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Ferromagnetism in the one-dimensional Hubbard model with orbital degeneracy:
From low to high electron density

Harumi Sakamotb and Tsutomu Momoi
Institute of Physics, University of Tsukuba, Tsukuba 305-8571, Japan

Kenn Kubo
Department of Physics, Aoyama Gakuin University, Chitosedai, Tokyo 157-8572, Japan
(Received 10 April 2001; revised manuscript received 1 October 2001; published 17 May 2002

We studied ferromagnetism in the one-dimensional Hubbard model with doubly degenerate atomic orbitals
by means of the density-matrix renormalization-group method and obtained the ground-state phase diagrams.
It was found that ferromagnetism is stable from low to high<(®<1.75) electron density when the interac-
tions are sufficiently strong. The quasi-long-range order of triplet superconductivity coexists with the ferro-
magnetic order for a strong Hund coupling region, where the interorbital interddtienJ is attractive. At
quarter-filling (W= 1), the insulating ferromagnetic state appears, accompanying orbital quasi-long-range order.
For low densities1t<<1), ferromagnetism occurs owing to the ferromagnetic exchange interaction caused by
virtual hoppings of electrons, the same as in the quarter-filled system. This comes from separation of the charge
and spin-orbital degrees of freedom in the strong-coupling limit. This ferromagnetism is fragile against varia-
tion of band structure. For high densities>*1), the phase diagram of the ferromagnetic phase is similar to
that obtained in infinite dimensions. In this case, the double exchange mechanism is operative for stabilizing
the ferromagnetic order and this long-range order is robust against variation of the band dispersion. A partially
polarized state appears in the density region £6&1.75 and phase separation occursrqust below the
half-filling (n=2).
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[. INTRODUCTION electron density per site is not an integet®e.g., the density
of electrons per sitén) is betweenl and|+1. If electrons
The Hubbard model has been employed for a long time agre strongly correlated, each lattice site is occupied by either
a standard model for metallic ferromagnetism of itinerant! or I +1 electrons, and Hund coupling forces their spins to
electrons' 2 It is, however, not easy to show that the Hub- be parallel in an atom. The magnitude of the formed atomic
bard model simulates a metallic ferromagnet. Many investiSPin is 1/2 or (I+1)/2 for ISNg—1, andNg—1/2 or Ng
gations revealed that a simple single-band Hubbard model oni (I +1)/2 for I=Ng4, whereNy denotes the degree of de-
a hypercubic lattice may not exhibit ferromagnetism. SomeJ€neracy. An electron can hop from a site occupied! by
additional features in the model seem to be necessary in oft 1 €lectrons to a site occupied Byelectrons. Since the

der to stabilize ferromagnetism. One such feature is a speciQPp'OIing matrix ishdia(\jgl;onhal wigh respect to thehspin indices,
lattice or band structure. Lieb first showed that a half-filled@" €'€ctron can hardly hop between sites whose spins are

fa band nduces  net magnetzatnen Mieke and  STECI 1) ruberale T whie e el probedate
Tasaki introduced other examples of flat-band 9 P pIns. ' 9

6 . spin alignment that lowers the kinetic energy is favored.
ferr((j)nlwagr_]tehti I-][";S”alg Iprove:jbfur(;hern:r(])rf_e,_tthzla)t a dC:j?SS of Another mechanism leading to ferromagnetism is most
models with hai-lilied fowest bands with Tinite band dISPer- ot tive when the electron density per site is an integer,
sions exhibits ferromagnetism for sufficiently strong intra-

. . - . =1, wherel is an integer that satisfiessl <Ny4—1 or Ny
atomic repulsion$.Miiller-Hartmann found ferromagnetism +1<|=2Ny4— 117 Each site is occupied by electrons in

in a one-dlrgensmnal system where the bar_ld dispersion h3ge strong-coupling regime and hoppings of electrons occur
two minima.” It was also shown by perturbational as well as 55 virtual processes. The intermediate state of a second-order
numerical methods that partlally filled bands in such Systemﬁrocess has the |0west energy if the Spins are a”gned para'-
can support ferromagnetistn’? lelly. This leads to an effective ferromagnetic exchange in-
Another important factor realizing ferromagnetism wasteraction that induces orbital ordering at the same time. Van
found to be the degeneracy of atomic orbitals:®°Actually,  Vleck argued that the ferromagnetic exchange due to virtual
magnetic carriers of typical metallic ferromagnets originatehoppings might be the origin of the metallic ferromagnetism
from the degenerated3orbitals, though they are mixed with in Ni.*®
s or p orbitals. In the presence of degenerate orbitals, Hund Though the mechanisms favoring ferromagnetism can be
coupling favors local triplet spin configurations of two elec- qualitatively understood as above, it is far from trivial
trons occupying different orbitals at the same site. The folwhether ferromagnetic long-range order occurs in bulk sys-
lowing mechanisms were proposed to lead to bulk ferromagtems. We need to e)_<am|ne whether the models .Wlth orbital
netism from intra-atomic Hund coupling. degeneracy really simulate ferromagnets by reliable 'meth—
Zener proposed the so-callagbuble-exchangenecha- ods. For this purpose, we study the simplest model with or-

nism originally for doped manganites, which works when thePitel degeneracy, the Hubbard model with doubly degenerate
atomic orbitals. The model is described by the Hamiltonian
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H=—Z ti; > (CiTmaijg+H-C-)+U2 > ”ianimH'U'Z > niAaniB—a+(U/—J)2 > NiacNiss
=i "mZAB 05T, T mZAB =] =]

—JEi (CiTATCiALCiTBLCiBT +H.c)-J EI (CiTATCiTAlCiBTCiBl +H.c), 1)

wherec/ (cimo) creates(annihilates an electron at sité  energy isU’ +J. In the other two singlets with the energies

