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Thermodynamical functions for crystals with large unit cells such as zircon, coffinite, fluorapatite,
and iodoapatite from ab initio calculations
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We derive thermodynamical functions for some large unit cell ionocovalent crystals from the well known
qguasiharmonic free energy model with the helmbfinitio calculations. In order to keep the computation time
within reasonable bounds tlad initio assessment applies only to the cohesive energy as a function of volume,
Poisson’s ratio, and the harmonic vibration frequencies aftipeint for the unit cell at zero static pressure.
These quantities are obtained by solving the electronic Slager equation in the framework of the electronic
density functional theory using available packages. Thermal contributions are estimated using the Debye model
for acoustic modes and the extended i@&isen method for optical modes. We have estimated in this way the
thermodynamical functions of some crystals relevant to radioactive waste management such as zircon, coffi-
nite, fluorapatite, and, in the end, iodoapatite, which is able to immobifide For zircon, coffinite, and
fluorapatite for which the main thermodynamical functions are experimentally known, the enthalpy of forma-
tion in standard conditions is determined within 6% of the experimental value, and heat capacities at constant
pressure are well reproduced, within 5%, at any temperature up to the dissociation temperature. For iodoapatite
there are as yet no published experimental thermochemical data to compare to the present theoretical results.
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. INTRODUCTION lations. According to the literaturecoffinite USiQ,, which
is isostructural to zircon, is one of the mineral phases deter-
Knowledge of thermodynamical functions is essential tomining uranium solubility in accidental corrosion of nuclear
study crystal stability and chemical reactivity. They are notfuel by geological groundwater. However, the thermody-
always experimentally known. In this paper, we calculatenamical function%® of this mineral are not known as well as
these functions for a ionocovalent crystal starting from thethose of zircon and therefore give rise to our interest.
free energy modeled at the quasiharmonic approximatiodpatites® constitute a family of compounds that are suscep-
level recalled in Sec. Il and with the help @b initio  tible of incorporating many chemical elements and in par-
calculations; in the sense that no adjustable or experimentaficular some radionuclides after spent fuel reprocessing.
parameters enter the calculation. Though theoretically pod=luorapatite Cg(PQy)sF is the best-known apatite from a
sible, a fullab initio calculation is not realistic when the unit thermodynamical point of vied: ™2 This makes possible a
cell contains many atoms because the calculation time bé&omparison between theory and experiment in the same way

comes rapidly too large. We have therefore simplified this2S for zircon. On the other hand, the thermodynamical func-

free energy model in order to reduce the overall calculatior'onS ©f the lead vanado-iodoapatiteqBiVOy)sl . 7 synthe-

. . . . . ~16 N .
time. Simplifications, presented in Sec. lll, consist of calcu—ﬁ'm(tj Iinr?irdn?rttr(i) |mmn(])b|llzi;3i |(;d|ne-é2é,l r?tli/dlednlhere Irn
lating the thermal contributions using a Debye model for the > Stolchiometric Cga position BB/O,)sl, have only par-
acoustic modes and the extended @risen method for op- tially been measured and thus only thermal conductivity,

. L ; . volume thermal expansion, and Young’s modulus are experi-
tical modes. Theab initio calculation part is reduced to the P 9 P

. - T mentally known.
energy of the static latticg.e., each atom occupies its mean
position as a function of volumé&(V) and, for equilibrium
structure at zero static pressudenoted with a superscripj 0 Il. THERMODYNAMICAL FUNCTIONS IN THE
normal-mode frequenciesio(l“) calculated at thd™ point QUASIHARMONIC APPROXIMATION
and Poisson’s ratio for uniaxial stres€ along c. As de- ) , )
scribed in Sec. IVab initio calculations are performed using N this section we recall essentials of the free energy
the pmMoL® code? which solves the electronic Schiager model at the quasiharmonic approximation level. A crystal

equation within the electronic density functional theory in'attice, containingN cells of n atoms per cell, may be con-
the local density approximatiolLDA) and gradient cor- sidered as an as;embly oN® independent hgrmomc_: oscil-
rected LDA versions. lators of frequencies; (i=1,...,3n) associated with the
We have calculated in this way the thermodynamicalnormal'mOde 8vibrations calculated with the harmonic
functions of zircon, coffinite, fluorapatite, and lead vanado-2PProximation’” The free energy of the crystal may then be
iodoapatite. Results are given in Sec. V. Zircon ZrSt@s deduced from statistical mechanics of harmonic oscillators:

