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Thermodynamical functions for crystals with large unit cells such as zircon, coffinite, fluorapatite,
and iodoapatite from ab initio calculations

J. L. Fleche
Département de Physico-Chimie, CEA-Saclay, 91191 Gif-sur-Yvette Cedex France

~Received 9 November 2001; revised manuscript received 8 April 2002; published 24 June 2002!

We derive thermodynamical functions for some large unit cell ionocovalent crystals from the well known
quasiharmonic free energy model with the help ofab initio calculations. In order to keep the computation time
within reasonable bounds theab initio assessment applies only to the cohesive energy as a function of volume,
Poisson’s ratio, and the harmonic vibration frequencies at theG point for the unit cell at zero static pressure.
These quantities are obtained by solving the electronic Schro¨dinger equation in the framework of the electronic
density functional theory using available packages. Thermal contributions are estimated using the Debye model
for acoustic modes and the extended Gru¨neisen method for optical modes. We have estimated in this way the
thermodynamical functions of some crystals relevant to radioactive waste management such as zircon, coffi-
nite, fluorapatite, and, in the end, iodoapatite, which is able to immobilize129I. For zircon, coffinite, and
fluorapatite for which the main thermodynamical functions are experimentally known, the enthalpy of forma-
tion in standard conditions is determined within 6% of the experimental value, and heat capacities at constant
pressure are well reproduced, within 5%, at any temperature up to the dissociation temperature. For iodoapatite
there are as yet no published experimental thermochemical data to compare to the present theoretical results.

DOI: 10.1103/PhysRevB.65.245116 PACS number~s!: 65.40.2b
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I. INTRODUCTION

Knowledge of thermodynamical functions is essential
study crystal stability and chemical reactivity. They are n
always experimentally known. In this paper, we calcul
these functions for a ionocovalent crystal starting from
free energy modeled at the quasiharmonic approxima
level recalled in Sec. II and with the help ofab initio
calculations,1 in the sense that no adjustable or experimen
parameters enter the calculation. Though theoretically p
sible, a fullab initio calculation is not realistic when the un
cell contains many atoms because the calculation time
comes rapidly too large. We have therefore simplified t
free energy model in order to reduce the overall calculat
time. Simplifications, presented in Sec. III, consist of calc
lating the thermal contributions using a Debye model for
acoustic modes and the extended Gru¨neisen method for op
tical modes. Theab initio calculation part is reduced to th
energy of the static lattice~i.e., each atom occupies its mea
position! as a function of volumeE(V) and, for equilibrium
structure at zero static pressure~denoted with a superscript 0!
normal-mode frequenciesn i

0(G) calculated at theG point
and Poisson’s ratio for uniaxial stresss0 along c. As de-
scribed in Sec. IV,ab initio calculations are performed usin
the DMOL3 code,2 which solves the electronic Schro¨dinger
equation within the electronic density functional theory
the local density approximation~LDA ! and gradient cor-
rected LDA versions.

We have calculated in this way the thermodynami
functions of zircon, coffinite, fluorapatite, and lead vanad
iodoapatite. Results are given in Sec. V. Zircon ZrSiO4 has
been widely studied, in particular as a durable actinide-h
matrix in the framework of radioactive waste manageme3

Its main thermodynamical functions are experimenta
known4–6 and we compare them with our theoretical calc
0163-1829/2002/65~24!/245116~10!/$20.00 65 2451
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lations. According to the literature,7 coffinite USiO4, which
is isostructural to zircon, is one of the mineral phases de
mining uranium solubility in accidental corrosion of nucle
fuel by geological groundwater. However, the thermod
namical functions8,9 of this mineral are not known as well a
those of zircon and therefore give rise to our intere
Apatites10 constitute a family of compounds that are susce
tible of incorporating many chemical elements and in p
ticular some radionuclides after spent fuel reprocess
Fluorapatite Ca5(PO4)3F is the best-known apatite from
thermodynamical point of view.11–13 This makes possible a
comparison between theory and experiment in the same
as for zircon. On the other hand, the thermodynamical fu
tions of the lead vanado-iodoapatite Pb9.85(VO4)6I1.7 synthe-
sized in order to immobilize iodine-129,14–16studied here in
its stoichiometric composition Pb5(VO4)3I, have only par-
tially been measured17 and thus only thermal conductivity
volume thermal expansion, and Young’s modulus are exp
mentally known.