Imo

with spin o(=1,]) in the orbitalm(=A,B). Here we as- U-J" (=U’+J) and U+J' (=U'+3J), electrons oc-
sumed that only the hoppings between the same orbitals exupy the same orbital. In the strongly correlated regime
ist, and the Coulomb interaction works only between elecwhereU’>J>|t;|, almost all sites are empty or singly oc-
trons on a same site. The interaction parametiéré)’, J,  cupied forn<1, while they are singly or doubly occupied
andJ’ represent the intra- and the interorbital repulsion, thefor n>1 and spins in a doubly occupied site form a triplet.
exchange(Hund-rule coupling, and the pair hopping, re- Thus the ground-state properties fdf >J strongly depend
spectively. _Particle—hole symmetry allows us to study onlygn whethem is less than, equal to, or more than unityJ i
the case with &n<2. _ , larger thanU’, a doubly occupied site has negative interac-

Quite a few previous studies exist on the doubly degenefgon energy and hence electrons tend to form bound triplet

a_te Hubpard model. Ong must be careful in comparing therTbairs. In this case, sites are empty or doubly occupied for O
since different assumptions were employed for the interac-

. <n<2 if Ngis even. IfN, is odd, there can be an unpaired
tion parameters. Many assumed th]at:O.. In fact, these electron, which will cause a strong finite-size effect.
parameters are dependent on each other if we calculate them : . . . .

Roth examined the model in three dimensions in the

u=u'+2J (3

from orbital wave functions. The relation quarter-filled caser(=1)." She found that the ferromag-
J=J (2)  netic ground state has an orbital superlattice structure in
_ ) ~which two sublattices are occupied by electrons of different
holds when the orbital wave functions are real. In additiongpjtals when the interaction is strong. This kind of ground
the interaction parametets, U’, andJ satisfy the relation  g¢ate was studied by using an effective Hamiltonian in the
strong-coupling limit®=2° and by means of the mean-field
theory for general electron densftySeveral exact diagonal-
for ey orbitals, which is relevant for the cubic symmetry. ization studies were performed for small clusters in one
This Hamiltonian has the spin $2) and charge (1) sym-  dimensiort>=2® Most of them investigated the quarter-filled
metries. In addition, orbital degrees of freedom hav@)U case (=1) and found the ferromagnetic ground state for
rotational symmetry since U’=J. Hirsctf® studied the less-than-quarter-filled case and
found the ferromagnetic ground state. The results, however,
H 2 =0 4) depend strongly on the boqndary conditions and the number
! of lattice sites. There are rigorous proofs for the ferromag-
. . ) . netic ground state in strong-coupling limits in one
Here the orbital pseudo-spin-operator is defined @s gimensior?®2"?80ne must be careful in that these proofs are
=33, ,Cl,0/C;,, where o) denotes the Pauli matrix, valid in different limits of strong coupling. For the strong
andCl =(cly, .cls,). The last symmetry holds if the cou- Hund-coupling casel{— and U’>J—x), existence of
pling parameters satisfy relatiof®) and(3), and it could be  ferromagnetism is proved for<dn<2 23?7 |n the special
easily seen in the effective Hamiltonian derived in thelimit J=U’—« andU—, ferromagnetism is stable for 0
strong-coupling limi£® Because of this rotational symmetry, <n<2 2% Shen obtained a rather general result that the
a rigorous argument for one-dimensional systems excludeground state is fully spin polarized for amybetween 0 and
oscillating orbital long-range ordétRO) corresponding to 2 except for 1 ifU=%, andU’ (>0) andJ=J" (>0) are
7 correlations® In the limit of J(=J’) =0, the symmetry of finite. 2 The present modell) was also studied in infinite
orbital degrees of freedom becomes(8lunvariant and the dimensions using the dynamical mean-field thédry. Un-
whole Hamiltonian has the high symmetry @W der the assumption&) and (3), the ferromagnetic ground
We assume the relatiori®) and(3), and assume all inter- states with and without orbital order were found foe 1
action parameters to be positive throughout this work. Inandn>1, respectively, while ferromagnetism was not found
realistic situations the parameters satisfy-U’>J, but we  for n<1 up to the interactions af =40 andJ<U’=202°3
study the strong Hund-coupling ca3esU’ as well, for the-  Bunemann et al. studied ferromagnetism in the three-
oretical interest. Let us explain the level structure of a doublydimensional two-band model with a rather realistic density
occupied atomic site since it rules the physics of the modebf states(DOS) for Ni using a Gutzwiller approximation.
(1). The spin-triplet states, where two electrons occupy dif-Their results showed that an increase of the DOS at the
ferent orbitals, have the lowest eneidy—J. In one of three  Fermi level could stabilize ferromagnetism for electron-
spin-singlet states, electrons occupy different orbitals and thdoped cases (2n>1) 32
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In this paper, we studied the ground state of the m¢hel 20
in one dimension under open boundary conditions, using the
density-matrix renormalization groufDMRG) method®*

This method enables us to study larger systems than those
studied previously. Owing to the open boundary condition,
we found remarkably little size dependence. If we apply the
periodic boundary condition, electrons can exchange their
positions by turning around the chain and it causes very large
size dependence of the ground stéay., even-odd oscilla-
tions). Preliminary results of this study were reported previ-
ously in Ref. 35.

