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Upconversion and migration in erbium-doped silica waveguides
in the continuous-wave excitation switch-off regime
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Based on an approach for averaging solution of rate equations over possible ensemble configurations, we
derive integral equation for population inversion taking into account nonlinear homogeneous upconversion and
migration in Er31-doped silica waveguides for the case of 1480-nm CW excitation switch-off~CWES! regime.
Because of pump for CWES is off, only migration tends to refill the holes in excitation distribution caused by
upconversion. Thus the upconversion is weaker than that for the CW operation, except fort50 and t→`,
upconversion.
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I. INTRODUCTION

The recent interest in Er-doped planar amplifiers is m
vated by their potential use for integrated active devices
optical communication systems at the 1.5-mm transmission
window. In order to obtain sufficiently large gain in a sho
planar device two orders of magnitude higher Er concen
tions (1020– 1021 cm23) are required in comparison with
typical fiber amplifier. However, at high concentration
parasitic interactions between Er ions are stron
enhanced.1–5 The resulting upconversion processes red
achievable gain and have to be properly taken into acco
while modeling the amplifier performance. It has been o
served that the dependence of the upconversion rate~W! on
the population inversion~n! is approximately linear for smal
population inversions (n→0) whereas it becomes nonline
when the population inversion increases.1–5

Our statistical model derived in Ref. 5 well describes t
nonlinear dependence of the upconversion rate on the p
lation inversion without introducing the concept of Er31

clusters,1,3 and does not require time-consuming Mon
Carlo simulations.4 Although the short-pulse excitation an
continuous-wave~CW! operation considered in Ref. 5 ar
generic for the theories of migration and quenching, the s
plest experiments for determination of the upconversion
in Er31-doped fibers have been done for continuous-w
excitation switch-off~CWES! regime.2 So, the model consid
ered in Ref. 5 should be generalized to the case of CWE

In this paper, by means of approach considered in Re
we derive integral equation for the population inversion ta
ing into account the upconversion and migration of exc
tion in Er31-doped waveguides for the case of CWES. W
also compare the resulting upconversion characteristics
those obtained for CW operation5 and the experimental re
sults of Ref. 2.

II. THEORETICAL MODEL

We start from the rate equation derived in Ref. 5 for t
case of a short-pulse~d-pulse! excitation,
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dn~x1 ,x2 ,t !

dt
52n~x1 ,x2 ,t !S 11

k2n~ t !2

4x1
2 D

2@n~x1 ,x2 ,t !2n~ t !#
k2r

8x2
2 , ~1!

where

n~ t !5^n~x1 ,x2 ,t !&x1 ,x2

5E
0

`E
0

`

n~x1 ,x2 ,t ! f ~x1! f ~x2!dx1dx2 .

Following Ref. 5, we also introduce initial conditions th
correspond to the continuous-wave excitation at 1480 nm

n~x1 ,x2,0!5
a

11ba

1

11
k2n0

2

4x1
2~11ba!

1
k2r

8x2
2~11ba!

1

k2rn0

8x2
2~11ba!

11
k2n0

2

4x1
2~11ba!

1
k2r

8x2
2~11ba!

. ~2!

Here k5ApcEr /cup, cEr is the concentration of Er31 ions,
cup5@(4p/3)Rup

3 #21 is the critical concentration for the up
conversion,r 5(Rm /Rup)

6, Rup and Rm are the critical dis-
tances for upconversion and migration,6,7 a
5saPatGa /Ahna , b5(sa1se)/sa , sa andse are the ab-
sorption and emission cross sections,t is the first excited
state lifetime,Pa is a pump power at frequencyna , Ga is the
overlap factor between light-field mode and the erbium d
tribution,A is the effective area of the erbium distribution,xi
are random variables related to the migration and upcon
sion probabilities and described by the distribution function5

f ~xi !5
2

Ap
exp~2xi

2! ~ i 51,2!, ~3!

n05^n(x1 ,x2,0)&x1 ,x2
is found from Eq.~2!
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n05
a~n01Ar /2!