II. THERMODYNAMICAL FUNCTIONS IN THE
QUASIHARMONIC APPROXIMATION

In this section we recall essentials of the free ene
model at the quasiharmonic approximation level. A crys
lattice, containingN cells of n atoms per cell, may be con
sidered as an assembly of 3Nn independent harmonic oscil
lators of frequenciesn i ( i 51, . . . ,3Nn) associated with the
normal-mode vibrations calculated with the harmon
approximation.18 The free energy of the crystal may then b
deduced from statistical mechanics of harmonic oscillato

F5E1kBT(
i 51

3Nn Fxi

2
1 ln~12e2xi !G , ~1!
©2002 The American Physical Society16-1
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with xi5hn i /kBT. T is the absolute temperature,kB and h
being Boltzmann’s and Planck’s constants, respectively
Eq. ~1! E is the energy of the static lattice in which ea
atom occupies its mean position. If the crystal is submitted
a pressure change at constant temperature or to a tempe
change at constant pressure, we consider that the respon
the crystal is only an isotropic change in its volumeV. There-
fore E and n i are to be considered as functions ofV in the
quasiharmonic approximation.19 From the free energy we de
duce entropyS52(]F/]T)V , internal energyU5F1TS,
and heat capacity at constant volumeCV5(]U/]T)V as well
as pressurep52(]F/]V)T and bulk modulus at constan
temperatureB52V(]p/]V)T . The total pressure is give
by

p52
dE

dV
1kBT(

i 51

3Nn
g i

V Fxi

2
1

xi

exi21
G , ~2!

whereg i is the dimensionless quantity called the Gru¨neisen
parameter in the Mie-Gru¨neisen theory:

g i52
d ln n i

d ln V
. ~3!

In Eq. ~2! the first term is defined as the static pressure,
the second one is the dynamic pressure equal to the su
zero point vibrations and thermal pressures. Moreover, o
B is known it is convenient to deduce the coefficient of th
mal expansion at constant pressurea from the productBa
5(]p/]T)V . Finally, the heat capacity at constant press
is obtained from

Cp5CV1TVBa2. ~4!

In a crystal, the Born–von Ka´rmán theory and the Bloch
theorem lead to a classification of the 3Nn vibration frequen-
cies as 3n branchesn i(kW )( i 51, . . . ,3n) for N values of
wave vectorkW in the first Brillouin zone. These 3n frequency
dispersion branches are further divided into three acou
branchesnac,i(kW ) and 3n23 optical branchesnop,i(kW ). In the
free energy equation~1! and the derived quantities we ma
then replace the sum( i 51

3Nn by the double sums( i 51
3 (kW

1( i 54
3n (kW . Finally, for largeN the sum overkW can be con-

verted into an integral over the first Brillouin zone(kW•
→NV/(2p)3*

•
d3k.

From this point and with anab initio code for solid state
materials with periodic structure it should be possible to c
culate both the static energy and the 3n frequency dispersion
branches as a function of volume. From then on the Gr¨n-
eisen parameterg i evaluation should be possible. In practi
this is not feasible because for largen the calculation time
for the frequency dispersion branches and their derivat
with respect to volume becomes prohibitive.

III. SIMPLE TREATMENT OF THERMODYNAMICAL
FUNCTIONS

In order to makeab initio computations tractable we mu
simplify the thermal part of the free energy model presen
24511
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in Sec. II. For this purpose we start by approximating t
frequency dispersion branches forkWÞ0W by the Debye
model20 for the acoustic frequencies,

nac,i~kW !5~v i /2p!k, i 51,2,3 ~5!

wherev i represents the phase velocity of the acoustic vib
tions andk5ukW u, and by the Einstein model for the optica
frequencies,

nop,i~kW !5n i~G!, i 54,3n ~6!

in which n i(G) denotes the frequencies of vibration at theG

point or zone centerkW50W . Subsequently, we replacev1 , v2,
andv3 by a mean velocitŷv&. It is possible to show that due
to Eq. ~5! and the replacement of discrete sums overkW by
integrals the mean velocity must be equal to

3

^v&3
5(

i 51

3
1

v i
3

. ~7!

Next we assume that the first Brillouin zone polyhedron c
be approximated by a sphere of radiuskmax. If V represents
the unit cell volume, thenkmax is given by

kmax5~6p2/V!1/3. ~8!

Consequently the Gru¨neisen parametersg1 , g2, and g3
given by Eq.~3! are all equal to a valuegac called here the
acoustic Gru¨neisen parameter:

gac52V
d ln~^v&kmax!

dV
. ~9!

As for the Grüneisen parametersg i for i 54, . . . ,3n, they are
all taken equal to a valuegop or optical Grüneisen parameter
which will be determined later. To write the thermodynam
cal functions, it is convenient to separate the static quanti
from the dynamic ones, the latter being frequency depend

F5Fsta1Fac1Fop, ~10!

S5Sac1Sop, ~11!

U5Fsta1Fac1TSac1Fop1TSop, ~12!

CV5CVac1CVop, ~13!

p5psta1
gac

V
~Fac1TSac!1

gop

V
~Fop1TSop!, ~14!

B5Bsta1S gac
2

V
1

gac

V
2

dgac

dV D ~Fac1TSac!2T
gac

2

V
CVac

1S gop
2

V
1

gop

V
2

dgop

dV D ~Fop1TSop!2T
gop

2

V
CVop,

~15!

