
PHYSICAL REVIEW B, VOLUME 65, 235311
Quantum dot cavity-QED in the presence of strong electron-phonon interactions
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A quantum dot strongly coupled to a single high-finesse optical microcavity mode constitutes a new funda-
mental system for quantum optics. Here, the effect of exciton-phonon interactions on reversible quantum dot
cavity coupling is analyzed without making a Born-Markov approximation. The analysis is based on a polaron
operator technique that has been used to study the ‘‘spin-boson’’ Hamiltonian. For bulk acoustic phonons and
for a large class of confined phonon models, we find that vacuum-Rabi splitting persists even in the presence
of a large Stokes shift and at an appreciable temperature, but its magnitude is exponentially suppressed by the
electron-phonon coupling strength.
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The fundamental system in cavity quantum electrodyna
ics ~cavity-QED! is a two-level atom interacting with a
single-cavity mode.1 If the electric field per photon inside th
cavity is sufficiently large, then the single-photon dipole co
pling strength~g! between the atom and the cavity mode c
exceed the decoherence rates in the system due to c
losses and dipole dephasing: this corresponds to the str
coupling regime of cavity-QED whose principal signature
the vacuum-Rabi oscillations.2 Cavity-QED in the strong-
coupling regime has proved to be an invaluable tool in
vestigating and understanding quantum phenomena.3 One of
the principal applications of cavity-QED techniques has b
in the emerging field of quantum information~QI! science: a
significant fraction of quantum computation and commu
cation schemes rely on the strong-coupling regime
cavity-QED.4 Recent developments in semiconductor na
technology have shown that excitons in quantum dots~QD’s!
constitute an alternative two-level system for cavity-QE
applications.5 In contrast to single-atom cavity-QED whe
reservoir couplings are weak and can be treated using s
dard quantum optics techniques,1 the physics of the QD-
microcavity system is enriched by the presence of str
electron-electron and electron-phonon interactions. For
ample, QD absorption and emission spectra in some c
exhibit sidebands and/or appreciable Stokes shifts.6–8 These
features signal nonperturbative electron-phonon interactio9

and indicate that decoherence due to phonons could pres
fundamental limitation to QI processing based on quant
dot cavity-QED.10

In this paper, we analyze the effects of electron-phon
interactions on strong electron-hole-photon coupling
cavity-QED, without applying the Born-Markov approxima
tion to the electron-phonon interaction. We consider spec
density functionsJ(v) following a cubic law nearv50,
which characterize for instance the interaction of excito
with bulk acoustic phonons. To obtain the absorption sp
trum, we apply a polaron operator technique that has b
used to study the ‘‘spin-boson’’ problem.12 This approach
takes into account the relevant multiphonon processes t
orders and the exact solution is recovered when either
electron-phonon or the electron-photon coupling tend
zero. We find that the strong-coupling regime persists eve
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the presence of a large Stokes shift and at an appreci
temperature (T.g). However, the Rabi frequency is expo
nentially suppressed by the electron-phonon coupl
strength. Finally we show that these results also hold fo
large class of confined phonon models.

We focus on understanding the dependence of vacu
Rabi oscillations on electron-phonon interactions. We w
therefore assume a simple two-level model for the electro
degrees of freedom of the QD, consisting of the QD el
tronic ground stateug& and the lowest-energy electron-ho
~exciton! stateue&. The starting point of our analysis is th
Hamiltonian

H5\vegsee1\vca
†a1\g~sega1a†sge!

1see(
k

\lk~bk1bk
†!1(

k
\vkbk

†bk

1\Vp~sege
2 ivt1sgee

ivt!, ~1!

whereseg5ue&^gu, a and bk are annihilation operators fo
the cavity mode, and thekth phonon mode, andVp a weak
classical external probe that will be used for obtaining
spectra. We will also allow for Markovian processes, n
included inH, to take into account cavity losses (gc) and
homogeneous Lorentzian broadening of the QD exciton s
(gQD). The validity of this model relies on the adiabat
approximation13 and the assumption that off-diagon
electron-phonon interaction terms couplingue& to exciton ex-
cited states are sufficiently weak.14 This assumption is well
justified for quantum dots where the energy separation
tween these states is greater than 20 meV, when the temp
ture is low enough (T,50 K). With these approximations
we can describe the coupled QD-cavity system weakly
cited byVp as a three-state system defined by projection
the QD-cavity Hilbert space on the subspace spanned
ug,nc50& (u0&), ug,nc51& (u1&), and ue,nc50& (u2&),
wherenc denotes the cavity-mode occupancy . Finally, w
transform the Hamiltonian to a rotating frame at the pro
frequency.