This paper is constructed as follows: In Sec. I, we briefly
review the DMRG method. In Sec. Ill, we study the present
model with only nearest-neighbor hoppings and report our 0 . . .
numerical results, such as magnetic phase diagrams. Ferro- 0 10 20
magnetic phases appear for a wide parameter region and for un
all electron densities (@n<2). In most of the density re- FIG. 1. Ground-state phase diagram at quarter-filling: () of
gion, the ferromagnetic states are fully polarized, whereage model with nearest-neighbor hoppings. Interaction parameters
partially polarized ferromagnetic states are found in a smalhre set adJ=U'+2J andJ=J'. The label “S,=Max.” denotes
region (1.68n=<1.75). We also found coexistence of me- the perfect ferromagnetic phase, an8;=0" the paramagnetic
tallic ferromagnetism and quasi-long-range order of tripletone.
superconductivity when the Hund coupling is stronger than
the interorbital Coulomb repulsionJ&U"). Near the half-  ysually remedy the failure due to a wrong initial state. Near
filling case (1.75<n<2), phase separation occurs, and thethe phase boundary between a paramagnetic phase and a fer-
paramagneti¢Haldang phase and ferromagnetic one coex-romagnetic one with saturated magnetization, however, the
ist. In Sec. IV, we examine the stability of the ferromagneticfinal results sometimes depend on the choice of the renor-
states obtained in Sec. Ill, adding perturbation to the densitynalization paths. For example, two different choices of the
of states. The metallic ferromagnetic order for more thamaths  (N,Ng) =(4,2)(6,3)(8,4)(10,5)(12,6)(14,7)(16,8)
quarter-filling (h>1) is stable against this perturbation, but, and (N,No)=(4,2)(6,4)(8,4)(10,6)(12,6)(14,8)(16,8)
for less than quarter-filingr(<1), it easily becomes un- give a perfect ferromagnetic ground state and a paramagnetic
stable by this variation. Finally, we give a summary and dis-one, respectively, atN,No) = (16,8) forU’ =J=2|t|, where
cussion in Sec. V. The Appendixes contain rigorous results itN, and N are the number of electrons and lattice sites, re-
the strong-coupling limit. Using charge and spin-orbital spectively. Since the transition is of first order, the energy
separation, we show that the ferromagnetic spin state for leggvels of a paramagnetic state and a ferromagnetic one natu-
than quarter-filling is the same as that at quarter-filling. Therally exist very close to each other near the phase boundary.
ferromagnetism at less than quarter-filling is created by theo study the phase diagram carefully, we searched the
exchange interaction produced by a virtual second-ordeground state through many renormalization paths. Finally,
hopping processes. we regard the lowest-energy state as the ground state. Hence,
we need to try several paths and initial states and compare
their results in order to obtain a reliable phase diagram as
long as the numbeany of reserved eigenstates of the density

We obtained the ground state of the mo@Blwith up to  matrix is finite. The maximum number afi; was chosen to
62 sites using the DMRG methd@iThe method is standard be 200 in this study for technical reasons.
and we will not describe it in detail. Readers should refer to In order to calculate longer correlations we also studied
White’s papet” for the DMRG method. We note only several the systems with up to 62 sites using the infinite-system
points particular to this study. We employed the open boundDMRG method. Results of short chains were obtained by
ary condition throughout this paper. In the DMRG calcula-using the exact diagonalization method.
tions, we always kept rotational symmetry in the spin space
zgi:]hl%\t the obtained ground state is an eigenstate of the totahl_ RESULTS FOR THE NEAREST-NEIGHBOR MODEL

We used the finite-system method of DMRG to obtain the In this section, we present the results for the model with
ground-state phase diagrams of the model with up to 16 sitesnly nearest-neighbor hoppingt;&t4; j+1).

This method is superior to the infinite-system method in
terms of accuracy of the ground-state quantities of finite sys-
tems. Another merit of this method is that the final result
does not depend so strongly on the ground state of the initial We first exhibit the results in the quarter-filled case (
small system and on the path of the renormalization process 1). Figure 1 shows the{'/t,J/t) phase diagram of the
as in the infinite-system method. Repeated sweeps of thground state of the quarter-filled system obtainedNet 4

renormalization processes in the finite-system method caand 8. The difference between the results Kor4 andN

Jit

10

IIl. METHOD

A. Quarter-filled system
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=8 is amazingly small. We hence believe that the presenfierromagnetic phases depend on the system size
results are representing the phase diagram of an infinite sygreatly??2426

tem, and did not study larger systems at this electron density. The appearance of the ferromagnetism in the redion

A ferromagnetic ground state with full spin polarization ap->J can be well understood in terms of the effective Hamil-
pears around)=U" for U'/t=5. The parameter regions tonjan in the strong-coupling limity’ —J>t). At quarter-
J/U’>1 andJ/U’<1 are paramagnetic. No partially polar- fjlling, every site is singly occupied in this limit, and only the
ized state was founq at this fiI_Iing. The present result is Simiﬁspin and orbital degrees of freedom remain. The second-
lar to those by previous studies with open boundary condigqer effects of virtual hoppings between singly occupied

tions though different assumptions for parameters Wergies |eaq to an effective Hamiltonidtey for the spin and
employed®®?3In previous studies employing periodic or an- orbital degrees of freedorf20:2°

tiperiodic boundary conditions, the phase boundaries of their

N—1
Herr= 2, h(i,i+1), (5)

i=1

4U 1 1 2J) 1 207 |1
Ciy— 2 - -+ _+

h(l,]):—zt {UZ_J,Z(Z"—TiZTjZ)(Z—S.Sj)—W(Ti 7| + 7 7 )(Z—SSJ)-FW[Z— iTjZ_Z(Ti-TJ-—TiZTjZ)

1 2J , 2 1 . 1
X Z+S~Sj +m TiTj_7'i-Tj+2 Z—'TiZTI- Z+SSJ . (6)

Here S is a spin operator ana;=(7,7/,77) is a pseudo- freedom of fully polarized states can be described by a