11ba

FS k~n01Ar /2!

2A11ba
D

S n01Ar /2FS k~n01Ar /2!

2A11ba
D D ~4!

with F(x)512Apx exp(x2)erfc(x). Thus, Eq.~1! with initial
condition~2! describes the evolution of the population inve
sion for the cw pump switched off att50.

We find the solution of Eq.~1! and average it over vari
ablesx1 , x2 with the distribution functions~3!, which results
in the following integral equation forn(t):

n~ t !5n0z~ t !exp~2t !,

z~ t !5F0~ t !1E
0

t

z~t!F1~ t,t!
]F2~ t2t!

]t
dt, ~5!

where

F0~ t !5
a

~11ba!n0
E

0

`

exp~2y!G1~y!G2~y!dy

2E
0

`

exp~2y!G1~y!
]G2~y!

]y
dy,

G1~y!5expS 2kn0H E
0

t

z2~t!exp~22t!dt1
y

11baJ 1/2D ,

G2~y!5expS 2kAr /2H t1
y

11baJ 1/2D ,

F1~ t,t!5expS 2n0kAE
t

t

z2~t!exp~22t!dt D ,

F2~x!5expS 2
kAr

&
AxD . ~6!

It follows from Eqs.~5! and ~6! that for t→0

z~ t !512S a~12bn0!

n0
21D t1O~ t3/2!,

Wup52
1

n~ t !

dn~ t !

dt
2152

1

z

]z

]t
5

a~12b•n0!

n0
21.

~7!

As expected, the upconversion asymptote~7! is equal to the
CW upconversion rate obtained in Ref. 5.
To find the asymptote fort→`, we rewrite Eq.~5! in the
following form:

z~ t !5F0~ t !1E
0

t

z~t!c~ t,t!
]G~ t,t!

]t
dt, ~8!

where
23310
G~ t,t!5expS 2n~0!kAE
t

t

z2~t!exp~22t!dt

2
kAr

&
At2t D ,

c~ t,t!5S 11
&n~0!z2~t!exp~22t!At2t

ArA*t
t z2~x!exp~22x!dx

D 21

. ~9!

For kAr @1 function ]G(t,t)/]t→0 for all points except
t→t. Hence, the main contribution to the integral in Eq.~9!
comes from the vicinity oft2t50, and we can replace
c(t,t) with the first terms of its expansion at that point,

c~ t,t!'12A2/rn~0!z~t!exp~2t!. ~10!

Using Eq. ~10! and the following notation for the Laplac
transforms:

z̃~p!5E
0

`

z~ t !exp~2pt!dt,

G̃~p!5E
0

`

expS2n~0!kAE
0

t

z2~t!exp~22t!dt

2
kAr

&
At D exp~2pt!dt,

~11!

C̃~p!5E
0

`

z2~ t !exp@2~p11!t#dt,

D z̃~p!5E
0

` ]z~ t !

]t
exp~2pt!dt,

F̃0~p!5E
0

`

F0~ t !exp~2pt!dt,

we find

D z̃~p!52
F̃0~p!

G̃~p!
112

&n0

Ar

12pG̃~p!

G̃~p!
C̃~p!, ~12!

where

F̃0~p!

5G̃~p!2S a

n~0!
212ab D

3
F~kAr /@8p# !/p2F~kAr /@8~11ab!#!/~11ab!

~p212ab!
.

~13!

