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Weakly interacting ferromagnetic chains in a field
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The linear renormalization-group transformation is used to study the temperature dependence of the specific
heat and susceptibility of the weakly interacting spin chains in a fi®ldt has been found that for the coupled
Ising chains the shift of the susceptibility maximum under the longitudinal field can be fitted satisfactory to a
power-law with exponent) close to 2/3 in a broad range of the field. It is not the case for the Ising spin
chains coupled only by four spin interactions where deviation from a single power law is clearchadges
from 0.39 for small field to 0.68 for higher field. The transition temperature of the uniaxial Heisenberg
ferromagnet in the field perpendicular to the easy axis is also found. It is shown that only for very small fields
and the anisotropy strong enough this temperature is shifted accordirfga® predicted within mean-field-
approximation.
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I. INTRODUCTION II. ISING CHAINS IN A FIELD

In this section we apply the LPRG mettotb weakly

: Quagl—one—fj|men5|onal magnets in which the m.terCha'qnteracting Ising spins chains in the external longitudinal
interactions ') are much weaker than intrachain interac- field. The Hamiltonian of such a system is defined as
tions (J), are usually treated as really one-dimensional spin

systems. This is justified at higher temperatures, however, at -

low temperatures the weak interchain interaction may be re- H=K > S,S,j+1t Ky > S,S+1th >s,
sponsible for a magnetic ordering and has to be taken into 2 oy '
consideration. Among the many quasi-one-dimensional ferwhere the label refers to rows ang to columns, the factor
romagnets studied so far, one finds systems which can be 1/kgT has already been absorbed in the Hamiltonian
considered as &=1/2 anisotropic Heisenberg model— (K=J/kgT, K;=J"/kgT, ﬁzmagnetic fieldkgT) and K,
(CeH11NH3)CuBr; (CHAB) (Ref. 1); isotropic Heisenberg <K. As usual, we define the renormalization transformation
model—@-CDTV) (Ref. 2 or Ising model KEr(MoQ),.> by

In each of them the magnetic order at sufficiently low tem-

perature is observed. In CHAB the interchain coupling, be- exgH' (o) ]=TrsP(o,S)exdH(S)]. 2

ing of three orders of magnitude lower than the intrachainThe weight operatoP(c,S) is chosen in the linear form
one, is responsible for the three-dimensional antiferromag- '
netic ordering belovl .=1.5 K.> p-CDTV orders ferromag- 1

netically at T,=0.67+0.02 K (Ref. 2 and KEr(MoQ), P(o.9)= IT a+ Tit1j+1Si11.9+1) (3

with J'/J=0.02—0.08 exhibits magnetic phase transition at 277 i=0

T.=0.955+0.005 K The existence of the phase transitions ang consequently, in each renormalization step, every other
in such systems causes the application of an even small expin from every other row survives. Separating the Hamil-
ternal magnetic field to change drastically the temperatur@onian(l) in a partH, containing intrachain interactiofk)

dependence of the thermodynamic quantities. It is obvioug g 5 remaindel containing interchain interactionk(),
that such a behavior can be described neither on the basis @fih the notation

the one-dimensional model nor within a mean-field approxi-

mation (MFA). So, it seems interesting to study quasi-one- 2o=TrsP(o,S)exd Ho(S)] (4)

dimensional systems in the field by using a method that al-

lows one to take into account their really t\No-dimensionaIand

character and to go beyond the MFA. 1
Recently, we proposed the method based on the linear- (A)o==—TrAP(c,S)exgd Ho(S)], (5

perturabtion renormalization-group transformafiébPRG), 2o

which can be applied to study a broad class of weakly interthe transformatiori2) can be rewritten as

acting spin chains. The LPRG method can be used to con-

sider some nonuniversal properties such as location of the H' (o) =In[zo]+ In[{exp(V))o], (6)

critical temperature or temperature dependence of the thefzi, the following cumulant expansion fdexp(v))s:

modynamic quantities of the above-mentioned systems. In

this paper the LPRG will be applied to find the temperature 1 ) )

dependence of the specific heat and susceptibility of the — IN[(€XAV))ol=(V)o+ 57 ((V)o=(V)O) + - ... (1)

weakly interacting Ising spin chains in a longitudinal exter- '

nal magnetic field and the critical temperature of the quan- To evaluate the cumulant§) one has to know the aver-

tum uniaxial ferromagnetic chains in a transverse field. ages(S, . ..,S,) in “odd” rows where in the renormaliza-
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tion step every other spin is removed and in “even” rows
where all spins are removed. Dividing an odd chain into
three-spin cells with the following weight operator:

P(0,9)=3(1+018)(1+05S3), 8

and considering only one cell we can find the chain renor-

malized interaction

ZgOdd):ao‘F ag(0'1+ 0'2)+axa'1(72,

9)

where

1 1 - -
ap= ZTrSeH0(5)= 5Le*“costizh) +e~ 2 ]+ coshth),
= L 1rgs,eM9 = - 2K sinn 2
ag=;TrsS,e =5e sinh(2h),

1 1 ~
a,= ZTr381$3eH0(S) = E[eZKcosr( 2h)+e ?]—costh).

(10
The “odd” chain spin averages are given by
(S)=01, (S)=o02,
<Sz>:X0+X1(O'1+O'2)+XXO-10-21 (11)
where
X0= a3C0+ 2a4Cg+ a5Cx y
X1=a,(Co+Cy) +Cy(az+as),
X = A5Co+ 284Cy+ A3Cy . (12)
and
_1 Ho(S) 1 2K i T inh
ag= 7 TrsSe 0™ = e sinh(2h) + sinh(h),
_1 Ho(S) 1 2K —-2K
a,= 4 Trs$iS,e"Y = S [ecosh2h) —e ],
_1 Ho(® = L 2K sink 2) — sinh(R
as=;T1s5,5,Se"9= Je sinh(2h) —sinh(h),
(13
c0=(aé—2a5+aoax)/()\17\2)\3),
Cg:_ag/(}\l)\Z)!
Cx=—(a;—2aj+aga)/(NA\3), (14)
)\1,2=aoi2ag+ax' N3=2ag—ay. (15)

By means of the coefficients,, X;, X, one can express all
other averages. For example,

<SlSZ>:X1+XOO-l+ XX0'2+X10'10'2,

($15,S3) =X+ X1(01+ 02) + X010 (16)
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FIG. 1. The cluster used to get renormalized Hamiltor(i@n
Small dots denote decimated spins.

The averages of the spins from even, removed rows could
be calculated using a chain of an arbitrary length, however,
in our proceduréalready in the lowest nontrivial order of the
cumulant expansiori7) all possible bilinear couplings be-
tween several spins from the adjoining renormalized rows
come into play. Thus, in order to carry out effectively the
LPRG transformation we have to confine ourselves to a clus-
ter of a reasonable size. In the second order in the cumulant
expansion we have to take into account three chains and we
chose the cluster consisting of five spins from odd and seven
spins from even rowsgsee Fig. 1

In order to find the contribution to the interactions be-
tween the effective spinso{) one should take into account
the averages of all possible products of spins from the con-
sidered cluster. For example, this contribution from the av-
erage(S;S;S,) is

X10'1+X00'10'2, (17)
and from(SyS;S;S,) is
X%+X0Xl(0'1+0'2)+x(2)0'10'2, (18)

and so on. For the cluster presented in Fig. 1, to the second
order in the cumulant expansion, three new interactions
(K,,K3,K,) are generated:

KoS iSi+1j+11TKsS jS+1jSi+1+1
K4S jSi11jSij+1Si+1j+1-

Now, we can find the recursion relations for six param-
eters K',K;,K5,K5,K;,h"), which in our case define the
renormalization group-transformatigf). As usual in each
step of this transformation a constdimidependent of effec-

tive spinsa) term G(K; ,h) appears which can be used to
calculate the free energy per site according to the forfula

(19

G(K(n) h(n)) 20

-3

Using the recursion relations for the interaction param-
eters and the formulé&20) one can find numerically the ther-
modynamic quantities of the models described by the Hamil-
tonian (1) with the additional interaction$19). We will
calculate the specific heé€) and the magnetic susceptibility
(x) for two special casedql). K,=K;=K,=0—the Ising
chains coupled by standard bilinear interactkbp with the
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FIG. 2. Temperature dependence of the zero-field specific heat FIG. 4. Temperature dependence of the magnetic susceptibility
for Ising chains withk; /K=0.02, 0.03, 0.04, 0.05, and 0.1 from for Ising chains withK;=0.02 K forh=0 (thin line), h=0.5(solid
left to the right. line), h=0.8 (dotted ling, andh=1 (dashed ling