[

spin-operator representing the orbital degrees of freedongingle-band Hubbard model with intra-atomic repulslah
e.g., 7 is defined asEUciTAUciBU. According to Eq.(6) the  —J, where the conventional spin degrees of freedom are
exchange energy between sitesand i+1 is —2t%/(U’ replaced with the orbital oné& Hence, we can conclude that
—J), —2t?/(U’+J), and —2Ut?%/(U?—J?) for the states this ferromagnetic state has orbital antiferromagnetic QLRO
|m,g>i|ﬁg>i+1, |m,g>i|ﬁ—g>i+1, and |m,o)|m, for U’ —J>0. In addition, for general fillingn, one can write
— o)1, respectively, wherém,o); denotes the state of the down the asymptotic form of the orbital correlation function
sitei occupied by an electron of orbital with spins, andm N the fully polarized ferromagnetic phase in the form
labels the complement ah, e.g.,A=B. As a result,Hx
favors ferromagnetism with an orbital antiferromagnetic su- (o) ~cognal)[l| s (7)
perlattice structure, where electrons on two sublattices oc-
cupy different orbitals. Numerical results of the four-site sys-for U’ —J>0. The exponentrs(=1+K ) is obtained from
tem described b« exhibited that the ground state Bf,s  the single-band Hubbard model with couplibig —J at fill-
is ferromagnetic fod>0.358J". This agrees with our obser- ing n.3*%" We also checked the orbital ordering by the
vation that the lower boundary of the ferromagnetic phase ilMRG method and presented the results in Fig. 2.
Fig. 1 approaches the link=0.33U" for largeU'/t. We may Also, from the above mapping, we can see that a metal-
consider that the system is well describedMy; for U’/t  insulator transition occurs in the ferromagnetic phase on the
=10 andU’>J. A numerical study by two of the present line U'=1J, i.e., the ferromagnetic state is insulating fof
authors in infinite dimensions showed that the ferromag->J and metallic forU’<J. (Figure 3 shows chemical po-
netism with antiferromagnetic pseudo-spin-order is stable fotential dependence of the electron density fort=15 and
J>0 in the strong-coupling lim#? which agrees with the J/t=10 withN=16) On the other hand, in the paramagnetic
result in the classical limit oH;. The ferromagnetic phase phase, since each band is quarter-filled and the perfect nest-
is smaller in one dimension than that in infinite dimensionsing no longer exists, a metal-insulator transition may not
due to stronger quantum fluctuations. In one dimension, theccur with an infinitesimal repulsiok)’—J, which works
antiferromagnetic orbital correlations, which support the fer-between electrons with the same spin in different orbitals.
romagnetism, do not grow to a real long-range order butndeed, for paramagnetic statesJat 0, Assarafet al. nu-
remains as a quasi-long-range ord@®LRO), since orbital merically showed that a metal-insulator transition occurs at
degrees of freedom have(l) rotational symmetry and a U./t~2.838 We expect that, in the paramagnetic phase with
rigorous argument excludes oscillating orbital LRO in onefinite J(>0), a metal-insulator transition may occur at a fi-
dimensior™® nite positive value ofJ’ —J. Figure 4 shows numerical re-

In the ferromagnetic phase at=1, we found only fully  sults of the electron density as a function of the chemical
polarized states. Note that the charge and orbital degrees pbtential in the paramagnetic phase with=3 andU'/t
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0 10 8
lijl
FIG. 2. Correlation functions of orbital ordering;7;) in the FIG. 4. Electron densityn) per site as a function of the chemi-
ferromagnetic ground state fdft=15 andU’'/t=20 at filling n cal potential ) for U'/t=3, 4, and 8, and/t=3 for N=16. The
=1 andn=0.5. The system size is 34 ands fixed atN/2=17. flat parts indicate insulating states. All states are paramagnetic.

=3, 4, and 8. The data fod'/t=8 clearly show that the strong-coupling region is stabilized by a kind of the double-
quarter-filled state is insulating. The data fof/t=3 and 4 exchange mechanism as was discussed rigorouslyJfor
seem to indicate that the systems are metallic at quarter fill=J=.?3
ing, though it is hard to estimate the critical point from the  The ferromagnetic phase extends to the parameter region
present calculation because of finite-size effects. J>U". In this region, the fully polarized states can be de-
For J=0, the effective Hamiltonian5) reduces to a scribed by the attractive single-band Hubbard md@el,
model with SUW4) symmetry. It is known that the ground whose ground state is known to have QLRO of the pairing
state of this model is a spin-singlet state<r=0) in one correlations'® Hence the ferromagnetic ground state for
dimensior®® The paramagnetic state obtained for @35 >U’ has a QLRO of triplet superconductivity as well. For
>J>0 in Fig. 1 may be interpreted as an extension of thisstrong attraction J—U’>t), all electrons are coupled into
SU(4) symmetric state. triplet pairs if N is even and the system is described by an
We find that, for thdJ’ =J case, the ferromagnetic phase effective Hamiltoniarf, in terms of hard-core bosons with
extends down to a weak-coupling region. Bt=J, double  spin unity:
occupation of a site does not cost energy and the ferromag-

N-1
netic ground state is metallic. The ferromagnetism in the ~
g g Ho=— > TP (bliby s+ H.c)+nP+nP, [P
i=1 s=0,x1
S FlL-e— £ + >, P[IS- S, +(2t—T)nPnb, 1P 8
1.6 | FM(P) -&- ] izl [3S- S 1+( ning 1P, (8)
4t P - ~ ~
) wheret=2t%/(J—U’) andJ=2t?/(J+U). The summation
L2} i ] in H,, runs over all the nearest-neighbor sites. The creation
N L} and spin operators of a boson at a $itge defined as
08 1 f_t ot
06 | bi1=CiaiCig1>
04 [ 1
T
02 h bio—T(CIMCrBJ"CrAlCFBT)a
2
0 !
6 8
binl:CitMCiTBl , 9
U and
FIG. 3. Electron density per site as a function of the chemical (Sib)z: b'le‘l_ bl b . (10)
potential u for U'/t=15 andJ/t=10 for N=16. The flat parts s I
indicate insulating states. Abbreviations indicate the characters of by— T t
the ground states: FM, ferromagnetic metal; Fl, ferromagnetic insu- (S = \/E(bi ~1DioF bigbia), 1D
lator; FM(P), partially ferromagnetic metal; PI, paramagnetic insu-
lator. ()" =V2(bfbio+bob; 1), (12
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0.35 ———————————— 20
03}
0.25 -
N
Ly
N .
\t/ 5 10f
0.15 ¢
0.1
0.05 —
0 2 4 6 8 10 12 14 16 18
. % 10 20
(a) 1-]] Ut
0.2 FIG. 6. Ground-state phase diagram for densities0.5 and
0.75 in theN=16 system. Interaction parameters saticfyU’
0.1 +2J andJ=1J".
o~ O Next, we consider the spin-singlet ground state Jor
%; >U’ where the system is described B,. Figure 5 shows
or 01 the density correlation functio(lnibn}’} of bosons and the
¢ spin correlation functiofS’- ) in the ground state of the
0.2 system with 36 sites obtained by the infinite-system DMRG
method. The correlations were measured from the center, i.e.
03 i is fixed to beN/2. We observe an even-odd oscillation in
04 the density correlations. This oscillation is due to repulsive

interactions between bosons. Actually the second terf,n
. works as repulsions sincgJS’- S, ,+2t—3J||>0 holds
(b) |i-]] whennPnf, ;=1. On the other handS’- ) shows an os-
) _ b b i cillation with the period four with slow decay. This oscilla-
FIG. 5. Correlation functiongn;'n;) ‘:’md(Sb' y) in the Para- tion is understood as a superposition of the density correla-
magnetic ground state fa¥/t=50 andU’'/t=10 at quarter-filling. tion with period two and the antiferromagnetic spin