It is instructive to point out the relations between Ham
tonian ~1! and some well-studied problems as depicted
Fig. 1. The first three terms in Hamiltonian~1! give the
©2002 The American Physical Society11-1
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Jaynes-Cummings model in the rotating-wa
approximation.1 If we project the QD-cavity system on an
of the N.0 manifolds of this model and include the four
and fifth terms, we obtain up to an irrelevant constant a ‘‘s
boson’’ Hamiltonian.11 Finally, if we take Hamiltonian~1!
and drop the terms involving the cavity, we get the indep
dent boson model13,15 which has already been used to stu
phonon effects in small quantum dots.6–8

A convenient representation for considering super-oh
electron-phonon coupling of arbitrary strength is obtained
applying a canonical transformation that exactly diagonali
the independent boson model:11–13,15

A85esAe2s with s5see(
k

lk

vk
~bk

†2bk!. ~2!

The transformed Hamiltonian reads

H85Hsys8 1Hint8 1Hbath8

with

Hbath8 5(
k

vkbk
†bk ,

Hsys8 5\vs001\vcs111\~veg2D!s221^B&Xg ,

Hint8 5Xgjg1Xuju . ~3!

Here we have defined the operators

Xg5\@g~s211s12!1Vp~s201s02!#,

Xu5 i\@g~s122s21!1Vp~s022s20!#,

B65expS 6(
k

lk

vk
~bk2bk

†! D ,

jg5
1

2
~B11B222^B&!,

ju5
1

2i
~B12B2!; ~4!

the mean valuêB&5^B1&5^B2& and the polaron shiftD
5(klk

2/vk .15 We consider initial conditions that are facto
izable in this new representation (r tot5rsyŝ rbath , with

FIG. 1. Level diagram for our quantum dot cavity-QED mod
depicting its relations with three well studied problems: Jayn
Cummings model~dotted box!, ‘‘spin-boson’’ problem ~dashed
box!, and independent boson model~solid box!.
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rbath a thermal state!. The HamiltonianHsys8 includes the
coherent contributions of the new interaction terms. In t
polaron representation we apply a second-order Born
proximation in the residual exciton-photon-phonon coupli
Hint8 ~Ref. 12! and trace over the phonon degrees of freed
to obtain an operator master equation for the reduced den
matrix @r(t)# of the QD-cavity system:

]r~ t !

]t
5

1

i\
@Hsys8 ,r~ t !#2

1

\2E0

t

dt (
m5$g,u%

$Gm~t!

3@Xm ,e2 iH sys8 t/\Xmr~ t2t!eiH sys8 t/\#1H.c.%,

~5!

with Gg/u(t)5^jg/u(t)jg/u(0)&. These polaron
Green’s functions are given by11–13,15

Gg~ t !5^B&2$cosh@w~ t !#21%, Gu~ t !5^B&2 sinh@w~ t !#,

with

w~ t !5E
0

`

dv
J~v!

v2
@coth~b\v/2!cos~vt !2 i sin~vt !#.

~6a!

While ^B& andD can be expressed, respectively, as

^B&5expS 2
1

2E0

`

dvJ~v!coth~b\v/2!/v2D ,

D5E
0

`

dvJ~v!/v. ~6b!

Here we have introduced the following spectral function:

J~v!5(
k

lk
2d~v2vk!. ~7!

The polaron shiftD gives a rough approximation to th
Stokes shift~i.e., difference between absorption and emiss
peaks! and provides us with a convenient measure of
strength of the exciton-phonon interaction.13,15

To obtain the absorption spectrum we consider the ini
conditionr(0)5s00 and treat the probeVp to lowest order
in perturbation theory. We focus on the case where the ca
is on resonance with the zero-phonon line~ZPL! ~Refs. 13
and 15! of the QD (veg2D5vc). It proves convenient to
project Eq. ~5! on the basis of eigenstates ofHsys8 uVp50:

u0&, u1&5(1/A2)(u1&1u2&) and u2&5(1/A2)(u1&2u2&).
We expandr in powers ofVp and letrhh8

( j )
5^hur ( j )uh8& be

the correspondingj th-order coefficients. We defineDv6

5v2vc7g^B& and G6(t)5Gg(t)eiDv6t1Gu(t)eiDv7t. It
is useful to note that to zeroth order inVp we haver(t)
5s00 at all times and that the productsXmr(t) are at least
first order in Vp . Then it is straightforward to obtain th
following set of equations:

]r60
(1)~ t !