finite-temperature phase transition in the field-free cé®e; ~ according toh? with increasing field—has been studied so
K,=K,=Ks;=0—the Ising chains interacting via four-spin far, mainly by using the MFAR™ Recently, the shift of the
interactionsK, with interacting spins located on ax2  maximum of the field-dependent susceptibility in one-
plaquette, where no finite-temperature long-range order igimensional anisotropic ferromagnetic materials has been
observed in the absence of the external field. studied by using the linear RG transformatinlt was
shown that only for the transverse susceptibility the shift of
the maximum can be satisfactorily described by the power
law for a broad range of the field with the exponentlose
The specific heat as a function of the temperature (to 2/3 for the anisotropy small enough.
=K~ 1=kgT/J) in case(1) for several values of the ratio  In Fig. 5 the log-log plot of the susceptibility maximum
K,;/K=J'/J in the field-free case is presented in Fig. 2. shift for weakly interacting Ising spin chains in longitudinal
According to the exact resuft;**the specific heat has a sin- field is presented. The whole curve can be reasonablly fitted
gularity characterizing a critical point for any value of the to the formulay=0.94+0.58, which means
ratio K, /K. It should be emphasized that in contrast to the
numerical method where a critical point is found by using th—tc~h?, v~0.58. (21)

fitti in LPRG, th itical point is f - . . _
some fitting procedure in G, the critical point is found However, as it is shown in Fig. 5 the fit is much better for

from the flow diagram analysis. small fields ifu~0.65, and for higher fields i6~0.71. Any-

As shown in Fig. 3 according to our expectation the ap lude that with bl imation i
plication of an even small longitudinal external field destroysway' one can conciude that with réasonable approximation in

the phase transition and the specific heat has a maximU|f"?1rathe.r broad range of the_ field the Ion_gitudina_ll sgsceptibil-
instead of a singularity. This maximum shifts toward higherIty maximum of the weakly interacting Ising chains is shifted
temperatures as the field is increased. according to the 2/3 law.

In Fig. 4 the temperature dependence of the longitudinal o .
magnetic susceptibility is presented. The “universal” char- B. Four-spin interaction
acter of this dependence for the ferromagnetic systems—the The two-dimensional Ising model made using spin chains
existence of the maXanUm &=t >t (Wheretc is the criti- Coup|ed On|y by four-spin interactioK4 (19) does not ex-
cal temperature ah=h/K=0) which decreases and shifts hibit any finite-temperature phase transition in the field-free

A. Bilinear interactions

C ln(tm_t:)

1.5.‘/

1n(h)
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FIG. 5. Log-log plot of the field dependence of the susceptibility
FIG. 3. Temperature dependence of the specific heat for Isingnaximum location for Ising chains witlK;=0.05 K. The thin,
chains withK;=0.03 K for h=0 (thin line), h=0.2 (solid line), solid and dashed lines denote the curyes0.94+0.58, y=1.16
h=0.5 (dashed ling andh=1 (dotted ling. +0.6%, andy=0.91+0.71x, respectively.
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FIG. 8. Log-log plot of the field dependence of the susceptibility
maximum location for Ising chains coupled by four-spin interaction
with K,=0.05 K. The solid and dashed lines denote the cuges
=0.64+0.3% andy=0.95+0.6&, respectively.

case® It means that even in the zero field the specific heat
has no a singularity but only a maximum. In Fig. 6 the tem-
perature dependence of the specific heat for several values of
the field is shown. As the field increases the specific heat
maximum, at first, grows and moves toward lower tempera-
tures, then changes the shift direction and finally decreases.

The temperature dependence of the susceptibility of the
Ising chains coupled by four-spin interactions wit,

FIG. 6. Temperature dependence of the specific heat for Ising_§ o5 k s presented in Fig. 7. Except for the field-free

chains coupled by four-spin interactidd,=0.05 K (a) and K,
=0.2 K (b) for h=0 (solid ling), h=0.05(thin line), h=0.1 (dotted

line), h=0.5 (dashed ling andh=1.2 (dashed-dotted line
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behavior where in this case the sharp maximum instead of
the singularity is observed the shift of the susceptibility
maximum resembles that for the standard Ising md@B.

