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Magnetic-field effects on the optical spectra of a carbon nanotube
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Magneto-optical spectra of a single-wall carbon nanotube are studied theoretically. For light polarization
perpendicular to the tube axis, spectral peaks are strongly diminished by a depolarization field. In a high
perpendicular magnetic field, however, clear spectral peaks remain at higher energy side from interband
transition energy. For parallel polarization, the dynamical circumference current providing the depolarization
field, is expected in a perpendicular magnetic field. However, the depolarization field does not appear unless an
Aharonov-Bohm flux is applied.
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Carbon nanotubes~CN’s! have attracted considerable a
tention because of their characteristic structure of o
dimensional~1D! hollow cylinder. A CN is metallic or semi-
conducting, depending on the diameter and ch
arrangement of carbon atoms. In addition, magnetic fl
passing through the cross section changes the band gap
CN due to the Aharonov-Bohm~AB! effect.1 The AB effect
also affects electron transport, which has been studied
multiwall CN’s.2–4 To study the remarkable band structure
the observation of optical spectra is one of the most us
experiments. In fact, structural determination of a single-w
CN was successfully done recently by resonant Ram
scattering.5

The resonant optical transitions come from the van Ho
singularities at band edges. If we apply polarized light p
allel to the tube axis, clear spectral peaks correspondin
the van Hove singularities can be observed for absorp
and Raman spectra. For perpendicular polarization, howe
the peaks are reduced dramatically.6–11 The strong reduction
of the peaks originates from a depolarization field genera
by current in the circumference direction.12 Therefore the
depolarization effect is crucial to discuss optical transit
for CN’s.

In the presence of a magnetic field perpendicular to
axis, energy levels form flat Landau levels at the Fer
level.1 In this situation, it is not clear whether the depola
ization effect for perpendicular polarization still diminish
spectral peaks or not. Furthermore, the depolarization ef
is expected to occur even for parallel polarization due to
dynamical Hall effect. In the present paper we calcul
magneto-optical absorption spectra of a single-wall na
tube. Although the van Hove singularities of a CN in ma
netic fields have been calculated,13 it is insufficient to discuss
optical spectra only in terms of the singularities. In fa
some peaks are shifted from resonant energy correspon
to the singularities due to the depolarization effect.

Structures of CN’s are determined uniquely by chiral ve
tors L connecting two hexagons in a 2D graphite, andL
becomes the circumference length of the CN. The 2D gra
ite is a zero-gap semiconductor in which the valence
conduction bands consisting ofp states touch at theK and
K8 points. The effective-mass equation around theK point is
given by

g@sxk̂x1syk̂y#F
K~r !5«FK~r !, ~1!
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whereg is a band parameter,sx and sy are the Pauli spin
matrices,k̂52 i“1eA/c\ is the wave-vector operator in
the presence of the vector potentialA, andF is the envelope
function.1 The Fermi level lies at«50 for undoped case.

For CN’s having small diameter,s* -p* hybridization be-
comes important in the electronic states.14 In the following,
we consider CN’s with sufficiently large diameter such th
the hybridization is negligibly small. Then we have ele
tronic states of a CN by imposing a boundary condition
the circumference direction. In the presence of an AB m
netic fluxf passing through the tube axis, the boundary c
dition is generalized as

FK~r1L !5FK~r !expF2p i S w2
n

3D G , ~2!

where w5f/f0 with f05ch/e being the magnetic-flux
quantum. The integern takes 0 and61 depending on the
chiral vector L .1 Around the K8 point the effective-mass
equation and the boundary condition are obtained by rep
ing sy with 2sy andn with 2n.

Electronic states of a CN depend on its diameter a
chirality: a CN is metallic forn50 and semiconducting with
energy gap 4pg/3L for n561. An AB flux changes the band
gap ranging from 0 to 2pg/L in the period off0.1

Applying a magnetic field perpendicular to the tube ax
the lowest conduction and the highest valence bands
proach the Fermi level, and the well-defined Landau lev
are formed in a sufficiently strong magnetic field.1 Some
energy bands in a perpendicular magnetic field are show
Fig. 1~c! and Figs. 2~b! and 2~d!. In these figures the strengt
of the magnetic field is characterized byL/2p l , where l
5Ac\/eH is the cyclotron radius.