Ba5
gac

V
CVac1

gop

V
CVop, ~16!
6-2
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with

Fsta5E~V!, ~17!

psta52
dE~V!

dV
, ~18!

Bsta5V
d2E~V!

dV2
, ~19!

Fac5NkBTF9

8
xD13 ln~12e2xD!2D~xD!G , ~20!

Fop5NkBT(
i 54

3n Fxi

2
1 ln~12e2xi !G , ~21!

Sac5NkB@4D~xD!23 ln~12e2xD!#, ~22!

Sop5NkB(
i 54

3n F xi

exi21
2 ln~12e2xi !G , ~23!

CVac5NkBF12D~xD!29
xD

exD21
G , ~24!

CVop5NkB(
i 54

3n F ~xi !
2exi

~exi21!2G . ~25!

In these equationsxi5hn i(G)/kBT andD(xD) is the Debye
function defined by

D~xD!5
3

~xD!3E0

xD x3

ex21
dx, ~26!

with xD5QD /T. QD is the Debye temperature given by

QD5h^v&kmax/2pkB . ~27!

To estimate the Debye temperature and the acoustic G¨n-
eisen parameter, we consider an ideal isotropic crystal wh
two vibrations are transverse with the same velocityv1
5v25v t , and the remaining vibration is longitudinal wit
velocity v35v l . The velocitiesv t andv l are given by21

v l5S 3B

r

12s

11s D 1/2

, ~28!

v t5S 3B

2r

122s

11s D 1/2

, ~29!

wheres is Poisson’s ratio for uniaxial stress applied alo
the c axis,

s52
d ln a

d ln c
, ~30!

andr is the mass per unit volume given by
24511
re

r5(
j 51

n

mj /NV, ~31!

wheremj is the atomic mass of atomj andN is Avogadro’s
number. In the following in order to calculate velocitiesv t
and v l we useBsta given by Eq. ~19! in place of B and
Poisson’s ratios0, calculated near the equilibrium structu
at zero static pressure, in place ofs. We obtain

QD5
h

kB
S 9

4pVD 1/3S 3
Bsta

r D 1/2S 12s0

11s0D 1/2

3F112S 222s0

122s0D 3/2G21/3

, ~32!

gac5
3Ksta21

6
, ~33!

with

Ksta5
dBsta

dpsta
. ~34!

To calculate the optical Gru¨neisen parameter we use an e
tension of Mie-Gru¨neisen theory22–24 in which it is assumed
that all optical frequencies are proportional to the square r
of the second derivative of the static energy with respec
Wigner-Seitz radius. In this work we replace the latter by t
cubic root of the unit cell volume. We obtain with thes
assumptions

gop5
V

4

d

dV
ln

d2E~V!

~dV1/3!2
5

9Bsta~Ksta21!12Psta

6~3Bsta22Psta!
. ~35!

The last important simplification pertains to the vibratio
frequencies at theG point. We calculateab initio only those
corresponding to the equilibrium unit cell volumeV0 at zero
static pressure, namelyn i

0(G). To take into account the varia
tion of these frequencies with respect to volume in the qu
harmonic approximation we use the definition Eq.~3! of the
optical Grüneisen parameter and its expression given by
~35!. We obtain

n i~G!5n i
0~G!S V

V0D 1/6S Bsta

B0 D 1/2S 12
2

3

psta

Bsta
D 1/2

, ~36!

whereB0 represents the bulk modulus Eq.~19! at zero static
pressure.

The volume at given temperature and pressure is an in
variable in the calculation of thermodynamical functio
which can be computed by an iterative process. Knowing
analytical relationship for the total static energy as a funct
of volumeE(V) from a fit to a fewab initio calculations we
computeV0, E0, B0, andK0 in an initial step. In the second
step we computegac, gop, andQD knowings0, from which
D(xD), Fac, and Sac calculations are possible. Knowin
n i

0(G) we can calculateFop andSop and obtain finally a new
value of V with Eq. ~14!. This second step is carried ou
6-3
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again until the unit cell volume calculation is converged. F
this volume F, S, U, CV , B, a, and Cp calculations are
straightforward.

IV. ab initio CALCULATIONS

The ab initio calculations are carried out with theDMOL3

code,2 which is a first-principles quantum chemistry so
ware. DMOL3 calculates variational self-consistent solutio
to the density functional theory equations~DFT!, expressed
in a numerical atomic orbitals basis given on an ato
centered set of grid points. TheDMOL3 method is described
extensively elsewhere.25 In the DMOL3 code the total energy
and forces acting on the atoms are calculated in
Perdew-Wang26 local density approximation~LDA ! for the
exchange and correlation energy. In our applications, in o
to reduce the computational cost and to take into accoun
relativistic effects that concern mostly the uranium, lead, a
iodine atoms, calculations are carried out with the relativis
effective core potential method28 in which the core electrons
are gathered into a single analytical representation.DMOL3

performs calculations using periodic boundary conditio
However, the one-particle Schro¨dinger equation is solved
only for theG point and no information is available at all a
to the band structure elsewhere in the Brillouin zone. Clea
this can be accurate only for large unit cells for which
wave vectors in the first Brillouin zone are sufficiently sma
Otherwise a supercell containing several crystal unit c
must be used in theab initio calculation.