The asymptotic behavior (t→`) of a function is deter-
mined by the pole of its Laplace image with a largest r
part.8 For t→` the number of excited ions decreases, so
upconversion is slowing down andz(t)→const. As it fol-
lows from Eq.~11!, C̃(p) has simple polep0521. Thus for
the asymptotic behavior ofD j̃(p)/C̃(p), we have, for
kAr @1,
4-2



e

i
e

S

u
it
d
ro

o
t
o

th
e

ve
th

ce
t

at
nd

th
E
le

tion
ver-
ted
f
nce
-
u-

u-
nd

ents
th a
s,

tes
xi-

nces
re-
ion

BRIEF REPORTS PHYSICAL REVIEW B 65 233104
lim
p→21

D j̃~p!

C̃~p!
→
&n0

Ar
F12pG~p!

G~p!
GU

p521

}
n0k2Ar

2&
.

~14!

Thus, we find from Eqs.~11! and~14! the following equation
in the time domain:

dz~ t !

dt
52

n0k2Ar

2&
z2~ t !exp~2t !. ~15!

From Eq.~15! we finally obtain the asymptotic form of th
upconversion rateWup for t→` and high Er31 concentration
(kAr @1),

Wup
CWES52

1

n~ t !

dn~ t !

dt
2152

]z~ t !

]t

1

z~ t !
5

k2Ar

2&
n~ t !.

~16!

Comparison with the results of Ref. 5 obtained for the lim
n→0 shows that the asymptotic behavior of the upconv
sion rate for vanishing population inversion~n→0 or t→`!
is the same for both the CW and CWES regimes.

Based on a numerical solution of Eqs.~5! we find upcon-
version rate as function of population inversion for CWE
regime. Numerical data, as well as data for CW~Ref. 5! and
experimental results for CWES,2 are shown in Fig. 1.

III. DISCUSSION

The main result of this paper is the generalization of o
model5 to the case of CW excitation switch-off regime. As
follows from Fig. 1, numerically and analytically obtaine
data are in good correspondence with experimental data f
Ref. 2.

The obtained results can be interpreted as follows. Upc
version is strongly dependent on the distance between
excited ions. Hence, for high population inversion each
the excited ions is upconverted by a different ensemble
surrounding excited ions in the following way: the denser
surrounding is, the higher the rate of upconversion will b
As a result, the rate of upconversion after averaging o
possible ensemble configuration is not proportional to
population inversion. Upconversion process burns holes
the excitation distribution where the ions are densest spa
For the CW operation both the pump and migration tend
refill the holes, thus enhancing the overall upconversion r
For the switch-off case only the migration effect is left a
hence the upconversion is weaker~Fig. 1, curves 1 and 2!.
For small population inversion, however, the influence of
pump on the upconversion is weak for both CW and CW
regimes. Hence, for both regimes, upconversion is acce
s

23310
t
r-

r

m

n-
he
f

of
e
.
r

e
in
d.

o
e.

e
S
r-

ated mainly by migration. The last one leads to equaliza
of different ensembles, and the averaged value of upcon
sion would be proportional to the concentration of exci
ions ~compare curves 1, 2, and 4!. Based on fitting results o
experiments from Ref. 2 we have found the critical dista
of upconversion ofRup511.2 Å. The deviation of the theo
retical curve from experimental one for the region of pop
lation inversionn.0.65 can be explained by the low acc
racy in the measurement of population inversion a
upconversion rate for the saturation case. In experim
from Ref. 2, decays were sampled by the oscilloscope wi
sampling time of 50ms. For high erbium concentration
upconversion rate decreases substantially during first 50ms
after pump power blocking by chopper. As a result, the ra
of upconversion for population inversions close to the ma
mum value of 0.7 are underestimated.
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FIG. 1. Normalized upconversion rateWup as a function of the
population inversionn for ~1! CW regime~calculated in Ref. 5!; ~2!
CW excitation switch-off regime@calculated from Eqs.~5!#; ~3!
measured in Ref. 2;~4! a linear asymptote forn→0 @Eq. ~16!#.
Rup511.2 Å, r 560 ~1,2,4!, cEr58.631025 ions/m3 ~1–4!, t
511 ms.Wup, n are dimensionless values.
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