The electronic states of a CN around theK point are
specified by a band index~l,6! and the axial wave numbe
k, and the corresponding energy is denoted by«lK

(6)(k). The
‘‘ 1’’ and ‘‘ 2’’ represent the conduction and valence ban
respectively, and we label the same indexesl for conduction
and valence bands that have mirror-symmetric relation w
respect to the Fermi level, i.e.,«lK

(1)(k)52«lK
(2)(k). We

choose thex axis in the circumference direction andy in the
axial direction. Then the wave function is written as

Fl,6,k
K ~x,y!5

1

AA
exp~ iky!F̄l,6,k

K ~x!, ~3!
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FIG. 1. Calculated absorption spectra for pe
pendicular polarization in perpendicular magne
field L/2p l 51.0 with h50 ~a! and h5p/2 ~b!.
Solid and dotted lines denote self-consistent
sults including a depolarization field and resu
ignoring the depolarization effect, respectivel
The corresponding band structure and reson
transitions are shown in~c!.
-

whereA is the length of the CN.
Current-density operators are obtained from Eq.~1! as

ĵ j
G~x!5sgn~G,j!

eg

\
sjd~ x̂2x!, ~4!
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with G5$K,K8% and j5$x,y%. The sgn(G,j) represents
sign of the current-density operator, which gives sgn(K8,y)
521 and sgn(G,j)51 for other combinations. The ele
ments of the nonlocal conductivity tensorsjj8(x,x8) is writ-
ten as
sjj8~x,x8!5
2\

iA (
G

(
ll8

(
k

F ^l,2,ku ĵ j
G~x!ul8,1,k&^l8,1,ku ĵ j8

G
~x8!ul,2,k&

@«l8G
(1)

~k!2«lG
(2)~k!#@«l8G

(1)
~k!2«lG

(2)~k!2\v2 iG#
2~x↔x8,v→2v!G , ~5!
tic

ed.
ex-

lar

-
m

o-
with ^xul,6,k&5F̄l,6,k
G (x) and G being a phenomenologi

cal damping constant.
The induced current density generates the depolariza

field. Since the total electric fieldE is the sum of an externa
field D and the depolarization fieldEdep, we obtain a self-
consistent equation as follows:

S Ex~ l !

Ey~ l !
D 5

1

eb
S Dx~ l !

Dy~ l !
D 2 i

u l u
eb

4p2

Lv S j x~ l !

0 D , ~6!

where the current density j x( l ) defined by j x(x)
5( l j x( l )exp@i(2pl/L)x#, is driven by the total electric field
E. The optical absorption is calculated as

P5
1

2

1

LE0

L

dx Re@ j x~x!Ex* ~x!1 j y~x!Ey* ~x!#. ~7!

For simplicity, we do not consider the self-inductance
fect as follows: the circumference dynamical current gen
ates an dynamical magnetic flux that induces an electric fi
along the circumference direction. The self-inductance
nanotubes has been calculated in the local-fi
n

-
r-
ld
f
d

approximation.15 In the presence of a perpendicular magne
field, the nonlocality of the dynamical conductivity Eq.~5!
becomes significant because the wave function is localiz
Thus the calculation of the self-inductance should be
tended in the nonlocal form.

First, we consider the optical absorption for perpendicu
polarized light. The external fields are given byDy( l )50
and Dx( l )5(D/2i )d l ,12(D/2i )d l ,21 because of the sinu
soidal change coming from the cylindrical geometry. Fro
Eq. ~6! we get the total field

Ex~ l !5
D

2i
@~J21! l ,12~J21! l ,21#, ~8!

with

J l l 85ebd l l 81 i u l u
4p2

Lv
sxx~ l ,l 8! ~9!

being an effective dielectric function that includes the dep
larization effect. Thus the optical absorption is given byP'

5(D2/2eb
2)s' with
d
o

FIG. 2. Calculated absorption
spectra for parallel polarization in
perpendicular magnetic field
L/2p l 51.0 and AB flux f/f0

50 ~a! andf/f050.25. The cor-
responding band structures an
resonant transitions are als
shown in~b! and ~d!.
9-2
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s'5
eb

4 (
l

Re$@sxx~1,l !2sxx~21,l !#

3@~J21! l ,12~J21! l ,21#%. ~10!