]t
5

7 i ^B&

A2
1 iDv6r60

(1)~ t !2
g

A2
E

0

t

dtG6~t!

3@11gA2r60
(1)~ t2t!# ~8!

and
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]r00
(2)~ t !

]t
5 (

h5$1,2%

2h i ^B&

A2
rh0

(1)~ t !

2
1

2E0

t

dtGh~t!@11gA2rh0
(1)~ t2t!#1c.c.

~9!

The absorption spectrum can then be obtained from
asymptotic behavior of the rate of change of the ground-s
population@ limt→`]r00

(2)(t)/]t#. A simple way to calculate
to
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the latter is to Laplace transform Eqs.~8! and~9!, and use the
relation limt→` f (t)5 lims→0s f̂(s). To include the Markov-
ian processes associated withgc andgQD , we modify Hsys8
to include a non-Hermitian contribution2 i (gc /2)s11
2 i (gQD /2)s22. This is an incomplete description of the dy
namics of the system but it is well known that it leads to t
correct expression for the absorption spectrum for the s
dard Jaynes-Cummings model and it can be shown that
fact is not modified by the introduction of exciton-phono
interactions@for example by resorting to a stochastic wa
function ~MCWF! point of view16#. We takegc5gQD5g
and set the frequency origin atvc . In this way we obtain
A~v!5 (
h5$1,2%

Gh9 ~v!Fv21
g

2
g2Gh9 ~v!1

g2

4 G1
g

2
@h^B&1gGh8 ~v!#2

@Dvh2g2Gh8 ~v!#21Fg2 1g2Gh9 ~v!G2 ~10!
p-
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for the absorption spectrum, up to an irrelevant prefac
The dissipative partsGh9 (v) and the reactive partsGh8 (v)
are given, respectively, by the real and imaginary parts
*0

`dte2gtGh(t).
In physical terms the second-order Born approximat

we use in deriving Eq.~5! is valid when the energy exchang
between the QD and the cavity mode does not have an
preciable effect on the statistical properties of the phono
Würger has calculated the lowest-order corrections to
approximation for the ‘‘spin-boson’’ problem with aJ(v)
similar to Eq.~11! ~presented below! and found them to be
negligible provided g!vb ~where vb is the cutoff
frequency!.12 For more general spectral functions this lat
condition should be generalized tog!dph , where\dph is
the smallest characteristic energy ofJ(v).11 This condition is
satisfied by the spectral functions we consider. Our thr
state model differs from the ‘‘spin-boson’’ problem only
the perturbative coupling (Vp) to the stateu0& which should
not alter these considerations. In addition, we focus on
parameter regime defined byD&vb andT<vb .

A useful approximation to the spectrum~10! is given by
replacing each of the termsh5$1,2% with the Lorentzian
obtained by evaluating the numerator and the funct
Gh9 (v) at v5hg̃5hg^B& and dropping all contributions o
the reactive parts. This treatment is analogous to the p
approximation used in Ref. 12 and is valid for underdamp
regimes and frequencies in the neighborhood of the Z
where the vacuum-Rabi splitting~VRS! is present. Each o
these Lorentzians corresponds, respectively, to the lo
(2) upper (1) dressed state of the QD-cavity system. W
can therefore deduce that when the system presents we
damped oscillations, good approximations to the splitting
the compound relative oscillator strength of the two pe
and to the broadenings are given, respectively, by 2g^B&,
^B&2, andg12g2G69 (6g̃). If we take this formula for the
r.
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splitting (2g^B&) and substitute in it expression~6b! for ^B&,
we realize that the Rabi frequency is exponentially su
pressed by the electron-phonon coupling strength. An in
esting consequence of theg dependence of the broadening
is that theQ value of the corresponding peaks can be d
graded ifg is increased.