been widely studied, in particular as a durable actinide-host

matrix in the framework of radioactive waste managenient. 3NN
Its main thermodynamical functions are experimentally F= E+kBT2 —i+In(1—e‘Xi) 1)
knowrf~® and we compare them with our theoretical calcu- =12 '
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with x;=hv;/kgT. T is the absolute temperaturez andh  in Sec. Il. For this purpose we start by approximating the
belng Boltzmann's and Planck’s constants, respectlvely |ﬂrequency d|spers|on branches fm;to by the Debye
Eqg. (1) E is the energy of the static lattice in which each modeFo for the acoustic frequenc|es

atom occupies its mean position. If the crystal is submitted to

a pressure change at constant temperature or to a temperature ,,aci(ﬁ) =(vil2m)k, =123 (5)
change at constant pressure, we consider that the response of

the crystal is only an isotropic change in its volumeThere- wherev; represents the phase velocity of the acoustic vibra-
fore E and »; are to be considered as functions\bin the  tions andk= k|, and by the Einstein model for the optical
quasiharmonic approximatidi From the free energy we de- frequencies,
duce entropyS= —(dF/dT)y, internal energyU=F+TS, R _
and heat capacity at constant volufg= (dU/JT)y as well vopi(K)=2i(I"), 1=4,3n (6)

as pressurp=—(JF/dV)r and bulk modulus at constant j, which 1,(I') denotes the frequencies of vibration at fhe

LemperatureB —=V(dp/dV)t. The total pressure is given point or zone centek=0. Subsequently, we replacg., v,,
y andv 3 by a mean velocityv). It is possible to show that due

dE 3Nn X: X: to Eq. (5) and the replacement of discrete sums okesy

p=— d\/JrkBTE 2' eXiLl , (2)  integrals the mean velocity must be equal to
3
wherey, is the dimensionless quantity called the @eisen i:z i 7
parameter in the Mie-Gneisen theory: () =10d
dinw, Next we assume that the first Brillouin zone polyhedron can

Y= TNy (3 be approximated by a sphere of radkys,,. If V represents

the unit cell volume, thewk,, iS given by
In Eq. (2) the first term is defined as the static pressure, and e 2N A3
the second one is the dynamic pressure equal to the sum of Kiax= (677/V) ™. )
zero point vibrations and thermal pressures. Moreover, onc€onsequently the Gneisen parameters;, v,, and vy,
B is known it is convenient to deduce the coefficient of ther-given by Eq.(3) are all equal to a valug, called here the
mal expansion at constant pressuardrom the producBa acoustic Groeisen parameter:
=(opl/dT)y . Finally, the heat capacity at constant pressure
is obtained from dIn({v)Kmay)

Yac— — T av 9

Cp=Cy+TVBa?. (4) - .

As for the Gruneisen parameteng fori=4, ... 3, they are

all taken equal to a valug,, or optical Grineisen parameter,
which will be determined later. To write the thermodynami-
cies as & branchesy;(K)(i=1,...,3) for N values of cal functions, it is convenient to separate the static quantities

wave vectok in the first Brillouin zone. Theser8frequency ~ from the dynamic ones, the latter being frequency dependent:
dispersion branches are further divided into three acoustic

In a crystal, the Born—von Kenan theory and the Bloch
theorem lead to a classification of thil8 vibration frequen-

~ X . F=Fgat Fact Fop, (10
branches,;(k) and n—3 optical branches;(k). In the
free energy equatiofil) :;1’519 the derived quantities We may S=S.c+Sop (12)
then replace the sunx;Z; by the double sum§ 12k
+33", 5. Finally, for IargeN the sum ovek can be con- U=Fgat Fact TSyt Fopt TS, (12
verted into an integral over the first Brillouin zongy.
—>NV/(27T)3f,d3k. Cv=Cvyact CVopv (13

From this point and with a@b initio code for solid state

materials with periodic structure it should be possible to cal- _ Yac Yop

. _ _ =Petat — (Fact TS0+ o (Fopt T 14
culate both the static energy and the Bequency dispersion P=Psat (Fact TS ( ot TS, (149
branches as a function of volume. From then on thenGru
eisen parametey; evaluation should be possible. In practice ygc Vac

=Bgtat

dya 7ac
this is not feasible because for largethe calculation time vV av )(FacJFTSaQ T~/ Cvac

for the frequency dispersion branches and their derivatives

with respect to volume becomes prohibitive. yip Yop dyop yop
+ v + v (Fop+ TS)p) T— CVOpv
Ill. SIMPLE TREATMENT OF THERMODYNAMICAL (15)
FUNCTIONS
In order to makeab initio computations tractable we must Ba= 7’_acC " @C (16)
simplify the thermal part of the free energy model presented vy TVact oy mVop
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with
Fsta=E(V), (17)
dE(V)
pstaz_W1 (18)
d’E(V)
Bsta:VW' (19)
9
Fac:NkBT §XD+3 In(l_eixD)_D(XD) [} (20)
3n
X _
Fop=Nke T, S +in(1-e7)|, (21)
i=4
S.c=NKkg[4D(xp)—3 In(1—e*0)], (22
3n X
Sop=NK ——In(1-e 7)), 23
op=Nke 2, | = —In(1-e ™) (23
Xp
Cvac=Nkg| 12D (xp)—9 ) (24)
eo—1
3n 2 X
(x;) e
CVop:NkBi:E4 (eXIT)Z . (25)

In these equationg;=hv;(I")/kgT andD(Xxp) is the Debye
function defined by

D(xo) 3 fXD x3 q
Xp) = X,
P (xp)3Jo e—1

with xp=0,/T. O is the Debye temperature given by

(27)

(26)

®D:h<v>kmaX/27TkB .