The static energy for a given volumeE(V) is obtained by
minimizing the total energy of the proposed structures w
respect to both atomic coordinates and cell parameters. C
sidering that the crystal systems studied are tetragona
zircon and coffinite and hexagonal for the fluoapatites a
iodoapatites we have performed these minimizations w
respect toc/a and atom coordinates for a given unit ce
volume. This step is repeated for a few values of the unit
volume near the experimental equilibrium value. Th
method yields crystal parameters and atom coordinate
functions of the unit cell volume. We then fit theseE(V)
theoretical values to an integrated equation of state. The m
common ones are those proposed by Murnaghan,29 Birch,30

and Vinetet al.31 In this work we have used the latter,

Ecoh~V!5Ecoh
0 @12h~12x!#exp@h~12x!#, ~37!

where x5(V/V0)1/3. The cohesive energyEcoh(V) is ob-
tained by subtracting from the static lattice energyE(V) the
sum of atomic ground-state energies including spin polar
tion. Ecoh

0 is defined as the cohesive energy of the equilibri
structure at zero static pressure. In Eq.~37! the parameterh
is related toB0 andK0 by

B05h2
Ecoh

0

9V0
, ~38!

K05
2

3
h11. ~39!
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Knowledge ofV0, Ecoh
0 , and h is enough to construct the

Vinet et al. integrated equation of state and to analytica
derive the quantities given by Eqs.~17!–~19! and~32!–~36!.

The G point harmonic vibrational frequencies are com
puted with the DMOL3 code by diagonalizing the mass
weighted second-derivative Hessian matrix. The matrix e
ments are

1

Amimj

]2E
]qi]qj

. ~40!

Here,E is the total energy,qi and qj are two Cartesian co
ordinates of two atoms with massesmi andmj . The square
roots of the eingenvalues of this matrix are the harmo
frequencies.DMOL3 computes the second derivatives nume
cally by finite differences of the first derivatives obtained
displaced geometries and calculated analytically. Poiss
ratio s0 is obtained by numerical differentiation according
Eq. ~30! using a calculated as function ofc by minimizing
the total energy near equilibrium valuesa0 and c0 at zero
static pressure. In fact it is not necessary to carry out n
DMOL3 runs, those made to obtain the equation of state be
sufficient to evaluate numericallys0.

V. RESULTS AND DISCUSSION

In order to compare theory and experience we have
culated the thermodynamical functions at the reference p

FIG. 1. Theoretical energy-volume relationship based on a
with the Vinetet al. ~Ref. 31! integrated equation of state for zirco
~dotted line! and coffinite~solid line!. The open circles for zircon
and the closed circles for coffinite are the theoretically calcula
values with theDMOL3 code in DFT/LDA.Ecoh

0 is given in Table II.

TABLE I. Standard enthalpies of formation~kcal/mol! ~Ref. 4!
of the chemical species in the gas state used in this work at 29
K and one atmosphere.

Chemical Chemical
species D fH298.15 K

+ species D f H298.15 K

+

O 59.553 Si 108.9
P 75.20 Ca 42.6
V 122.90 Zr 145.5
I 25.535 Pb 46.6
U 128.0 F 18.88
6-4
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sure of one atmosphere using the iterative process desc
at the end of Sec. III. Knowledge of the internal energyU,
the pV term, and the entropyS leads to the enthalpy incre
ment HT

+ 2H298.15 K
+ and the entropy incrementST

+

2S298.15 K
+ between any temperatureT and the reference

temperature 298.15 K. Note that the free enthalpy increm
GT

+ 2G298.15 K
+ can be deduced from the latter two and t

S298.15 K
+ value. In these expressions, the superscripts

means that the substance is in its standard state. To calc
the standard enthalpy of formationD fHT

+ of the crystal we
use Hess’s law, which states that the overall enthalpy cha
in a chemical reaction is the same whether it takes plac
one step or in several steps. Take zircon as an example
sides the reaction of formation from its chemical compone
in their standard states we consider the reactions of subl
tion for zirconium and silicon and dissociation of oxygen
atomic gas phase followed by the reaction of formation
zircon from these gases, which is the reversed reactio
sublimation:

Zrcrystal1Sicrystal12O2
gas→ZrSiO4

crystal

↘ ↗

Zrgas1Sigas14Ogas

FIG. 2. Theoretical infrared spectrum for zircon~dotted line!
and coffinite~solid line!. The peak shape is Lorentzian. Widths ha
been arbitrarily set to 10 cm21.