The system size is 36 ands fixed atN/2=18. . ~
correlations caused by the exchange coupling

0 2 4 6 8 1012 14 16 18

respectively. The number operatom!" is defined as
Ss-0-1bjbis and P projects out states in which sites are B. Hole- and electron-doped systems

occupied by more than one boson. Sinkés positive, H,, Next we study the hole-doped case<(1), where holes
does not favor ferromagnetism and the ferromagnetic phasare doped into the quarter-filled system. Figure 6 shows the
should not extend to this region. We examined the phasgu’/t,J/t) phase diagram of the ground statesrfer0.5 and
boundary in the small system withi=4 and found that the 0.75 in the system wittlN=16. A ferromagnetic phase ap-
slope of the phase boundary approaches unity for large. pears for a wide parameter region and the magnetization is
The appearance of ferromagnetism in the regienU’ is  saturated in the whole phase. Size dependence among the
thus interpreted as a smearing out of the ferromagneticesults forN=8, 12, and 16 was very weak, as in the case of
ground state al=U" to this region. Namely, this ferromag- quarter-filling. Comparing with the result far=1 we note
netism is also caused by the double-exchange mechanismthiat the ferromagnetic phase has expanded in the weak-
least in the strong-coupling region. The above argumentsoupling region down tdJ’/t=3 as well as to a region
should hold not only for the quarter-filled case but also forwhereJ=U".

the hole-doped and electron-doped cases. Actually the slope We note that the lower boundary of the ferromagnetic
of the phase boundary fa>U" approaches unity for large phase for largeU’/t (>J/t) almost agrees with that for
U'/t also in the systems witi\,Ng) = (6,4) and (4,6). Shen quarter-filling. This result is a manifestation of the separation
showed coexistence of ferromagnetism and triplet pairingf the charge and spin-orbital degrees of freedom in one
correlations in the whole region whet¢=«~ and 1<J/U’ dimension. We can derive this result by using the same ar-
<.28On the other hand, the present result shows that suchument as that employed by Ogata and Shiba for the single-
a phase appears only in a small region close to the Jine band Hubbard modét.In the limit U’ —J= o, the motion of
=U'. This discrepancy comes from the difference in theelectrons is described by that of spinless fermions on a single
assumed relations between parameters. chain, and the ground-state wave function is decomposed
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into a spinless fermioificharge part and a spin-orbital part. 20
The spin-orbital part is described in terms of spins and pseu-

dospins in ssqueezegdystem withN, sites where empty sites

are omitted. Interactions among the spins and pseudospins

are caused by virtual hopping processes and described by the
following Hamiltonian(see Appendix A

Jit

sin2n 107

2N

H'eff=n 1— Heffv (13)

whereH is the Hamiltonian given by Ed5) where the site
labels of the spin-orbital quantities are those of the squeezed
system. Sincé{’ o differs fromHq; only by a multiplicative
factor, it leads to thely'/t,J/t) phase diagram identical to .
that for quarter-filling in the strong-coupling limit. This ar- 0 10 20
gument explains the present result that the lower boundaries U

of the ferromagnetic phases for=0.5, 0.75, and 1 agree  [F|G. 7. Ground-state phase diagram at densityl.25 for the
very well for U’/t=10. We may conclude that the origin of system with 8 and 16 sites. Interaction parameters saltisfijU’
the ferromagnetism in this region is the effective exchanger2J andJ=J’. In the case oN=8, paramagnetic states show
coupling due to virtual hoppings. Orbital degrees of freedonmsmall magnetizatiorS,,=1 because of a finite-size effect under
are also similar to those at quarter-filling except for the dif-open boundary conditiofsee text
ference of the characteristic wavelength. This behavior can
be seen in the orbital correlation function in the ferromag-coupling aligns the two electrons at the Fermi level parallel
netic phase obtained by the DMRG meth@édg. 2) and the  and produces th8,,;=1 ground state. We regard the appear-
asymptotic form given by Ed7). Note that the exponents  ance ofS,;=1 weak polarization as a finite-size effect and
in Eqg. (7) does not depend on the filling in the strong- not as evidence of unsaturated ferromagnetism in bulk sys-
coupling limit. tems. In the ferromagnetic phase, the magnetization is al-

The above result greatly depends on the fact that the wawways saturated at this electron density. The ferromagnetism
function is decoupled to the charge and spin-orbital parts irappears in a larger region than that in the quarter-filled case
the limit U’ —J=o, and that the ground-state energy is in-in particular for small/t and largeU’/t. This enhancement
dependent of the spin-orbital degrees of freedom in the firstf the stable ferromagnetic state is a result of the double-
order oft. It should be noted that this is not the case in eitherexchange mechanism, which works effectively feri<2.
higher dimensions or one-dimensional models with far-The appearance of ferromagnetism for-U'>J>t is ex-
neighbor hoppings. In these cases the motion of electronsected from a rigorous proof that holds in the limit where
leads to effective spin-orbital interactions in the first order ofU>U’>J— 0.2’ Our numerical results agree with this ar-
t, as in the case of Nagaoka’s ferromagnetism. In fact, ferrogument and ensure that the ferromagnetism extends to a fi-
magnetism was not found forn<1l in infinite  nite parameter region.
dimensiong®3* We will discuss the effects of far-neighbor ~ We show the electron density as a function of the
hoppings in Sec. IV. chemical potentiak for U’/t=15 andJ/t=10 in Fig. 3 for

It is remarkable that the ferromagnetism appears for rathethe system with 16 sites. For>1 andn<1, the ferromag-
weak Hund-rule coupling, that id/t=3 for U’/t=5. Hir-  netic ground state is metallic, since the compressibility
sch argued, based on a diagonalization study of finite-sizein/du is finite. Forn=1 and 2, the value ofin/du is
systems, that the Hund-rule coupling is not effective enouglvanishing and hence the ground state is insulating. The sys-
to realize ferromagnetism in systems with low density ( tem is a fully polarized ferromagnetic insulator for the
<1) and that ferromagnetic exchange interaction betweeguarter-filling case. On the other hand, the ground state is
different sites are necessary to explain ferromagnetism iparamagnetic at the half-fillinghE 2), where triplet electron
systems such as Kf.The present result, however, shows thatpairs occupy all the lattice sites. Triplet pairs on nearest-
a moderate Hund-rule coupling is sufficient to support ferro-neighbor sites are interacting antiferromagnetically due to
magnetism in the one-dimensional model with nearestthe second-order effect of virtual hoppings. As a result the

neighbor hoppings. ground state ah=2 should be a Haldane singlet with an
Finally we examined the electron-doped case where excitation gap. There is a jump in the density between
>1. The phase diagram far=1.25 in the systems witN =1.75 and 2 in Fig. 3, which implies the occurrence of

=8 and 16 is shown in Fig. 7. Size dependence was verphase separation. The occurrence of phase separation was
weak, as in the case of quarter-filling. In the systems withfound also in infinite dimensiors.