To estimate the Debye temperature and the acoustio-Gru
eisen parameter, we consider an ideal isotropic crystal whe

two vibrations are transverse with the same veloaity

=v,=v, and the remaining vibration is longitudinal with

velocity vg=v,. The velocitiesv, andv, are given bg*
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n
p= 21 m; IAV, (31)
i<

wherem; is the atomic mass of atojnand V' is Avogadro’s
number. In the following in order to calculate velocities
and v, we useBg, given by Eq.(19) in place of B and
Poisson’s ratiar?, calculated near the equilibrium structure
at zero static pressure, in place @f We obtain

:i g |13 3% 1/2 12
D™ kgl 4mV p

1-¢°

1+ 09

Pl e (32)
1-20° ,
3K 1 - 1
Y= (33)
with
d Bsta
ST (34)

To calculate the optical Gneisen parameter we use an ex-
tension of Mie-Grmeisen theord?~?*in which it is assumed
that all optical frequencies are proportional to the square root
of the second derivative of the static energy with respect to
Wigner-Seitz radius. In this work we replace the latter by the
cubic root of the unit cell volume. We obtain with these
assumptions

_V d | dZE(V) . 9Bsid Ksta= 1) + 2Py
Y02 AV (VB2 6(3Bya 2Pud

(39

The last important simplification pertains to the vibration
frequencies at th& point. We calculatab initio only those
corresponding to the equilibrium unit cell volurk@ at zero
static pressure, nameia?(l“). To take into account the varia-
tion of these frequencies with respect to volume in the quasi-
harmonic approximation we use the definition E8). of the

tical Grineisen parameter and its expression given by Eq.
35). We obtain

i v\ ¥ B,
vi(I)= v (T') v | g0 1

whereB? represents the bulk modulus E49) at zero static
pressure.

The volume at given temperature and pressure is an input
variable in the calculation of thermodynamical functions
which can be computed by an iterative process. Knowing an

2 Psta 12
3By (36)

where o is Poisson’s ratio for uniaxial stress applied a|onganalytical relationship for the total static energy as a function

3B 1-o\%?
= FRETIR (28
(3B 1-2¢ 12 -
Ut— Z 1+0_ ’ ( )
the c axis,
dina
7 " dinc’ (30

andp is the mass per unit volume given by

of volumeE(V) from a fit to a fewab initio calculations we
computeV?, E®, B®, andK? in an initial step. In the second
step we Comput®yc, Yop, and®p knowing a°, from which
D(xp), Fa. and S,. calculations are possible. Knowing
v?(F) we can calculat& ,, andS,, and obtain finally a new

value of V with Eq. (14). This second step is carried out
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again until the unit cell volume calculation is converged. For  TABLE I. Standard enthalpies of formatidkcal/mo) (Ref. 4
this volumeF, S U, Cy, B, «, and C, calculations are of the chemical species in the gas state used in this work at 298.15

straightforward. K and one atmosphere.
IV. ab initioc CALCULATIONS Chemical Chemical
.ab Initio . o . °
species AtH%s 15 « species AfHZQB 5
Thze abllnltl_o calc'ulatlons are carried out with tr_nIMOL o 59 553 Si 108.9

code; which is a first-principles quantum chemistry soft- P 75 20 ca 426

ware. pMoL® calculates variational self-consistent solutionsV 122' 90 r 145'5

to the density functional theory equatio(i3FT), expressed | 5 5‘35 bh 46 '6

in a numerical atomic orbitals basis given on an atom- ‘ :
U 128.0 F 18.88

centered set of grid points. TevoL® method is described
extensively elsewher®.In the bmoL® code the total energy

and forces acting on the atoms are calculated in th?(nowled e ofV® EO. and» is enouah to construct the
Perdew-Wangf local density approximatiofLDA) for the g€ 1 —coh 7 9 .
e\ﬂnet et al. integrated equation of state and to analytically

exchange and correlation energy. In our applications, in ord ) - .
to reduce the computational cost and to take into account th(genve the qgantltles given by Ep(é.7)—(19) and(32)—(36).
The I point harmonic vibrational frequencies are com-

