetic-field dependence of the energy spectrum varies
strongly with the size and composition of the nanocrystals. Several interesting phenomena, like spatial polar
separation of the one-electron charge density in quantum dot–quantum well structures or crossover from
confinement in the external shell to the internal core in quantum dot–quantum barrier systems under the
influence of a magnetic field are reported.
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lu
re

tri
ll
o

ip
t

ec

ur
ve
an
ve
th
on
c
n
a

om
ct
ul
Ve
a

s
o

ric
sf
fl

o
u
a
r t

ount

um
tron
ical
n
ge-

in a

-

ric
es
en

the
on-

hn

ses

the
en-
I. INTRODUCTION

Semiconductor nanocrystals synthesized in colloidal so
tions are the smallest quantum dots with the strongest th
dimensional confinement.1–6 Their sizes can vary from 1 to
10 nm, they have frequently spherical shapes and can
fabricated as multishell structures, i.e., built of concen
layers ~shells! of different semiconductors with the she
thickness down to a single monolayer. The size of the nan
rystals and the composition of layers can be easily man
lated in the process of fabrication, which makes it possible
tailor to a large extent their discrete energy spectra.7,8 This
makes them attractive for applications in novel optoel
tronic devices.

The influence of a magnetic field on the energy struct
of quantum dots has been studied so far almost exclusi
for quasi-two-dimensional semiconductor islands, disks,
rings.9–14 In the majority of works only electron states ha
been investigated and the calculations performed within
one-band effective-mass approximation with parabolic c
fining potentials. In such cases the resulting energy spe
are of the well-known Fock-Darwin type. However, whe
the effective-mass approach and the envelope function
proximation are used, the confining potentials are far fr
being parabolic. They have a well defined steplike chara
at interfaces separating two different media: the rectang
steps are determined by the corresponding band offsets.
recently, steplike potentials have been used to investigate
successfully explain14 the energy spectra of InAs ring
grown on GaAs substrate.12,15Such potentials have been als
used in the study of resonance states of multilayer sphe
nanocrystals, where an interesting phenomenon, the tran
mation of resonant states into bound states under the in
ence of a magnetic field, has been reported.16,17

In this paper we study the influence of a magnetic field
both the electron and hole energy levels of uniform and m
tishell spherical nanocrystals. The one-band effective-m
approach is used in the calculations of electron states. Fo
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hole states the valence subband mixing is taken into acc
by considering a two-band Hamiltonian.14,18 In multilayer
structures, like quantum dot–quantum wells or quant
dot–quantum barriers, the charge density of some elec
and hole states can be localized inside thin spher
layers.7,8 We show that application of a magnetic field ca
lead in such structures to effects not observed for homo
neous spherical or two-dimensional quantum dots.

II. THEORY AND COMPUTATIONAL DETAILS

The one-band effective-mass equation for an electron
spherical quantum dot potentialVe(r,z) and magnetic field
B5(0,0,B) is ~in cylindrical coordinatesr,z)

S 1

2m*
D2

B2

8m*
r22

BM

2m*
1Ve~r,z!2En,M DFnM50,

~1!

whereM50,61,62,••• is the quantum number of the pro
jection of the angular momentumL onto the magnetic-field
~B! axis,m* is the effective mass, andn is the main quantum
number. For comparison with the spherically symmet
states of theB50 case, we will label the consecutive stat
by ñLM , where ñ labels the consecutive states of a giv
spherical symmetry case atB50.

For the proper description of the valence-band states,
valence-subband mixing has to be taken into account by c
sidering at least the four-bandk•p Hamiltonian, that couples
the heavy hole and light hole subbands.19 The four-band
Hamiltonian represented in the conventional Luttinger-Ko
basis depends on two Luttinger parametersg andg1, which
determine the heavy-hole and light-hole effective mas
mhh51/(g22g1) and mll 51/(g12g1). When zero-
dimensional nanostructures are considered, in which
electrons and holes can be totally confined in three dim
©2002 The American Physical Society02-1



th
o

a
a

on
is

i

-

ra
d
n

e-

d
,

g
ld

m
is

, r
a

n
ce
e
l t

n
th

lu
ha
di

o

-
y

bo
ti
o

no-
m-
ling
ec-
etic

As

J. PLANELLES, J. G. DI´AZ, J. CLIMENTE, AND W. JASKÓLSKI PHYSICAL REVIEW B 65 245302
sions, the envelope function approximation is applied and
elements of the Hamiltonian become the operators acting
the componentsf i of the envelope function.