Ne=4m+2, wherem is an integer, ground states in the  We found partially polarized ground states in a small re-
weak-coupling region show small magnetizati§g=1 in-  gion of density where 1.687Z5n<1.75. As the density in-
stead ofS,;=0. This weak spin polarization occurs when creases and approaches the half-filling, the antiferromagnetic
one-electron states at the Fermi level are half-filled, Ng., interactions between the triplet pairs become operative and
=4m+2, under the open-boundary condition. The Hundsuppress the ferromagnetism due to the double exchange
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FIG. 8. Total spin of the ground state as a functionUdft in line).

the system wherd/t=U'/t—1 and (N,Ng =(8,14).

N
mechanism. This may cause the appearance of the partially Clm(r: LZ sin(ki)c?ma (16)
polarized states. We show the magnetization of a small sys- N+1=1

tem where N,Ng) =(8,14) as a function of in Fig. 8. The
figure shows that the partially polarized state appears in %
finite range of the parameter, i.e.<®)’/t<23 with J/t
=U'/t—1. This result may imply that the transition from a 1, and are always negative ftir—j|=2l+1 for positive
paramagnetic to ferromagnetic ground state is of the secor?fe 'Ilh hooDi Ys ¢ 9 Lt i 1= b Et 1—
order forn<2 in contrast to the discontinuous change to a, €_nobping . integrait; s given by L

: ; : = (—=1)" 1)/ a(i—j)? in the limit N—o. We call this model
fully polarized state observed in other lower density reglon'linear-bandmodel in the following. We study small clusters

with N=4, 5, and 6 under the open boundary conditions,
IV. EFFECT OF THE BAND DISPERSION exactly diagonalizing them, and compare the results with

It is widely known that the profile of the density of states t10S€ of the nearest-neighbor model.

(DOS) of the band plays an important role in the realization, Ve show the ground-state phase diagram for the quarter-
of itinerant ferromagnetism. In the Hartree-Fock theory offilling obtained from the systems witlN(N¢) =(4,4) in Fig.

the Hubbard model, for example, the ferromagnetism is stal0- The phase boundaries for two models are in good agree-
bilized if UD>1, whereD, denotes the DOS at the Fermi Ment in the strong-coupling region whete'>J, while the
level. In fact, the whole profile of the DOS affects the sta-f€fromagnetism is slightly suppressed in ,the linear-band
bility of the ferromagnetism=2 The DOS of the nearest- Model in the weak-coupling region wheije=U". The ferro-
neighbor model in one dimension, which we have studied"adnetism is assisted by antiferromagnetic orbital QLRO
above, has a minimum at the center of the band and divergdéhen U’>J. The long-range hoppings in the linear-band
at the band edges. These features are quite different froffodel do not destroy the orbital correlations singesatis-

those of DOS in higher dimensions. In this section, we ex-

ndk=1=x/(N+1) with1=1,2,... N. Due to the electron-
ole symmetry of the dispersidi4) the system is bipartite,
i.e., the hopping integrals; vanish for|i —j| = 2| with inte-

amine the effect of the band dispersitr DOS on ferro- 20 ' —
magnetism, studying a one-dimensional model with far-
neighbor hoppings. The model we employ has a linear 15 |
dispersion of the band as Sior=0
—2t+(4tk/m) (0<k<m) =S 107
(14)

7| —ot—(atkim) (—m<k<O)

instead of —2t cosk of the nearest-neighbor model, and
hence its DOS is independent of the band enésge Fig. 9. . ‘ .
For this model, the hopping integrals are calculated from the 0 5 10 15 20
dispersion(14) by

Uit
2 . - .
_ i i b FIG. 10. Ground-state phase diagram at quarter-filling obtained
tii= sin(ki)sin(kj), 15 ; o :
TON+1 zk i sin(ki)sin(kj) (15) by the exact diagonalization of the system wil=N.=4. Filled

circles and filled triangles display the phase boundary for the linear-
where the Fourier transform @frm(, is given by band model and the nearest-neighbor model, respectively.
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40 * as an example of the electron-doped case. In this case, the
35t b phase boundary for the linear-band model is similar to that
30 | for the nearest-neighbor model. The ferromagnetismUror
o — >J>t is caused by the double-exchange mechanism. Far-
- o neighbor hoppings are expected to favor ferromagnetism as
= 207 s S =M well as nearest-neighbor ones. We note that rigorous
| K or—=1v1aX. 1 §3,27,28 . . _ . ..
15 A e proof for ferromagnetism in the strong-coupling limit
o & do not hold for the linear-band model. The present result
— e | implies that the ferromagnetic state for 1 is robust against
0 A the variation of the DOS and would survive in higher dimen-

0 5 10 15 20 25 30 35 40 sions. Actuall_y, the ferror_nagnetl_c state was found _to be
, stable for a wide range of interaction parametersnforl in
Ut infinite dimensiong?®
FIG. 11. Ground-state phase diagram for the system with Tf|1t0ug|h Wle hﬁve StLUdtletg OEIy 3”?" Sys_temi, the aE)ove
(N,Ng)=(6,4). Filled circles and filled triangles display the phase results ciearly show that the band dispéersion has a strong

boundary for the linear-band model and the nearest-neighbor mode‘i’,ffect on the stability of ferr_om_agnetism for_the hole-doped
respectively. system. On the other hand, it gives only a minor effect on the

ferromagnetism for the quarter-filled and the electron-doped

fies the bipartite condition. The present result suggests th&yStems.
the phase boundary between the ferromagnetic and paramag-
netic phases does not depend strongly on the spatial depen-
dence of the effective exchange interactions.