4). However, it is easy to see from Fig. 8 that in cé®gthe
field dependence of the maximum susceptibility shift cannot
be described by a single power laty,—to~h?, wheret is

the location of the susceptibility maximum at zero field. For
K,=0.05 we have foundy~0.26. Surprisingly, for the
higher fields the fitv~0.68 is closer to the 2/3 law than the
fit for small field v~0.39

IIl. QUANTUM SPIN CHAINS IN A TRANSVERSE FIELD

In this section, we consider weakly interacting quantum
spin chains described by the Hamiltonian

H= > Ka% SYStje1t > K{Y SSt 1,

a=Xx.,y,z a=X,y,z (i)
+hY, S (22
|

As in the preceding section the labekfers to rows angito
columns and the factor 1/kgT has already been absorbed in
the Hamiltonian. FolK*>K*=KY>0 this Hamiltonian de-
scribes the uniaxial ferromagnet in the external field directed
perpendicular to the easy axig)( In such a system the
external field does not destroy the phase transition from fer-
romagnetic phaséwith magnetization making some angle
with the external fielgito the paramagnetic phaégith mag-

FIG. 7. Temperature dependence of the susceptibility for Isingl€tization along the field™ In the MFA the temperature of

chains coupled by four-spin interactidd,=0.05 K (a) and K,
=0.2 K (b) for h=0.01, 0.05, 0.1, 0.2, and 0.3 from top to the

bottom.

this transition is given b

te—t(h)=bh®, w=2, (23)
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wheret.= (K% ~1=kgT./J? denotes the critical temperature te-te(h)

in zero field,h=nh/KZ and b is some constant. Within the 0.04 /

MFA the exponentw neither depends on the system dimen- /
sionality nor on the interactions and anisotropy values. Here,  0.03 . o
to find the field dependence of the critical temperature of the /'
model described by the Hamiltoniat22) we apply the

LPRG method presented for the quantum spins in the previ-

ous papef.Due to the noncommutativity of several terms of

the Hamiltonian(22), and also because of the three compo- 0.01
nents of the spin operators, the application of the LPRG
method to the quantum spin model is much more compli-
cated. For example, instead of the relati¢@sand (11) for : . . D& 0.5
the chain renormalized interaction and averages of the Ising
model, now we have

a

e

FIG. 9. The critical temperature of the uniaxial ferromagnets in
the field perpendicular to the easy axis. Squarés=K,
=0.%,, K1,=0.K,; Points:K,=K,=0.K,, K;,=0.3,.

B=agtrag(oitoh)+ X a,ofos (29
ey =0.2K,, K¢=0.3,,. The zero-field critical temperaturées
and are(i) 1.04 and(ii) 1.37, respectivelyfor the standard Ising
modelt,~2.269.1
(S)=x101+ X305+ X (0} 03— 0103), (25 The shifts of the critical temperatures under external field
are presented in Fig. 9. In both cases the results are fitted to
where the formula(23), with b=0.16 and 0.1 for the casés and

(ii), respectively. As shown in Fig. 9, in both cases the fit is
quite good for a field small enough, although in the case
for h>0.3 the deviation from the single power-la\®3) is
very clear.

X1=2a4Cq+agCo+ axCy,
X3=2a4Cqy+ayCo+apCy,

Xy=ag(Cy—C,) (26)
. . . IV. CONCLUSION
a; are expectation values defined analogous to the definitions

(10) andc; are coefficients of thel®® inverse operator The LPRG method has been applied to study the tempera-
ture dependence of the thermodynamic quantities and the
oddy_1 . location of the transition temperature in weakly interacting
[209% t=co+cy(af+05)+ > c,005 (21 ferromagnetic chains at an external magnetic field. It should
a=X,y,z 9 .
i be emphasized that even in the field-free Ising spin model

and, for example, the renormalization-group transformation has been obtained
by using two approximations. First, connected with the per-

ag turbation with regard to interchain interaction, which is valid

Co=— T - (28 if K;<K (andK;<1) and second, related to the truncation
a;—2aya,+ay—a,—2agaxt4ag—ap of the interaction generated in the LPRG procedure. For the