TABLE II. Calculated parameters for zircon and coffinite at ze
static pressure.

Parameters Zircon Coffinite

Ecoh
0 ~LDA ! ~eV/molecule! 47.8 47.9

Ecoh
0 ~GGA! ~eV/molecule! 42.3 42.6

V0 (Å3/molecule) 64.9 74.1
h 4.327 4.221
B0 ~GPa! 245.0 205.0
K0 3.88 3.81
a0 (Å) 6.491 6.842
c0 (Å) 6.168 6.333
v0 0.060 0.066
w0 0.206 0.213
s0 0.270 0.337
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Applying Hess’s law to these reactions, we obtain at te
peratureT

D fHT
+ ~ZrSiO4!5DsublHT~Zr!1DsublHT~Si!

12DdissHT~O2!2DsublHT~ZrSiO4!,

~41!

whereDsublHT(ZrSiO4) is the sublimation enthalpy of zircon
defined by

DsublHT~ZrSiO4!5HT~Zrgas!1HT~Sigas!14HT~Ogas!

2HT~ZrSiO4
crystal!. ~42!

Enthalpies of sublimation and dissociation of pure chemi
components in their standard state are known4 and reported
in Table I at the reference temperature 298.15 K. To calcu
D fHT

+ (ZrSiO4) we only needDsublHT(ZrSiO4), which can be
obtained with the help of Eqs.~12! and ~14!, the Ecoh(V)
definition, and the properties of the calorically perfect g
We find for D fHT(ZrSiO4) and in general for a crystal with
n atoms per unit cell

FIG. 3. Theoretical enthalpy and entropy increment vs tempe
ture for zircon ~dotted line! and coffinite ~solid line!. The open
circles are measurements for zircon~Ref. 5!.

FIG. 4. Theoretical heat capacity at constant pressure vs t
perature for zircon~dotted line! and coffinite~solid line!. The open
circles are measurements for zircon at low temperature~Ref. 6! and
high temperature~Ref. 5!.
6-5
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DsublHT5Ecoh2pstaV1
5

2
nNkBT2NkBT

3F ~gac11!S 9

8
xD13D~xD! D

1~gop11!(
i 54

3n S xi

2
1

xi

exi21
D G . ~43!

The equilibrium structure at zero static pressure and
lated ab initio quantitiesV0, Ecoh

0 , B0, K0, n i
0(G), ands0

are calculated in the LDA approximation. In addition to th
we have carried out a single point energy calculation in
Perdew-Wang27 generalized gradient approximation~GGA!
for the equilibrium structure obtained in the LDA approx
mation. In the following when stated ‘‘GGA-corrected LDA
Ecoh(V) must be understood as

Ecoh~V!5Ecoh~V!~LDA !2Ecoh
0 ~LDA !1Ecoh

0 ~GGA!.
~44!

TABLE III. Regression coefficients to fit with Eq.~45! the the-
oretical heat capacity at constant pressure of coffinite as show
Fig. 4.

k0 k1 k2 k3 Relative error~%!

43.6460 -238.174 -426686.0 2.915783107 0.3a

aMaximum absolute percent deviation of theoreticalCp
+ .

TABLE IV. Calculated using GGA-corrected LDA and mea
sured structural, elastic parameters, and thermochemical prope
of zircon at 298.15 K. See text for the definition of symbols.
compare the experimental and calculated values of the Gru¨neisen
parameterg we use the expressiong5BaV/Cv . The Debye tem-
perature calculated with Eq.~32! must be multiplied byn1/3 to
compare with the literature value~see Ref. 20!.

Experiment Calculated
Relative
error ~%!

V (Å3/molecule) 65.3a 65.6 0.5
a (Å) 6.607a 6.5139 1.4
c (Å) 5.982a 6.187 3.4
gac 1.80
gop 1.46
g 1.08b 1.46 35.0
QD (K) 724.0b 784.0 8.3
B (GPa) 228.0b 237.0 4.0
a (1025/K) 1.2 b 1.6 33.0
D fH298.15 K

+ (kcal/mol) -486.0c -457.0 6.0
H298.15 K

+ 2H0
+ (kcal/mol) 3.56c 3.95 11.0

S298.15 K
+ (cal/mol K) 20.1c 23.1 15.0

Cp
+ (cal/mol K) 23.6c 24.6 4.2

aReference 32.
bReference 35.
cReference 4.
24511
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This shift of Ecoh(V) does not affect the derivatives o
Ecoh(V) with respect to volume. We have observed that g
dient corrections lead to a significant improvement in form
tion or sublimation enthalpy calculations.