For spherical nanostructures, such as the ones investig
in this paper, the Hamiltonian is usually written in spheric
coordinates and results in two coupled differential equati
in the radial variable.19 When the external magnetic field
applied the spherical symmetry is broken and the Ham
tonian commutes only with the operatorFz of the projection
of the total angular momentumF5L1J onto the field axis
(J is the Bloch angular momentum (J53/2) andL is the
envelope angular momentum!. In such a case cylindrical co
ordinates (r,z,f) are more convenient.20 When the Hamil-
tonian is written down in cylindrical coordinates and integ
tion over thef angle is performed, it results in four couple
differential equations for the envelope function compone
~i! f Fz

i (r,z).14

The diagonal elements of the Hamiltonian include also~i!
the potential energyVh(r,z), that depends on the actual g
ometry and structure of the studied system, and~ii ! the inter-
action with an external uniform magnetic fieldB5(0,0,B)
~linear Zeeman and quadratic terms!. It is worthwhile to note
that the cylindrical representation is also useful in the stu
of nonspherical nanocrystals~hemispherical, lens-shape
quantum rings,14,12 two or more aligned and interactin
nanocrystals21! or when additionally an external electric fie
is applied.

In looking for the bound states of the investigated syste
all the envelope function components are required to van
for large r and z. For multishell structures,Vh and Ve are
formed by the valence-band and conduction-band offsets
spectively. Since the electron and hole effective masses
different in different layers, appropriate matching conditio
should in general be applied at the corresponding interfa
In this paper, for simplicity, uniform electron effectiv
masses and Luttinger parameters are considered for al
investigated systems.

The electron@Eq. ~1!# and hole14 equations have bee
solved numerically using the finite-difference method on
two-dimensional grid (r,z) in cylindrical coordinates. The
discretization of the differential equations yields eigenva
problems of asymmetric huge and sparse matrices that
been solved by employing the iterative Arnol
factorizations22 implemented in theARPACK package.23

III. RESULTS AND DISCUSSION

A. Uniform nanocrystals

1. Electron states

Chemically synthesized InAs nanocrystals are known
having almost spherical shapes.2,24 Their typical sizes are
2–10 nm~in diameter!. The particularly small electron effec
tive mass of InAs,m* 50.024, opens a possibility to stud
the magnetic-field effects inartificial atoms, that cannot be
investigated in real atoms for the fields attainable in the la
ratory. In this section we study the influence of a magne
field on the electron energy structure of uniform InAs nan
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crystals. We have performed the calculations for two na
crystals of very different size, namely 6 and 23 nm in dia
eter, both surrounded by a 4-eV rectangular barrier mode
the vacuum, water solution, or polymer medium. The el
tron energy levels of the smaller nanocrystal versus magn

FIG. 1. Electron energy levels,ñLM , for a uniform InAs nano-
crystal of diameterd56 nm vs magnetic field.

FIG. 2. Several lowest electron energy levels for a uniform In

nanocrystal of diameterd523 nm vs magnetic field. Degenerateñ
levels for B50 T are marked.M50 solid lines,M561 dotted
lines, M562 short dashed lines,M563 dashed lines.
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field are presented in Fig. 1. Figure 2 shows the lower par
the energy spectrum of the wider quantum dot. The zero
energy scale is at the top of the external barrier.

For small nanocrystals the field dependence of the ene
levels is, like in atoms, almost exclusively linear even
fields as strong as 100 T. In quantum dots of diameted
;10 nm the quadratic dependence of the energy levels
the field starts to be seen at fields.70 T. In large nanoc-
rystals, i.e., ford.20 nm, the quadratic dependence is se
already for laboratory fields~Fig. 2!. The beginning of the
formation of the first few Landau levels for fields great
than 100 T is also seen. For a very strong magnetic field
energy levels contributing to each Landau level form
spectrum of a one-dimensional rectangular potential well~in
the z direction! of sized and depth 4 eV.