] ] S quantum case, because of the noncommutativity of several

To find the renormalized Hamitlonian we apply the clusterierms of the Hamiltonian, additional approximations are nec-
presented in Fig. 1. However, in the quantum case to th@ssary. Namely, the used procedure takes quantum effect into
second order in the cumulant expansion the RG transformayccount within a single linear cell and neglects the effects of
tion generates 22 new two-, three-, and four-spin '“terachoncommutativity of several celfs2 We have also ne-
tions. So, together with the initial Hamiltonian couplings glected higher than second-order contributions to the effec-
(K% K7,h) one has to consider 29 interaction parametettive interactions from three- and four-spin interactions. All
space. The evaluation of the contribution from all new inter-these approximations are high-order approximations. On the
actions is straightforward but rather tedious. So, we confinether hand, the smaller the ratk, /K, the lower critical
ourselves to consider the contribution to the effective intertemperature. So, the proposed approach can be used to evalu-
action from two-spin interactions up to the second order andte the temperature dependence of the thermodynamic values
from three- and four-spin interactions to the first order. Wein the higher temperature and to find the critical point loca-
have evaluated numerically the renormalization transformation if a transition does not take place in a very low tempera-
tion from the original set of 29 coupling parameters to the seture, i.e., ifK;/K is not too small. Of course, the approxi-
of renormalized parameters and have found two stable fixechation could be improved by taking into account the higher
points describing the behavior of the systeniTatO andT  orders in the cumulant expansion and by increasing the used
=0, and the critical surface in the 29-dimensional space otluster. Unfortunately, for the quantum spins, especially in
the parameters. The critical temperature was found fothe presence of the external field, the higher-order calcula-
two cases:(i) K,=K,=0.5K,, K{=0.2K,; (i) K,=K, tions become labor and time consuming. However, we be-
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c renormalization transformation goes on. So, using the LPRG
one can expect to get reasonable results for quite compli-
cated classical and quantum systems made of weakly inter-
acting chains at sufficiently high temperature.

In this paper we found the temperature dependence of the
specific heat and susceptibility for the two classical spin sys-
tems in the longitudinal field: the standard Ising model that
exhibits finite-temperature phase transitions in the field-free
case, and the Ising spin chains coupled only by the four-spin
interactions. In the latter case there is no phase transition at

t any finite temperature even ht=0.% The result of our ap-

1.5 2 2.5 3 proach concerning the existence of the critical point for an

FIG. 10. Temperature dependence of the specific heat for Isingrbitrary small bilinear interchai_n interactidg, is qualit?_:l-
chains with K,/K=0.1 found by using clusters: 3-5-@lashed Ively correct although, as mentioned above, the location of

line), 5-7-5 (dotted ling, and 7-9-7(solid line). this point for small ratio K, /K) is not so good in compari-
son with the exact results. As one expects the application of
lieve that the cluster presented in F|g 1 allows one to dean external field deStroyS the phase transition and both the
scribe reasonably the basic features of the considered modeiBecific heat and magnetic susceptibility have maxima in-
especially at high temperatures and small fields. The basigtead of singularities. In the case of the susceptibility this
for this belief is the analysis of the results found by usingMaximum is shifted toward higher temperature according to
three different clusters 3_5_ahree Spins in odd and five the 2/3 power law for the broad range of the fields. For the
spins in even rows, respectivelys-7-5, and 7-9-7 for Ising Ising with only four-spin interaction according to the exact
chains at zero field. As an example the temperature depe,ﬁesulf1 there are no singularities in specific heat and suscep-
dence of the specific heat based on these three clusters tiility even ath=0, althoughy exhibits a very sharp peak.
shown in Fig. 10. It is seen that the results for the two biggefn this case also the magnetic field shifts the susceptibility
clusters are very close to each other. Therefore we woulaximum but this shift cannot be fitted to the single power
expect that further increasing of the cluster does not chang@W in the broad range of fields. For smalll fields the exponent
much qualitatively the results. The quantitative discrepancyhat characterized the shift is~0.39. o
in the low-temperature regioni((1.1) for the smallest cluster ~ The LPRG has been also applied to quantum uniaxial
arises from neglecting the nearest-neighbor interactions ihleisenberg model in the field perpendicular to the easy axis.
the odd rows. It has been shown that, according to the MFA results, such a
The good point of the LPRG s that, contrary to the non-field does not destroy the continuous phase transition and
linear renormalization-group transformation, it does not re.ShiftS the critical point towards a lower temperature. For the
quire the choice of the weight operator. In fact this choice issmall enough field, this shift is described by the power law
not obvious for weakly interacting spin chains especially inWith exponeniw=2. For higher fields and smaller anisotropy
the presence of the external field. Next, opposite to the linedihe deviation from the single power law seems to be clear.
Migdal-Kadanoff transformation the LPRG method does notHowever, it should be noted that our approximation can be
have to be connected with the bond-moving mechanism thavorse for higher fields.
gives rather poor results even for the standard two-
dimensional Ising modét*?Finally, as opposed to numerical
methods, one has not to use any fitting procedure to estimate
the critical temperature that can be found from the analysis This paper was supported by the State Committee for Sci-
whose fixed point is approached by the Hamiltonian as thentific ResearcliPoland Grant No. 5P03B10921.
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