relativistic effects that concern mostly the uranium, lead, and . 3 ; I

iodine atoms, calculations are carried out with the relativisticpu'[.eOI with the DMOL C(.)de by (_:I|agonal!z|ng the mass-
effective core potential methddin which the core electrons weighted second-derivative Hessian matrix. The matrix ele-
are gathered into a single analytical representatiomL? ments are
performs calculations using periodic boundary conditions. 5
However, the one-particle Schiinger equation is solved 1 €
only for theI” point and no information is available at all as ymim; 99idq; '
to the band structure elsewhere in the Brillouin zone. Clearly _ _
this can be accurate only for large unit cells for which allHere, £ is the total energyy; andq; are two Cartesian co-
wave vectors in the first Brillouin zone are sufficiently small. ordinates of two atoms with masseg andm; . The square
Otherwise a supercell containing several crystal unit cell§oots of the eingenvalues of this matrix are the harmonic
must be used in thab initio calculation. frequenciesbmoL® computes the second derivatives numeri-
minimizing the total energy of the proposed structures withdisplaced geometries and calculated analytically. Poisson’s
respect to both atomic coordinates and cell parameters. Cof@tio o° is obtained by numerical differentiation according to
sidering that the crystal systems studied are tetragonal fdgd- (30) usinga calculated as function of by minimizing
zircon and coffinite and hexagonal for the fluoapatites andhe total energy near equilibrium valueS andc® at zero
iodoapatites we have performed these minimizations wittftatic pressure. In fact it is not necessary to carry out new
respect toc/a and atom coordinates for a given unit cell DMOL® runs, those made to obtain the equation of state being
volume. This step is repeated for a few values of the unit celpufficient to evaluate numerically®.

volume near the experimental equilibrium value. This

method vyields crystal parameters and atom coordinates as V. RESULTS AND DISCUSSION

functions of the unit cell volume. We then fit the&gV) )
theoretical values to an integrated equation of state. The most N order to compare theory and experience we have cal-
common ones are those proposed by Murnadfirch culated the thermodynamical functions at the reference pres-

and Vinetet al3! In this work we have used the latter,

(40)

2.0
Ecol V) =Edd 1= n(1=x)Jexd n(1-x)],  (37) sl 6 ]
where x=(V/V%) 3 The cohesive energfV) is ob- E ; .
tained by subtracting from the static lattice eneEfyv) the g 1.0 I T
sum of atomic ground-state energies including spin polariza- "
tion. E2,,is defined as the cohesive energy of the equilibrium i 0.5} .
structure at zero static pressure. In E2j7) the parametey /
is related toB® andK° by 0.0 s .
50 55 60 65 70 75 80 85
£0 Volume (A°)
BO= 72—, (39) . S .
WA FIG. 1. Theoretical energy-volume relationship based on a fit

with the Vinetet al. (Ref. 3)) integrated equation of state for zircon
(dotted ling and coffinite(solid line). The open circles for zircon
Ko:E n+1. (39) and the closed circles for coffinite are the theoretically calculated
3 values with theomoL® code in DFT/LDA.E2, is given in Table II.
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TABLE Il. Calculated parameters for zircon and coffinite at zero 70
static pressure. = 60T 9088, 4(cal /K/mol ]
& 50 - 4
Parameters Zircon Coffinite . 40
E2,, (LDA) (eV/moleculg 47.8 47.9 : 30} |
E%, (GGA) (eV/molecule 42.3 42.6 : ool |
0 3 =y
VO (A%/molecule) 64.9 74.1 = o T, . ( kcal /mol) ]
7 4.327 4221 oy
0 . . .
Bo (GPa 245.0 205.0 300 700 1100 1500 1900
K 3.88 3.81 Temperature (K)
a’ (A) 6.491 6.842
c® (A) 6.168 6.333 FIG. 3. Theoretical enthalpy and entropy increment vs tempera-
v0 0.060 0.066 ture for zircon (dotted ling and coffinite (solid line). The open
wo 0.206 0.213 circles are measurements for zirc@Ref. 5.
a° 0.270 0.337