Zircon32 and coffinite33 are two isomorphic tetragona
structures with theI41 /amd space group. The internal pa
rameters are the atomic oxygen positionv andw in relative
coordinates. The theoretical energy-volume relationship is
lustrated in Fig. 1 for both compounds. The cohesive ene
Ecoh and the unit cell volumeV are given per molecular unit
In Table II, we list zircon and coffinite cohesive energy, vo
ume, and elastic parameters at zero static pressure as
duced from the Vinetet al. equation of state, Eq.~37!. In
addition we give the structural parametersa0 andc0 and the
internal parametersv0 andw0 as well as Poisson’s ratios0.
From these static parameters and the harmonic vibratio
frequencies at theG point, which are displayed Fig. 2 in th

in

ies

TABLE V. Calculated using GGA-corrected LDA and measur
structural and elastic parameters and thermochemical propertie
coffinite at 298.15 K. See text for definition of symbols. To com
pare the experimental and calculated values of the Gru¨neisen pa-
rameterg we use the expressiong5BaV/Cv . The Debye tempera-
ture calculated with Eq.~32! must be multiplied byn1/3 to compare
with the literature value~see Ref. 20!.

Experiment Calculated
Relative
error ~%!

V (Å3/molecule) 76.6a 74.8 2.3
a (Å) 6.995a 6.869 1.8
c (Å) 6.263a 6.345 1.3
gac 1.42
gop 1.76
g 1.42
QD (K) 452.0
B (GPa) 199.0
a (1025/K) 1.7
D fH298.15 K

+ (kcal/mol) -476.0b -483.2 1.5
H298.15 K

+ 2H0
+ (kcal/mol) 4.6

S298.15 K
+ (cal/mol K) 28.2b 29.7 5.3

Cp
+ (cal/mol K) 26.2

aReference 33.
bReference 9.

TABLE VI. Relative positions of not equivalent atoms in th
primitive cell for Pb9.85(VO4)6I1.70 ~Ref. 14!. Positions in parenthe-
ses are imposed by the symmetry operations.

x y z

Pb1 0.3333~1/3! 0.6666~2/3! -0.010
Pb2 0.0015 0.2653 0.2779~1/4!

O1 0.5 0.336 0.25~1/4!

O2 0.477 0.601 0.25~1/4!

O3 0.268 0.358 0.069
V 0.3816 0.4100 0.25~1/4!

I 0.030 ~0! 0.024~0! -0.023
6-6
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infrared spectrum shape, we can calculate the thermodyn
cal functions versus the temperature from 0 K up to thedis-
sociation temperature evaluated at 1973 K for zircon.34 For
coffinite this temperature is unknown to us. The calcula
and measured thermochemical functions are shown in Fig
and 4. To fit the theoretical heat capacity at constant pres
it is convenient to use the following regression law:38

Cp
+ 5k01k1T20.51k2T221k3T23, ~45!

wherek1 andk2 are constrained to be less than or equal
zero. Values ofk0 , k1 , k2, andk3 for coffinite are given in
Table III. For the sake of comparison we give in Tables
and V, for zircon and coffinite, respectively, the calculat
and measured values of structural and elastic paramete
well as the main thermochemical properties at 298.15
Note that without GGA corrections in theEcoh

0 calculation we
would obtainD fH298.15 K

+ 52584 kcal/mol for zircon and
D fH298.15 K

+ 52605 kcal/mol for coffinite: GGA corrections
lead to a better agreement with experiment.

Fluorapatite36 has a hexagonal structure with theP63 /m
space group. Lead vanadoiodoapatite14 can be also indexed
in this hexagonal system. In Table VI we give the relati
positions of the atoms in the primitive cell fo
Pb9.85(VO4)6I1.70 and, in parentheses, the relative positio
imposed by the symmetry operations. We see that the
atom Pb2 is out of the planez51/4 and the iodine atom is

FIG. 5. Theoretical energy-volume relationship based on a
with the Vinetet al. ~Ref. 31! integrated equation of state for fluo
rapatite~dotted line! and iodoapatite~solid line!. The open circles
for fluorapatite and the closed circles for iodoapatite are result
the DMOL3 code in DFT/LDA.Ecoh

0 is given in Table V.

TABLE VII. Calculated parameters for fluorapatite and iodo
patite at zero static pressure.