Next we show the phase diagram fdW,(\¢)=(6,4) in We studied ferromagnetism in the one-dimensional Hub-
Fig. 11 as an example of the hole-doped case. It is strikin . 1ag .
that the ferromagnetic region for the linear-band model i%ﬁg%gf (Siteul d\;\g;h tﬁ;b'tnilj ddeelgvsir:r? rg\g?/ ?] i;é?f;lg?lh@;thhofs:
strongly suppressed compared to that for the nearest-. Y 9 P

neighbor model. The ferromagnetic phase appears only fgp9s by the DMRG calculations of clusters with up to 16

U'/t=25 and exists in a very narrow region along the IineS'tes and obtained the following results:

J/U’"=1. This strong reduction of the ferromagnetic phasqzegl)févrér:ﬁacissﬂgf tﬂzsqeugrtegglrlénailrt ;J;tlz EO:;;
for U’'>J is interpreted as a result of the breakdown of the 9 P pp ~

separation of the charge and spin-orbital degrees of freedorr‘yt24‘ The ferromagnetic state is insulating for>J and
P g P 9 jetallic for J=U’. The ferromagnetism folJ’—J>t is

An electron can pass the other electrons by far-neighbor ho “aused mainlv by the second-order hooping brocesses. The
pings, and they lead to effective interactions among the spiﬁ y by ppINg p '

and orbital degrees of freedom in the first ordertpf The phase boundary between the ferromagnetlic and param?gnetic
effective Hamiltonian in the limitU’>J—c, which con- FQ?]S)eSTr?g%gﬁgrizs ;Zﬁcasﬁgg‘ﬂ)i?;%i cfgrrlslizrengtL)Jl 0 a
tains only hopping terms and prohibits double occupancy,” >/° " , 9 - P ) . rably

leads to a unique paramagnetic ground st&te @) in the tegion withJ>U" for the mtermedlate—couplmg regime, but_
linear-band model forl,N) = (6,4). Consequently, the fer- the p,hase bound?ry on this side becomes parallel to the line
romagnetic phase does not appear fbt>J>t in this J=U" for largeU’/t. .
model and occurs only in the regigr=U’ andU’'/t=25. (2) In the hole-doped casesi£0.5 and 0.75), metallic

. ! X — ferromagnetism appears in a similar parameter region to that
Figure 12 displays the phase diagram ol §e) = (5,6) of insulating ferromagnetism at the quarter-filling. The phase

boundary between the ferromagnetic and paramagnetic

V. SUMMARY AND DISCUSSION

20 phases for larg&)’ (>J) agrees with that fon=1, which
results from decoupling of the ground-state wave function
15} into the charge and spin-orbital parts in the linit —J
Sior=1 =, The ferromagnetic phase expands to the weak-coupling
= ol region more than the quarter-filled case.
~ (3) In the electron-doped case £ 1.25), the ferromag-
netic phase dominates the region with>J. This ferromag-
57 netism is metallic and caused mainly by the double-exchange
mechanism. Near the half-filled case (1.68%5<1.75), this
0 ferromagnetic order becomes partially saturated.

U/t

(4) In a large-Hund-coupling region]>U’, QLRO of
triplet superconductivity coexists with the metallic ferromag-
netism, which appears for all electron densities, i.e5n0

FIG. 12. Ground-state phase diagram fbr, il =(5.,6). Filed =~ <1.75.
circles and filled triangles display the phase boundary for the linear- It is important to note that the present results for the phase
band model and the nearest-neighbor model, respectively. diagram showed little system-size dependence. We hence
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FIG. 13. Critical values of the interaction parameters for the F|G. 14. DifferenceAK of the kinetic energy in ferromagnetic
appearance of ferromagnetism as functions of the denkity:for statesKg from that in paramagnetic statd$p, i.e., AK=Kg
U’/t=20 (top), U/t for J/t=20 (middle), andU(/t (=Jc/t) for  —K,. The numbers of system sizes and electrons are set as
U’=J (bottom. (N,Ng) =(6,4), (4,4), and (4,6).

claim that the present results represent the properties in tHgre study, in particular, whether it agrees with/t (and
thermodynamic limit. J./t) or not in the thermodynamic limit.

The critical values of the interaction parameters for the We found a partially polarized ferromagnetic state for a
appearance of ferromagnetism are shown in Fig. 13. In théensity region adjoining the phase-separation region just be-
case ofU’>J, the critical Hund couplingl./t is almost low half-filling, where the magnetization gradually changes
constant forn<1, while it suddenly drops fon=1.25. depending on the strength of interactions. In these states,
Though we have not examined for othewalues forn>1, ferromagnetic spin correlation decays especially near edges
the data suggest a clear discrepancy betweerl andn  Of open systems. We may need further study in order to
<1.ForU’=J andU’<J, the critical interorbital repulsion confirm that this partial ferromagnetism remains in the ther-
U/t is apparently a smooth function of the density. For theModynamic limit. There is also another possibility that a par-
caseU’ =J, U//t seems to vanish for decreasingit would tially polarlzed_ state might apparently_ appear because of
be interesting to examine whether the system exhibits ferrophase separation into a perfectly polarized part and a para-

magnetism with infinitesimal interactions in the low-density magnetic part. Recently phase separation is found in other
limit. systems and is thought to be a common feature of strong

H 5,43
The double-exchange mechanism causes ferromagnetis?tqrrelat'onss' ed the effect of band di _ .
by lowering the kinetic energy, and hence the strength of the N€Xt, We examined the effect of band dispersion on fer-

double-exchange mechanism may be measured by the diﬁerlx_)magnef[ism using diagonaliz.ation of small clusterg for a
enceAK of the kinetic energy in the ferromagnetic stite model with far-neighbor hoppings. The ferromagnetism is

from that in the paramagnetic o€y, i.e., AK=Kq—Kp. greatly destabilized at less than quarte_r-fillingl_. In this _
Largely negative AK implies that the double-exchange case, the second-order eﬁeCtS of hoppmgs, which are domi-
mechanism is effective. We shatK for U’=J in the small  "ating in the ne.arest-nelghbor hopping merI, are over-
systems with KI,NQ) = (6,4), (4,4), and (4,6) in Fig. 14. We whelmeq t_)y the first-order effect. The phase dlagram for the
see thatAK is a decreasing function &f’/t in all the cases quarter-filling does not change greatly by far-neighbor hop-