Applying Hess’s law to these reactions, we obtain at tem-

] ] ] _ peratureT
sure of one atmosphere using the iterative process described

at the end of Sec. Ill. Knowledge of the internal eneldy

the pVv teorm, z:\nd the entrop$ leads to the (_anthalpy intzre— A¢HH(ZrSiO,) = A guuH1(Zr) + A guuyHT(Si)

ment Hi—Hgs15 ¢k and the entropy incrementS; _
—Sy0s15 « between any temperaturé and the reference +2A4isH1(02) — AgupHT(ZrSIOy),
temperature 298.15 K. Note that the free enthalpy increment (42)
GT—Glg15  €an be deduced from the latter two and the
Syes15 k Value. In these expressions, the superscfipt
means that the substance is in its standard state. To calcul
the standard enthalpy of formatiakyH7 of the crystal we
use Hess'’s law, which states that the overall enthalpy change
in a chemical reaction is the same whether it takes place in . ,
one step or in several steps. Take zircon as an exan?ple. Be- AsupH 7(ZrSi0y) = Hr(Zr¥%) +H(SF%) + 4H (0%

sides the reaction of formation from its chemical components —Hy(Zrsiogvsa), (42)

in their standard states we consider the reactions of sublima-

tion for zirconium and silicon and dissociation of oxygen in

atomic gas phase followed by the reaction of formation ofEnthalpies of sublimation and dissociation of pure chemical
zircon from these gases, which is the reversed reaction afomponents in their standard state are knbamd reported

ereAg,p,H1(ZrSi0Q,) is the sublimation enthalpy of zircon
efined by

sublimation: in Table | at the reference temperature 298.15 K. To calculate
. . | AH7(ZrSiO,) we only need\ g,,H1(ZrSiOy), which can be
Zrevstaly gieystaly o ogas_, zrSjopYsta obtained with the help of Eqg12) and (14), the E¢(V)
definition, and the properties of the calorically perfect gas.
N / We find for A;H1(ZrSiO,) and in general for a crystal with
n atoms per unit cell
Zr9%54+ Sj9ast 4 o9as
40
= 0 ~
=) — i
: 50 | g 30
ER | _ > 20 _
= ' >
..‘? =90 7 \§ 10 <
wn o A
=
‘E -120} 1 0 . . . .
= -150 0 400 800 1200 1600 2000

0 300 600 900 1200 Temperature (K)

Wavenumber (cm™)
FIG. 4. Theoretical heat capacity at constant pressure vs tem-

FIG. 2. Theoretical infrared spectrum for zircédotted ling perature for zircor{dotted ling and coffinite(solid ling). The open
and coffinite(solid line). The peak shape is Lorentzian. Widths have circles are measurements for zircon at low tempergiRes. 6 and
been arbitrarily set to 10 cnt. high temperaturéRef. 5.
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TABLE llI. Regression coefficients to fit with E¢45) the the- TABLE V. Calculated using GGA-corrected LDA and measured
oretical heat capacity at constant pressure of coffinite as shown istructural and elastic parameters and thermochemical properties of
Fig. 4. coffinite at 298.15 K. See text for definition of symbols. To com-

pare the experimental and calculated values of then&sen pa-
ko kq k, ks Relative erron%) rametery we use the expressiop=BaV/C, . The Debye tempera-

ture calculated with Eq:32) must be multiplied byn to compare

43.6460 -238.174 -426686.0 2.915780' 0.3 with the literature valugsee Ref, 20

dMaximum absolute percent deviation of theoretiﬁ‘él

Relative
. Experiment Calculated error (%)
AsupHT=Econ— Psta¥ + >N keT—NkgT V (A3 molecule) 76.6 74.8 2.3
a (A 6.9952 6.869 1.8
9 c (A 6.2632 6.345 1.3
X| (Vact1) §XD+3D(XD)> Yac 1.42
Yop 1.76
Iy X y 1.42
+(yopt 12X >t = (43 0p (K) 452.0
= ei—1 B (GPa) 199.0
a (1075/K) 1.7
The equilibrium structure at zero static pressure and rea Hjg, ;s « (kcal/mol) -476.0° -483.2 15
lated ab initio quantitiesV°, Egy,, B, K°, 1X(I'), ando®  H3e . H3 (kcalimol) 46
are calculated in the LDA approximation. In addition to thatgz%_'15 « (cal/mol K) 28.2P 29.7 5.3
we have carried out a single point energy calculation in thet;; (cal/mol K) 26.2

Perdew-Wangf generalized gradient approximati¢GGA)
for the equilibrium structure obtained in the LDA approxi- Reference 33.
mation. In the following when stated “GGA-corrected LDA" P°Reference 9.
Econ(V) must be understood as

This shift of E.(V) does not affect the derivatives of
Ecor V) =Eco V) (LDA) — Egoh( LDA)+ Egoh(GGA)- E.on(V) with respect to volume. We have observed that gra-
(44) dient corrections lead to a significant improvement in forma-
tion or sublimation enthalpy calculations.