Parameters Fluorapatite Iodoapatite

Ecoh
0 (LDA) (eV/molecule) 139.83 124.90

Ecoh
0 (GGA) (eV/molecule) 123.46 117.92

V0 (Å3/molecule) 251.1 367.2
h 3.342 2.781
B0 (GPa) 110.7 46.8
K0 3.23 2.85
a0 (Å) 9.2361 10.483
c0 (Å) 6.7971 7.716
s0 0.344 0.368
24511
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not on thez axis. This apatite is not stoichiometric and co
tains some vacancies that can explain this disorder.14 In order
to make ab initio calculations tractable we have built a
‘‘ideal’’ lead vanadoiodoapatite in which these shifted atom
are put back into their ideal positions:z(Pb2)50 andx(I)
5y(I) 5z(I) 50. Figure 5 shows the theoretical energ
volume relationship for both compounds. The cohesive
ergyEcoh and the unit cell volumeV are given per molecula
unit. In Table VII we list for fluorapatite and ‘‘ideal’’ iodoa-
patite the cohesive energy, the volume, and the elastic
rameters at zero static pressure deduced from the Vinetet al.
equation of state, Eq.~37!. In addition we give the structura
parametersa0 andc0 and the Poisson’s ratios0. From these
static parameters and the harmonic vibrational frequencie
the G point, which are displayed Fig. 6 in the infrared spe
trum shape, we can calculate the thermodynamical functi
versus temperature from 0 to 1600 K for fluorapatite and
800 K ~Refs. 14 and 17! for iodoapatite. The calculated an
measured thermochemical functions are shown in Figs. 7
8. Cp regression coefficientsk0 , k1 , k2, andk3 for iodoapa-
tite are shown in Table VIII. We give in Tables IX and X, fo
fluorapatite and iodoapatite, respectively, the theoretical
sults and the experimental values of structural and ela
parameters as well as the main thermochemical propertie
298.15 K. As for zircon and coffinite the use of gradie
corrections in Eq.~44! leads to a much improved agreeme
between standard enthalpies.

t

of

FIG. 6. Theoretical infrared spectrum for fluorapatite~dotted
line! and iodoapatite~solid line!. The peak shape is Lorentzian
Widths have been arbitrarily set to 10 cm21.

FIG. 7. Theoretical enthalpy and entropy increment vs tempe
ture for fluorapatite~dotted line! and iodoapatite~solid line! calcu-
lated using GGA-corrected LDA. The open circles are experime
values for fluorapatite~Ref. 6!.
6-7
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J. L. FLECHE PHYSICAL REVIEW B 65 245116
Figures 3 and 4 for zircon and Figs. 7 and 8 for fluorap
tite show good agreement between theory and experimen
these two compounds: less than 5% difference at any t
perature for enthalpy and entropy increments as well as
heat capacity at constant pressure. This result is quite
markable, particularly at high temperature where anharmo
effects in the thermodynamical functions are surprisin
well evaluated with this simple treatment. This is likely
give faith in the results obtained for coffinite and iodoapat
As regards the results at 298.15 K presented in Tables IV
IX the agreement is good for the standard enthalpies of
mation~less than 6%! and for the structural parameters~less
than 3.5%!. These results could be improved by using mo
kW points of the first Brillouin zone to calculate the cohesi
energy-volume relationship, but at the expense of extra c
putation time. The largest discrepancies between theore
and experimental results are obtained for the thermal exp
sion coefficient~33%! and to a lesser extent for the bu
modulus. The latter is usually overestimated in DFT LDA

Equations~22!–~25! show that the thermally activate
phonons are responsible for entropy and heat capacity at
stant volume and Eqs.~14!–~16! show that anharmonicity
taken into account here through Gru¨neisen parameters is re
sponsible, in part or in full, for total pressure, bulk modul
at constant temperature, the coefficient of thermal expans
and the heat capacity at constant pressure. However, t
thermal and anharmonic contributions only play a minor r
in the absolute value of the thermochemical functions
compared with the static contribution. From this point
view we examine in Table XI the standard enthalpy of fo
mation at 298.15 K for the proposed compounds. In the fi
column we have reported the standard enthalpy of forma

TABLE VIII. Regression coefficients to fit with Eq.~45! the
theoretical heat capacity at constant pressure of iodoapatit
shown in Fig. 8.

k0 k1 k2 k3

Relative
error ~%!

147.887 -570.178 -1.389983106 1.482103108 0.03a

aMaximum absolute percent deviation of theoreticalCp
+ .

FIG. 8. Theoretical heat capacity at constant pressure vs
perature for fluorapatite~dotted line! and iodoapatite~solid line!.
The open circles are experimental values for fluorapatite at
temperature~Ref. 5! and high temperature~Ref. 6!.
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TABLE IX. Calculated using GGA-corrected LDA and mea
sured structural, elastic parameters and thermochemical prope
of fluorapatite at 298.15 K. See text for definition of symbols.
compare the experimental and calculated values of the Gru¨neisen
parameterg we use the expressiong5BaV/Cv . The Debye tem-
perature calculated with Eq.~32! must be multiplied byn1/3 to
compare with the literature value~see Ref. 20!.

Experiment Calculated
Relative
error ~%!