It is the ratio betweenr0 and r max, wherero5@(2uM u
11)(\/eB)] 1/2 is the radius of the maximum charge dens
in the lowest Landau level, andr max is the maximum of the
radial charge density in a given quantum dot state that
cides whether only the linear Zeeman term or also the q
dratic term in the Hamiltonian~1! are significant. ForB
5100 T, ro52.4 nm. In nanocrystals of diameterd
56 nm, r max'1.5 nm and compressionof the radial
charge density in the plane perpendicular to the field a
does not occur (ro.r max). In this case only the linear term
is significant. However, in large dots, e.g., ford523 nm,
r max'10 nm and is much larger thanro even for B
510 T. In this case the field confinement in the (x,y) plane
is, for B.10 T, stronger than the quantum dot confinem
and the quadratic term becomes important.

The states, which forB50 have at least one radial nod
and thus significant charge density in the outer part of
nanocrystal, are more affected by the field than the node
states. This causes several anticrossings of the energy l
of a given symmetryM that can be observed for a larg
nanocrystal atB.70 T.

2. Hole states

In this section we study the influence of a magnetic fi
on the valence-band energy structure of uniform InAs nan
rystals. Luttinger parameters,g1519.7 andg58.4, corre-
sponding to heavy hole and light hole effective massesmhh
50.345,mlh50.027, are used.25 When there is no magneti
field, the calculations are usually performed in spherical
ordinates and the valence-band states are abelled byQF ,
where Q denotes the spectroscopic notation for the low
value ofL in the wave function.18 When the magnetic field is
on and the calculations are performed in cylindrical coor
nates, the states are labeled byFz . To identify these states b
their spherical notation atB50 we have performed, forB
50, two sets of calculations in both coordinates. This allo
us to label the states in cylindrical coordinates asñQF ,Fz ,
where ñ is the main quantum number corresponding to
given spherical symmetryQF .

The valence-band energy levels for a InAs nanocrysta
diameterd56 nm are shown in Fig. 3. The height of th
external barrier is, like for electrons, 4 eV. Since even
24530
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1
2 the radiusro of the maximum charge density in th

corresponding Landau level is, forB5100 T, greater than 3
nm, the field dependence of the hole energy levels is
small nanocrystals again exclusively linear. One can see
the behavior of different pairs6Fz of states of a givenuFzu
is different versus increasing magnetic field. For example
B550 T the energy differenceD(1S3

2
,1 1

2 ,1S3
2
,2 1

2 ) is
greater thanD(1P 5

2
,1 1

2 ,1P 5
2
,2 1

2 ); the energy difference

FIG. 3. Hole energy levels for a uniform InAs nanocrystal

diameterd56 nm vs magnetic field. DegenerateñQ(F) levels at
B50 T are marked.

FIG. 4. Hole energy levels for a uniform InAs nanocryst
of diameterd516 nm vs magnetic field.Fz56

1
2 solid lines,Fz

56
3
2 dotted lines,Fz56

5
2 dashed lines. DegenerateñQ(F) levels

at B50 T are marked.
2-3
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D(1S3
2
,1 3

2 ,1S3
2
,2 3

2 ) is smaller than D(1P 5
2
,1 3

2 ,1P 5
2
,

2 3
2 ). Another example: the energy differenceD(2S3

2
,

1 1
2 ,2S3

2
,2 1

2 ) is the same asD(2S3
2
,1 3

2 ,2S3
2
,2 3

2 ). This is
because different pairs6Fz of states correspond to two va
lence subbands of different effective masses resulting f
mixed light and heavy hole subbands.

Figure 4 shows the energy levels versus magnetic field
a larger InAs nanocrystal of diameterd516 nm. For the

FIG. 5. The investigated multishell nanocrystals and the co
sponding schematic layouts of conduction-band and valence-b
edges.~a! quantum dot–quantum well,~b! quantum dot–quantum
barrier.