TABLE IV. Calculated using GGA-corrected LDA and mea- Zircon™ and coffinité® are two isomorphic tetragonal
sured structural, elastic parameters, and thermochemical propertigéructures with the 4, /amd space group. The internal pa-
of zircon at 298.15 K. See text for the definition of symbols. To fameters are the atomic oxygen positiondw in relative
compare the experimental and calculated values of theésan  coordinates. The theoretical energy-volume relationship is il-
parametery we use the expressiop=BaV/C,. The Debye tem- lustrated in Fig. 1 for both compounds. The cohesive energy
perature calculated with Eq32) must be multiplied byn'®* to  E,,and the unit cell volum& are given per molecular unit.
compare with the literature valusee Ref. 2} In Table II, we list zircon and coffinite cohesive energy, vol-
ume, and elastic parameters at zero static pressure as de-

Relative  duced from the Vineet al. equation of state, Eq.37). In
Experiment  Calculated error (%) addition we give the structural parametafsandc® and the
vV (A%molecule) 65.8 65.6 05 internal parameters® andw® as well as Poisson’s ratie®.

" osor osis 14 om lhese sale paametsrs and e harmanc ybralona
c (A) 5.982° 6.187 3.4 q point, played Hg.
YVac 1.80 . . . .
1.46 TABLE VI. Relative positions of not equivalent atoms in the

Yop 108 1'46 35.0 primitive cell for Pk g(VO,)¢l1 70 (Ref. 14. Positions in parenthe-
Y S : : ses are imposed by the symmetry operations.
0p (K) 724.0 784.0 8.3
B (GPa) 228.¢7 237.0 4.0 X y z
a (107%/K) 1.2° 1.6 33.0
Shes1s « (cal/mol K) 20.1° 23.1 15.0 o1 0.5 0.336 0.251/4)
C; (cal/molK) 23.6° 24.6 4.2 02 0.477 0.601 0.261/4)

03 0.268 0.358 0.069
aReference 32. \% 0.3816 0.4100 0.2%1/4)
bReference 35. | 0.030(0) 0.024(0) -0.023

‘Reference 4.
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0.50[ . ~ 0 [Nomez
o]
s ? £ 1
< £ -eof = i
s 0.25F & 4 1 ~
m: H H 2 -90¢t : )
@ - L ]
¢ L —120
0.00L__%¢ . . . S {50 . . .

Volume (&) Wavenumber (cm™)

_ FIG. 5. Theoretical energy-volume relatiqnship based on a fit FIG. 6. Theoretical infrared spectrum for fluorapatitiotted
with the Vinetet al. (Ref. 3] integrated equation of state for fluo- line) and iodoapatite(solid ling). The peak shape is Lorentzian.
rapatite(dotted ling and iodoapatitésolid line). The open circles Widths have been arbitrarily set to 10 cfn
for fluorapatite and the closed circles for iodoapatite are results of

the omoL® code in DFT/LDA.EY,, is given in Table V. . . L _— .
not on thez axis. This apatite is not stoichiometric and con-

infrared spectrum shape, we can calculate the thermodynanf@inS Some vacancies that can explain this disoftierorder

cal functions versus the temperaturenfr® K up to thedis-  (©© Makeab initio calculations tractable we have built an
sociation temperature evaluated at 1973 K for zirdbRor ideal” lead vanadoiodoapatite in which these shifted atoms
coffinite this temperature is unknown to us. The calculated®™® Put back into their ideal positions(Pb2)=0 andx(l)

and measured thermochemical functions are shown in Figs. 3Y(1) =2(I)=0. Figure 5 shows the theoretical energy-
and 4. To fit the theoretical heat capacity at constant pressui®lume relationship for both compounds. The cohesive en-

it is convenient to use the following regression I3 ergy Econand the unit cell volum& are given per molecular
unit. In Table VII we list for fluorapatite and “ideal” iodoa-
Cp=kotkiT™ 0%+ kT 2+KksT 73, (45  patite the cohesive energy, the volume, and the elastic pa-

rameters at zero static pressure deduced from the ¥ingit
Oequation of state, Eq37). In addition we give the structural
, - are parameters’ andc® and the Poisson’s ratio®. From these
Table Ill. For the sake of comparison we give in Tables IV giatic parameters and the harmonic vibrational frequencies at
and V, for zircon and coffinite, respectively, the calculated,o 1 point, which are displayed Fig. 6 in the infrared spec-
and measured values of structural and elastic parameters g8 shape. we can calculate the thermodynamical functions
well as the main thermochemical properties at 298.15 Kyergys temperature from 0 to 1600 K for fluorapatite and to
Note that without GGA corrections in tr,, calculation we  goq K (Refs. 14 and 1y7for iodoapatite. The calculated and
would obtainAtH g 15 k= —584 keal/mol for zircon and  measured thermochemical functions are shown in Figs. 7 and
AtHeg15 k= —605 keal/mol for coffinite: GGA corrections 8. C, regression coefficients,, ki, k,, andks for iodoapa-
lead to a better agreement with experiment. tite are shown in Table VIII. We give in Tables IX and X, for
Fluorapatité® has a hexagonal structure with tRé;/m  fluorapatite and iodoapatite, respectively, the theoretical re-
space group. Lead vanadoiodoapafitean be also indexed sults and the experimental values of structural and elastic
in this hexagonal system. In Table VI we give the relativeparameters as well as the main thermochemical properties at
positions of the atoms in the primitive cell for 298.15 K. As for zircon and coffinite the use of gradient
Phy ¢ VO,)6l1.70 and, in parentheses, the relative positionscorrections in Eq(44) leads to a much improved agreement
imposed by the symmetry operations. We see that the leagetween standard enthalpies.
atom Pb2 is out of the plane=1/4 and the iodine atom is

wherek; andk, are constrained to be less than or equal t
zero. Values oKy, ki, ky, andks for coffinite are given in