Calculated absorption spectra of the metallic CN~n50!
for perpendicular polarization are shown in Fig. 1~a! for
h50 and 1~b! for h5p/2, whereh is the relative angle be
tween light polarization and the direction of a magnetic fie
@see Fig. 3~b!#. A magnetic fieldL/2p l 52.0 is applied in the
perpendicular direction, and an AB fluxf is zero. Solid lines
denote the results calculated from the self-consistent tr
ment in Eq.~10!, and dotted lines correspond to the calcu
tions ignoring the depolarization effect, i.e., effective diele
tric function J is replaced byebd l l 8 . Figure 1~c! shows the
band structure of a CN and transitions corresponding to
absorption peaks of dotted lines in Figs. 1~a! and 1~b!.

In the absence of a magnetic field, optical peaks disapp
for perpendicular polarization due to the depolarization
fect. However, peak structures are found in a perpendic
magnetic field as is shown in Figs. 1~a! and 1~b!, and the
depolarization effect manifests itself as the shifts of pe
energies to higher energy side. The resonating transitions
cur in a strong magnetic field such that well-defined Land
levels are formed.

The absorption spectra show strong dependence on
relative angleh. In fact, the spectral peaks become mo
prominent forh5p/2 arrangement. This comes from the p
culiar cylindrical shape of the CN and the localization ch
acter of the wave function in a perpendicular magnetic fie
Namely, external electric field for perpendicular polarizati
becomes maximum at both sides of the CN because of
cylindrical shape. The wave functions of the Landau lev
on the other hand, localize at the top and bottom of the C1

Therefore, optical transitions occur more efficiently f
h5p/2 thanh50.

Next we proceed to the optical absorption for parallel p
larization, i.e.,Dx( l )50 and Dy( l )5Dd l ,0 . Although the
depolarization field does not arise in the axial direction,
effective dielectric functionJ l l 8 relates to the absorptio
spectra via the Hall currentj x5sxyDy . Then the optical
absorption is given byPi5(D2/2eb

2)s i with

FIG. 3. Two typical arrangements for studying polarizati
properties of CN’s in magnetic fields.~a! parallel polarization and
~b! perpendicular polarization. For perpendicular polarization o
cal spectra depend on the angleh betweenE andH.
23340
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4p2

Lv (
l l 8

syx~0,l !

3@J21# l l 8u l 8usxy~ l 8,0!G . ~11!

Figure 2~a! shows the calculated optical absorption of t
metallic CN for parallel polarization, and the correspondi
band structure is shown in Fig. 2~b!. Applied magnetic fields
areL/2p l 51.0 in the perpendicular direction andf/f050
in the axial direction. The solid and dotted lines coinci
with each other, and thus there exists no depolarization fi
in this case. However, if we apply an AB flux, large redu
tion of the peaks can be found in the lowest peak due to
depolarization effect, which is shown in Fig. 2~c! for f/f0
50.25.

The AB flux induced depolarization effect can be demo
strated analytically. In a perpendicular magnetic field t
effective-mass equation forF̄l,1,k

K (x) is given by

Fsxk̂x1syS ky1
e

c\
AyD G F̄l,1,k

K 5«lK
(1)~k!F̄l,1,k

K . ~12!