FIG. 6. Several lowest electron energy levels of a InAs~7 nm!/
GaAs~1 nm!/InAs~2 nm! quantum dot–quantum barrier vs magne

field. DegenerateñL levels for B50 T are marked.M50 solid
lines, M561 dotted lines,M562 short dashed lines,M563
dashed lines.
24530
m
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states ofFz56 1
2 the quadratic term in the Hamiltonian no

becomes significant even at laboratory fields, while forFz
5 5

2 the linear term is still dominant, even at fields as stro
as 50 T. The states of a givenFz , that for B50 have a
different number of nodes since they belong to differe
spherical symmetries, evolve in a different way versus
creasing magnetic field. This causes several anticross
well seen in Fig. 4. However, no anticrossings ofFz states
belonging to the same spherical symmetryQF are seen, as is
observed for semiconductor quantum rings.14

B. Quantum dot–quantum barrier

Let us consider a three-layer nanocrystal built of an int
nal InAs core of radius 7 nm, middle GaAs shell of thickne
1 nm, and external InAs clad. Since the forbidden energy
of GaAs is wider than the gap of InAs, the middle shell a
for the conduction-band electrons as a 1-eV barrier sepa
ing two spherical InAs wells.26 The surrounding medium is
modeled by a 4-eV external potential barrier. The system
the corresponding band structure are shown schematical
Fig. 5~b!.

The electron energy levels~versus magnetic field! of two
nanostructures with an external InAs clad of thickness~a! 2
nm and ~b! 3.5 nm are shown in Figs. 6 and 7. Only th
states, which forB50 have energies below the GaAs barrie
are shown~except for the 1G states of the smaller nanocrys
tal that have also been included in Fig. 3!. Since the total
diameters of these nanocrystals are 20 and 23 nm, res
tively, the energy spectrum is similar to the spectrum of
uniform quantum dot studied in the previous section.

For B50 a rearrangement of some energy levels (1D,
2S) and (1F, 2P) with the increasing thickness of the ex

-
nd

FIG. 7. The same as in Fig. 3, but for InAs~7 nm!/GaAs~1 nm!/
InAs~3.5 nm!.
2-4



S
o

fo
in
r

nt
st
he

n-

d.

ed
l
ron
re.
re
ver
the
the
of

f a
s

2

ad

SEMICONDUCTOR NANOCRYSTALS IN A MAGNETIC FIELD PHYSICAL REVIEW B65 245302
ternal shell, reported previously for CdS/ZnS/Cd
nanocrystals,7 is also observed here. Since the radial part
the 2S (2P) state has a node, this state is favorable
building a significant charge density in the external clad
comparison to the nodeless 1D(1F) state. It causes faste
decrease of the energy of the 2S(2P) state when the clad
thickness increases.

On the other hand, since 1D0 and 1F0 states contribute to
the lowest Landau level when the field is on, while 2S0 and
2P0 states contribute to second Landau level, more a
crossing points are observed for the wider-clad nanocry
~Fig. 7!. This is also illustrated in Figs. 8 and 9, where t
contours of the charge densities of the 2S0 and 1D0 states

FIG. 8. InAs~7 nm!/GaAs~1 nm!/InAs~2 nm! quantum dot–
quantum barrier. Charge-density contours of electron statesS0

~top! and 1D0 ~bottom! for B50 T ~left! and B540 T ~right!. z
andr in nm.

FIG. 9. The same as in Fig. 5, but for 3.5-nm external InAs cl
B50 T ~left! before 2S0 and 1D0 levels anticrossing;B540 T
~right! after anticrossing.
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for B50 andB540 T are shown for the cases with a thi
ner and thicker clad, respectively.