TABLE VII. Calculated parameters for fluorapatite and iodoa- u 2000 1880 (cal /K/ mo?‘p"“’ -
patite at zero static pressure. og 160 p“‘p““ o .
o e
Parameters Fluorapatite lodoapatite Je 120F ‘pﬁ‘ o o .
. * o

E% (LDA) (eV/molecule) 139.83 124.90 = 80r o 1
E2{GGA) (eV/molecule) 123.46 117.92 = 40 s i
VO (A3/molecule) 251.1 367.2 e Hi—Hzge 1 (ki cal /mol)
n 3.342 2.781 0 : - -
BO (GPa) 110.7 46.8 300 700 1100 1500 1900

0 Temperature (K)
K 3.23 2.85
a’ (A) 9.2361 10.483 FIG. 7. Theoretical enthalpy and entropy increment vs tempera-
c® (A) 6.7971 7.716 ture for fluorapatitgdotted ling and iodoapatitésolid line) calcu-
a® 0.344 0.368 lated using GGA-corrected LDA. The open circles are experimental

values for fluorapatitéRef. 6.
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TABLE IX. Calculated using GGA-corrected LDA and mea-

- sured structural, elastic parameters and thermochemical properties
of fluorapatite at 298.15 K. See text for definition of symbols. To
compare the experimental and calculated values of thaéisan
parametery we use the expressiop=BaV/C, . The Debye tem-

- perature calculated with Eq32) must be multiplied byn'” to
compare with the literature valusee Ref. 2

C: (cal/K/mol )

200

) Relative
0 N . N . . Experiment Calculated error (%)
0 300 600 900 120015001800
V (A% molecule) 261.54 255.0 25
Temperature (K)
a . . .
(A) 9.3672 9.291 0.8
FIG. 8. Theoretical heat capacity at constant pressure vs teny (A) 6.8842 6.823 0.9
perature for fluorapatitédotted ling and iodoapatitgsolid line). . 1.48
The open circles are experimental values for fluorapatite at Iowy 1.13
. op .
temperaturgRef. 5 and high temperatur@Ref. 6). y 122 115 5.7
. . . Op (K 485.0
Figures 3 and 4 for zircon and Figs. 7 and 8 for fluorapa- o (K)
. ; B (GPa) 85.8 106.3 24.0
tite show good agreement between theory and experiment f%r (10 5/K) 34¢ 26 230
these two compounds: less than 5% difference at any tem- ‘. o o ; '
. A¢H5og15 « (kcal/mol) -1630.8 -1587.4 2.7
perature for enthalpy and entropy increments as well as for! "W (kealimol 15 17¢ 14.99 s
heat capacity at constant pressure. This result is quite ré'-'0298-15 «Ho_(kcal/mol) : o : '
markable, particularly at high temperature where anharmonigzess « (cal/molK) 25-9‘9 23216 2:

effects in the thermodynamical functions are surprisinglyCp (cal/molK)

well evaluated with this simple treatment. This is likely to

. o . - . ..~ “Reference 36.
give faith in the results obtained for coffinite and iodoapatite., eference 37
As regards the results at 298.15 K presented in Tables IV a”&eference 13'
IX the agreement is good for the standard enthalpies of for“Reference 11'
mation (less than 6%and for the structural parametdiess eReference 12'

than 3.5%. These results could be improved by using more

k points of the first Brillouin zone to calculate the cohesive
energy-volume relationship, but at the expense of extra com-
putation time. The largest discrepancies between theoretic
and experimental results are obtained for the thermal exparl\
sion coefficient(33%) and to a lesser extent for the bulk
modulus. The latter is usually overestimated in DFT LDA.