Multiplying sz to the both sides of Eq.~12! from the left and
inserting the identical operatorsz

251 beforeF̄l,1,k
K , we find

F̄l,2,k
K 5szF̄l,1,k

K . Similarly we applysx to both sides of

Eq. ~12! from the left, insertsx
251 beforeF̄l,1,k

K , and apply
the time reversal operator to the both sides. Then we
F̄l,1,2k

K 52szF̄l,1,k
K* . Combining the above results, w

have alsoF̄l,2,2k
K 52F̄l,1,k

K* .
Let us consider, virtual transitionsul,2,k&↔ul8,1,k&

and ul8,2,2k&↔ul,1,2k& in the sxy(x,x8) of Eq. ~5!.
From straightforward calculation using above relations
wave functions, we find the numerators of thesxy(x,x8) for
two transitions have the same absolute value but oppo
sign. In addition, the energy denominators of two transitio
are the same. Therefore two contributions cancel out in
sxy(x,x8) even if a perpendicular magnetic field is applie
The cancellation also occurs for the contribution near theK8
point in the similar way. Therefore, the depolarization field
not induced because ofsxy50.

In the presence of the AB flux, the perfect cancellation
broken and the depolarization field survives. This origina
from the fact that the time reversal procedure does not l

-

TABLE I. Specific strengths of magnetic fields characteriz
L/2p l in the perpendicular direction (H') and w passing through
the tube axis (H i) for some diameters~d! of CN’s. Corresponding
energy gapsEg are also listed.

d(Å) Eg ~eV! H' ~T! H i ~T!

(4pg/3L51) (L/2p l 51) (f/f050.25)

10 0.82 2600 1300
20 0.41 660 330
30 0.29 290 150
60 0.14 73 38
9-3
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to the relation ofF̄l,1,2k
K 52szF̄l,1,k

K* . Consequently, the
AB flux gives rise to the depolarization effect for paral
polarization to the CN in a perpendicular magnetic field.

Table I shows some examples of the specific strength
magnetic fields parallel and perpendicular to the tube axis
which the depolarization effect on magneto-optical spectr
CN’s can be found. We use the tight-binding parameterg0

52.9 eV ~Ref. 5! relating tog5A3ag0/2 with a52.46 Å
being the lattice constant of 2D graphite. The diameter
tribution of single-wall CN’s ranges from;10 Å to;30 Å It
is difficult to confirm the present calculated results in expe
ments even for single-wall CN’s with diameterd530 Å be-
cause an extremely strong magnetic field is needed. The
polarization effect induced by AB flux can be observed
weaker magnetic fields than listed ones; for instance,L/2p l
50.5 (H'573 T) and f/f050.2 (H i5120 T). Another
candidate to realize the experiment is to use multiwall C
that have large diameter for outer nanotube layers. Altho
it contains some CN’s with different diameters in the co
centric form, only the outer CN’s are affected efficiently
magnetic fields. For multiwall CN’s, however, we shou
consider depolarization fields generated by each CN. T
problem will be studied in the future.

We have not consider the exciton effect of CN’s. Abso
tion spectra including the exciton effect of single-wall CN
were calculated by Ando,16 and he pointed out that the exc
L

T.
R

en
er

nu

23340
f
n
f

-

e-

h

is

ton bound states shift to the higher energy side because
the considerable enhancement of the band gap. The pre
tion was confirmed by Ichidaet al.17 in experiment of the
absorption spectra. Since many experiments support
manifestation of the depolarization effect, I believe th
present results on the depolarization effect in magnetic fie
are qualitatively correct even if the exciton effect is not co
sidered.

In conclusion, we have studied magnetoabsorption spe
of a CN from the viewpoint of the depolarization effect. Th
depolarization effect manifests itself as shifts of absorpti
peaks to higher energy side for perpendicular polarized lig
For parallel polarization, the depolarization effects are
duced by an AB flux, and as a result, the peaks of lower s
decreases considerably. The present calculation is restri
to the absorption spectra, however, the magnetic-field effe
will be confirmed by resonant polarized Raman spectra a
Namely, we will find the depolarization shifts of resonatin
frequency of incident light for perpendicular incident ligh
In the case of parallel polarization, the resonant Raman
tensity driven by lower resonant frequency, will be reduc
by applying AB flux.
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