Some of the excited states can have, forB50, the maxi-
mum of charge density localized in the external InAs cla
The 1F3 state~of the thicker nanocrystal! is one of the ex-
amples, in which the charge-density maximum is localiz
on a ring (rext ,z'0), whererext is the radius of the externa
clad. A strong enough magnetic field can push the elect
charge density from the external clad to the internal co
This is shown in Fig. 10. For nanocrystals with a larger co
this can happen even for laboratory fields. This crosso
from confinement in the external shell to confinement in
internal core can be used to modify the transition rates in
magneto-optical absorption spectra or binding strength
quantum dot molecules and quantum dot solids.21

C. Quantum dot–quantum well

Let us consider now a three-layer nanocrystal built o
internal barrier acting GaAs core, a middle well acting InA

.

FIG. 10. Charge-density contours of 1F3 state of the larger
quantum dot–quantum barrier system in a magnetic fieldB50, B
550, andB5100 T ~from top to bottom!. z and r in nm. 1-nm
wide GaAs barrier begins atr 57 nm.
2-5
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shell, and an external barrier acting GaAs clad. The radiu
the core is 8 nm, the thickness of the InAs and GaAs shel
2 nm, and the height of the surrounding barrier is 4 eV~from
the bottom of the InAs well!. The system is schematicall
shown in Fig. 5~a!. The electron energy levels versus ma
netic field are shown in Fig. 11.

Although the energy spectrum looks, at first sight, simi
to the ones of the uniform and quantum dot–quantum bar
structures, it differs in the change of the ground state sy
metry with the increase of the magnetic field. Thus forB
,20 T the ground state is 1S0, for 20,B,40 T it is a
1P21 state, for 40,B,60 T it is 1D22, next 1F23, etc.
This behavior is similar to the one observed in tw
dimensional quantum rings.12,14 In both cases, the wav
function of the first state of each symmetryFz ~or M ) has
most of the electron charge density localized in the well~or
ring!. Therefore all such states have similar expectat
value of ^r2& and thus similar quadratic behavior in a ma
netic field. Since atB50 the corresponding energy levels a
close, the linear term in the Hamiltonian causes the prog
sive change of the ground state versus increasing mag
field.

Another interesting feature of this spectrum is that
first two energy levels of each symmetry approach each o
as the magnetic field increases, so that they become al
degenerate at high fields. One can see it for (1S0 , 1P0),
(1P21 , 1D21), (1D22 , 1F22), (1P11 , 1D11) and
(1D11 , 1F11) pairs. Moreover, for very high fields, all th

FIG. 11. Several electron energy levels for a GaAs~8 nm!/
InAs~2 nm!/GaAs~2 nm! quantum dot–quantum well. Degenera

ñL levels forB50 are marked.M50 solid lines,M561 dotted
lines, M562 short dashed lines,M563 dashed lines.
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energy levels contributing to the lowest Landau level gro
into a single level bound below the GaAs barrier. To expla
these effects the contours of charge densities for the pa
states (1S0 , 1P0) at B50 andB5100 T are plotted in Fig.
12.

The 1P0 state has, forB50, a symmetry similar to apz
atomic orbital. The increasing magnetic field tries tosqueeze
the charge into the small Landau orbit, but since it boun
the wide internal GaAs barrier, the charge concentrates
nally in two spots, at which thez axis crosses the well actin
InAs sphere. The same happens to the 1S0 state with the only
difference that the wave function of the 1S0 state has the
same sign in all the space, while the 1P0 state has a noda
plane atz50.

In a very strong magnetic field the Landau states
squeezedso much that only confinement in thez direction
survives from the initial three-dimensional~3D! confinement
in the quantum dot. The resulting confining potential b
comes almost one-dimensional with two narrow~2-nm wide!
wells ~1 eV deep! separated by a wide 16-nm barrier an
(1S0 , 1P0) states being theevenandoddsolutions of such a
double 1D well. Since the 1D well is very narrow, only
single bound state exists below the GaAs barrier edge~see
Fig. 11!. This transformation of one-electron states from u
form charge distribution to a distribution of one-electro
charge on two spatially separated regions may appear in
esting for quantum computing applications.
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FIG. 12. Quantum dot–quantum well. Charge-density conto
of electron state 1P0 ~top! and 1S0 ~bottom! for B50 T ~left! and
B5100 T ~right!. z andr in nm.
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