Equations(22)—(25) show that the thermally activated

TABLE X. Calculated using GGA-corrected LDA and measured
a]ructural and elastic parameters and thermochemical properties of
odoapatite at 298.15 K. See text for definition of symbols. To com-
pare the experimental and calculated values of then&sen pa-
rametery we use the expressioyp=BaV/C, . The Debye tempera-
ture calculated with Eq32) must be multiplied byn'® to compare

with the literature value, see Ref. 20. Young’'s modulus is deduced

phonons are responsible for entropy and heat capacity at Cofgy, calculatedd and o° usingE=3(1—20°)B, see Ref. 21.

stant volume and Eqg14)—(16) show that anharmonicity

taken into account here through @risen parameters is re-

Relative
sponsible, in part or in full, for total pressure, bulk modulus Experiment  Calculated error (%)
at constant temperature, the coefficient of thermal expansion;
and the heat capacity at constant pressure. However, the¥e (A% molecule) 355.08 373.76 5.3
thermal and anharmonic contributions only play a minor rolea (A) 10.4477 10.567 11
in the absolute value of the thermochemical functions as (A) 7.513% 7.729 2.9
compared with the static contribution. From this point of yac 1.29
view we examine in Table Xl the standard enthalpy of for- vy, 0.94
mation at 298.15 K for the proposed compounds. In the firsty 0.94
column we have reported the standard enthalpy of formatio® (K) 178.0

B (GPa) 44.9
TABLE VIII. Regression coefficients to fit with Eq45) the E (GPa) 26.0 35.6 37.0
theoreti_cal _heat capacity at constant pressure of iodoapatite gg (1075/K) 1.0 41
shown in Fig. 8. A¢Hjes.15 « (kcal/mol) -1298.5
Relative H:298.15 «—Hg (kcal/mol) 21.48
Ko K, K, Ks error (%) Syes.15 k (cal/mol K) 162.36
C, (cal/molK) 104.85
147.887 -570.178 -1.3899810° 1.48210<10°  0.03?

8Reference 14.
bReference 17.

8Mlaximum absolute percent deviation of theoretiCgl
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TABLE XI. Standard enthalpy of formatiokcal/mo) at 298.15 K calculated using GGA-corrected

LDA: without dynamical effectgsubscript sta(i.e., neglecting vibrationsthen with dynamical effects but

without anharmonicity .= y,p,=0), next with both contributions. The last column contains the experimen-

tal values.

AtHga AtH%g 15 | Yac= Yop=0) AfH3g8 15 K AtH3gg 15 (€XPL.)
Zircon -482.1 -456.938 -456.947 -486'0
Coffinite -507.5 -483.200 -483.195 -476.0
Fluorapatite -1674.9 -1587.374 -1587.390 -1630.8
lodoapatite -1377.3 -1298.607 -1298.471

8Reference 4.
bReference 9.
‘Reference 11.

(calculated using GGA-corrected LDAorresponding to the Brillouin zone coverageand measurementgjuality of the
static lattice, i.e., neglecting thermal contributions as well agrystals used in the measureme#ts far as thermal expan-
zero point vibration energy and anharmonicity. If we com-sion is concerned, we feel that there is a need to refine the
pare this value to calculated standard enthalpy of formatiortheory if we hope to improve the agreement.
at 298.15 K, we find that whatever the compound the dy-
namic contribution accounts for at most 6% of the total. This
is comparable to the difference between theory and experi-
ment(less than 6%) and to a lesser extent to the dispersion We have calculated the thermodynamical functions in the
range of the experimental results as reported forquasiharmonic approximation usiad initio calculations for
fluorapatitet some crystals with large unit cells such as zircon and fluora-
In the same way, we can estimate the contribution due tgatite. To derive these functions we have simplified the ther-
anharmonicity by comparing the enthalpy of formation atmal contributions using the Debye model for acoustic
298.15 K calculated without anharmonicityy{=y,,=0)  phonons and the extended @sisen method for optical
reported in second column to the calculated standard erphonons and finally reduced tla initio calculation part to
thalpy of formation at 298.15 K. For all compounds anhar-a few static quantities obtained at zero static pressure. These
monicity generates a very small contribution, from 0.001%crystals are well known from a thermodynamical point of
to 0.01% of the calculated standard enthalpy of formation aview, thereby allowing comparison between theoretical and
298.15 K. These orders of magnitude justfyosteriorithe  experimental results. Theory and experiment agree to within
rather crude approximations used in the treatment of anhab% for standard enthalpies of formation and to within 5%
monicity. On the other hand, it would not be advisable tofor heat capacities at constant pressure, which shows that the
neglect anharmonicity altogether since its evaluation is verynodel is very satisfactory for these properties. The limits of
cheap and it might turn out to be a more important contributhe model are reached with the coefficient of thermal expan-
tion in materials other than those studied here. sion, for which the difference is about 33%. This model was
The remaining difference between theory and experimentised to evaluate the thermodynamical functions of coffinite
as for standard enthalpies of formation may be aqually attriband lead vanadoiodoapatite, which have not yet or only par-
uted to both theory(exchange correlation functional and tially been measured.

VI. SUMMARY AND CONCLUSIONS
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