The limit T→0, g→0 of the spectrum~10! is of special
interest. At zero temperature there are no phonons to be
sorbed and so the polaron absorption spectrum@i.e., A(v)
specialized tog50, g50# is always identically zero for fre-
quencies below the ZPL (v,0).13,15This implies that in this
limit there is a lowest-energy resonance close tov52g̃
with infinite lifetime, for allJ(v). For underdamped regime
at sufficiently lowT and smallg this leads to an asymmetr
between the widths of the two resonances~Fig. 2!. At T50
the rateg2G19 (g̃) is dominated by one phonon processes.11,12

It can be shown that under these circumstances ifg50 there
is VRS for all D&vb .

To study QD coupling to bulk acoustic phonons we u
the following spectral function:

J~v!}
v3

S v

vb

11D 2F S v

vb

21D 2

11G . ~11!

The cubic dependence onv for v→0 can be deduced fo
both deformation potential and piezoelectric coupling14 for a
generic QD. The form factor of the exciton provides a na
ral cutoff at a frequencyvb set by the size of the dot. Th
particular frequency dependence of this cutoff is irrelev
for the study of VRS and has been chosen for computatio
convenience. For systems of interest one would expecg
&0.1 meV ~Ref. 10! and vb;1 meV ~Ref. 6!. Figure 2
shows typical spectra for this model with the cavity (gÞ0)
and without it (g50). The persistence of VRS for appre
1-3
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ciable Stokes shift and temperature (T.g) that we find is
consistent with results for the ‘‘spin-boson’’ problem.11,12

In many of the QD systems of interest strong electro
phonon interactions are associated with phon
confinement.7 To model these cases we consider coupling
a single-phonon mode atvb which is itself broadened by a
weak linear~coordinate-coordinate! interaction with a short
memory reservoir characterized by a spectral densityJ̃(v)
with ultraviolet cutoffv* . As the interaction term is linea
there exists an exact transformation to a new set of mode
which the Hamiltonian assumes once again the form give
Eq. ~1! and J(v) is given as a function ofJ̃(v).17 The re-
sulting J(v) inherits its ohmic@J(v)}v# or super-ohmic
character@J(v)}vn,n.1# from J̃(v) @ J̃(v)}vn#. Assum-
ing J̃(vb)!vb and vb!v* we deduce the following ap
proximate expression forJ(v):

J~v!}
J̃~v!

S v

vb
11D 2

@~v2vb!21p2J̃2~vb!#

. ~12!

FIG. 2. Calculated spectra for a bulk acoustic phonon mo
with D/vb52, T/vb50.1, andg50. The frequency origin is set a
the zero-phonon line~ZPL!. Top shows the polaron spectra (g
50) and bottom the QD-cavity absorption spectrum forg/vb55
31022. The ZPL of the polaron spectra is given by ad function
with relative oscillator strengtĥB&250.325. The inset expands
neighborhood ofv50 ~the asymmetry between the two maxima
explained by the difference between the broadenings!.
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For this spectral function~12! we havedph5 J̃(vb). We have

considered this model forn53 with g! J̃(vb). However,
our results should be qualitatively correct for alln>3.11,12

For confined acoustic phononsvb will be again determined
by the QD size. Figure 3 shows a representative spectrum
this model exhibiting well-defined sidebands. We find t
same results for the dependence of VRS on electron-pho
interactions as in the bulk case.

In summary, we have presented a formalism that allo
us to analyze basic cavity-QED effects for QD-microcav
systems with strong exciton-phonon interactions. We fi
that for super-Ohmic spectral functions the principal role
exciton-phonon interactions is the suppression of the ef
tive QD-cavity coupling strength. A natural extension of th
work is the analysis of ohmic spectral functions, which w
be presented elsewhere.

Finally, we remark that the analysis presented here wo
be of interest to all zero-dimensional solid-state-based qu
tum optical systems, where coupling to lattice vibrations c
be relevant. This for example is the case for nitrogen
cancy color centers in diamond nanocrystals coupled to h
Q optical cavities, which could be operated as efficie
single-photon sources.18

We thank D. Loss for bringing to our attention Ref. 12.
W. would also like to thank B. Gayral for helpful discus
sions. This work was supported by the David and Luc
Packard Foundation.
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FIG. 3. Calculated QD-cavity absorption spectrum for a co
fined phonon model withn53, T/vb5531022, D/vb53, g/vb

51024, J̃(vb)/vb53/p31022, and g/vb5331023. The fre-
quency origin is set at the zero-phonon line, and its neighborhoo
expanded in the inset.
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