V (Å3/molecule) 261.54a 255.0 2.5
a (Å) 9.367a 9.291 0.8
c (Å) 6.884a 6.823 0.9
gac 1.48
gop 1.13
g 1.22 1.15 5.7
QD (K) 485.0
B (GPa) 85.6b 106.3 24.0
a (1025/K) 3.4 c 2.6 23.0
D fH298.15 K

+ (kcal/mol) -1630.8d -1587.4 2.7
H298.15 K

+ 2H0
+ (kcal/mol) 15.17e 14.99 1.2

S298.15 K
+ (cal/mol K) 92.8e 92.96 0.2

Cp
+ (cal/mol K) 89.9e 88.5 1.6

aReference 36.
bReference 37.
cReference 13.
dReference 11.
eReference 12.

TABLE X. Calculated using GGA-corrected LDA and measur
structural and elastic parameters and thermochemical propertie
iodoapatite at 298.15 K. See text for definition of symbols. To co
pare the experimental and calculated values of the Gru¨neisen pa-
rameterg we use the expressiong5BaV/Cv . The Debye tempera-
ture calculated with Eq.~32! must be multiplied byn1/3 to compare
with the literature value, see Ref. 20. Young’s modulus is dedu
from calculatedB ands0 usingE53(122s0)B, see Ref. 21.

Experiment Calculated
Relative
error ~%!

V (Å3/molecule) 355.06a 373.76 5.3
a (Å) 10.447a 10.567 1.1
c (Å) 7.513a 7.729 2.9
gac 1.29
gop 0.94
g 0.94
QD (K) 178.0
B (GPa) 44.9
E (GPa) 26.0b 35.6 37.0
a (1025/K) 1.0 b 4.1
D fH298.15 K

+ (kcal/mol) -1298.5
H298.15 K

+ 2H0
+ (kcal/mol) 21.48

S298.15 K
+ (cal/mol K) 162.36

Cp
+ (cal/mol K) 104.85

aReference 14.
bReference 17.

-

w
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TABLE XI. Standard enthalpy of formation~kcal/mol! at 298.15 K calculated using GGA-correcte
LDA: without dynamical effects~subscript sta! ~i.e., neglecting vibrations!, then with dynamical effects bu
without anharmonicity (gac5gop50), next with both contributions. The last column contains the experim
tal values.

D fHsta
+ D fH298.15 K

+ (gac5gop50) D fH298.15 K
+ D fH298.15 K

+ (expt.)

Zircon -482.1 -456.938 -456.947 -486.0a

Coffinite -507.5 -483.200 -483.195 -476.0b

Fluorapatite -1674.9 -1587.374 -1587.390 -1630.8c

Iodoapatite -1377.3 -1298.607 -1298.471

aReference 4.
bReference 9.
cReference 11.
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~calculated using GGA-corrected LDA! corresponding to the
static lattice, i.e., neglecting thermal contributions as well
zero point vibration energy and anharmonicity. If we co
pare this value to calculated standard enthalpy of forma
at 298.15 K, we find that whatever the compound the
namic contribution accounts for at most 6% of the total. T
is comparable to the difference between theory and exp
ment ~less than 6%) and to a lesser extent to the disper
range of the experimental results as reported
fluorapatite.11

In the same way, we can estimate the contribution du
anharmonicity by comparing the enthalpy of formation
298.15 K calculated without anharmonicity (gac5gop50)
reported in second column to the calculated standard
thalpy of formation at 298.15 K. For all compounds anh
monicity generates a very small contribution, from 0.001
to 0.01% of the calculated standard enthalpy of formation
298.15 K. These orders of magnitude justifya posteriorithe
rather crude approximations used in the treatment of an
monicity. On the other hand, it would not be advisable
neglect anharmonicity altogether since its evaluation is v
cheap and it might turn out to be a more important contri
tion in materials other than those studied here.

The remaining difference between theory and experim
as for standard enthalpies of formation may be aqually att
uted to both theory~exchange correlation functional an
In

,

.
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Brillouin zone coverage! and measurements~quality of the
crystals used in the measurement!. As far as thermal expan
sion is concerned, we feel that there is a need to refine
theory if we hope to improve the agreement.

VI. SUMMARY AND CONCLUSIONS

We have calculated the thermodynamical functions in
quasiharmonic approximation usingab initio calculations for
some crystals with large unit cells such as zircon and fluo
patite. To derive these functions we have simplified the th
mal contributions using the Debye model for acous
phonons and the extended Gru¨neisen method for optica
phonons and finally reduced theab initio calculation part to
a few static quantities obtained at zero static pressure. Th
crystals are well known from a thermodynamical point
view, thereby allowing comparison between theoretical a
experimental results. Theory and experiment agree to wi
6% for standard enthalpies of formation and to within 5
for heat capacities at constant pressure, which shows tha
model is very satisfactory for these properties. The limits
the model are reached with the coefficient of thermal exp
sion, for which the difference is about 33%. This model w
used to evaluate the thermodynamical functions of coffin
and lead vanadoiodoapatite, which have not yet or only p
tially been measured.
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