. , pings that satisfy the bipartite condition. This result will be
erzbgcggfsagggaxﬁ fdoerclzggi/r:éxﬂﬁzr\]/ ?:;jgﬁgéttﬁv;etrﬁe modified if the frustration is introduced by nonbipartite hop-

o T ing integrals. Ferromagnetism for the electron-doped case is
double-exchange mechanism is more effective in the systerdpf g 9 9 P

) . , , uite robust against variation of the DOS shape.
with lower density fold’ =J. The values ol y/t themselves We may extract some presumptions on the ferromag-

are, however, much larger than the critical valiigt for the  netism due to the orbital degeneracy in two and three dimen-
appearance of the ferromagnetism. For exampl§/t=8  sjons both from the present results and those in infinite
and U /t=4 for (N,Ng)=(6,4). This result shows that the dimensiong>3!At quarter-filling (n=1) ferromagnetism is
ferromagnetism in the weak-coupling region is not caused bgupported by the orbital antiferromagnetic correlations for
the double-exchange mechanism. The ferromagnetism occugs’ > J. This mechanism is common in all dimensions and
for a gain of the interaction energy. The situation is similar inrobust if the hopping integrals satisfy the bipartite condition.
the system with IJ,N¢) = (4,6) forU’'>J as well. The value We hence expect that the insulating ferromagnetic phase oc-
Jo/t where AK=0 is much larger than the critical value curs in a similar parameter region in all dimensions. The
J./t. For exampleJ,/t=7 andJ./t=3 for U'/t=20. The lower phase boundary will approach the lide «U’ (0.35
system-size dependence Wf/t (andJy/t) is left for a fu-  >a>0) for largeU’/t, anda will decrease with increasing
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dimensionality. For the electron-doped system®>(l), it is  Engineering Research, Research Institute of Aoyama Gakuin
natural to expect that the double-exchange mechanism worksniversity.

in any dimension. The metallic ferromagnetism fdf >J

will appear in a similar parameter region in any dimension
for 2>n>1, since this ferromagnetic order is insensitive to
the variation of the band dispersion. The situation is subtle in

the case of the hole-doped system<(1). The double- In this appendix, we derive the effective exchange Hamil-
exchange mechanism hardly works for1 because of in-  tonjan forn<1 in the limitU’ —J>t in the nearest-neighbor
terorbital Coulomb repulsion. In this density region, indeed,hopping model. We treat the hopping term in Ef) as a
variation of the band diSperSion Strongly destabilizes ferrOperturbation_ In the unperturbed ground state, every site is
magnetism in one dimension, and no ferromagnetic phasgingly occupied or empty. As the first-order effect of the
was found in infinite dimenSionS, though Only sparse paramhopping term, electrons hop from S|ng|y Occupied sites to

i P 131 . . . . .
eter points were examinéd® In three (and twd  empty ones. The effective Hamiltonian in the first ordet of
dimensions, hence, the ferromagnetism might not appeag written as

in the simple nearest-neighbor hopping model on hypercubic
lattices for n<1. To confirm this argument, we need N
to take account of the interplay between the electron corre- HO— ¢
lations and the band dispersion and need to accomplish eff =
strenuous calculations for two- and three-dimensional sys-
tems. ~ .
For J>U’, QLRO of triplet superconductivity appears, where_cjm0=gjmg(1—njm.,f,)(_l—njm(,)(l—njf],_(,) |s.the
which is supported by ferromagnetic order. In this region, a&>utzwiller-projected annihilation operator andl is defined
ferromagnetic state is stabilized by the double-exchang@s = m oCim,Cims - In the unperturbed ground-state subspace
mechanism. However, this ferromagnetic state is affected bﬁj is 0 or 1. Since the electrons cannot exchange their posi-
far-neighbor hoppings and, in infinite dimensions, the boundtions under the open boundary conditions, the matrix ele-
ary of the ferromagnetic phase does not extend beyond theents ofH(} are independent of the spin-orbital degrees of

—11’ i H [ 29 . . . .
J=U"line up to the couplingJ’=10," though we(T.M.  freedom. Hence1(¥ is equivalent to a Hamiltonian for free
and K.K) did not study theJ>U" region. The coexistence gpinless fermions, i.e.,

of ferromagnetism and triplet superconductivity fbeU’
might not appear in higher dimensions. We expect that a
two-dimensional system may be a plausible candidate for
showing ferromagnetic triplet superconductivity.

Properties of paramagnetic ground states are of theoretical

interest as well, though we did not stuc_iy them in detail. _The\/vherea;r is the creation operator of a spinless fermion. Then
model has S¥) symmetry forJ=0 and is solved exactly in

one dimensiori® Recent numerical works clarified the prop- € Number operatar; is equivalent taa; . We may write

erties of the quarter-filled syste#r*S1t will be an interesting down the ground-state wave functigif ;) as a direct prod-

problem to investigate the spin and orbital correlations foICt Of the ground state of spmlless fermiond,se), and a

generaln andJ=0. From the charge and spin-orbital sepa-SPin-orbital wave function() ad

ration as shown in Appendix A, we can say that the spin

degrees of freedom far<<1 are equal to those at=1 in the [P =|Psp@[Q). (A3)

strong-coupling limit. In the other paramagnetic region for

J>U’, electrons are bound to form triplet pairs. We found Here| @) is a simple Slater determinant for spinless fermi-

strong charge correlations for the quarter-filling but did notyns and describes only the charge degrees of freedom. The

find LRO of charge density. It is an interesting problem t0ground-state energy is degenerate for any spin-orbital wave

study whether a charge ordering occurs and coexists Withnction |(2) up to the first order in terms df The second-

antiferromagnetic LRO in higher dimensions. order terms due to virtual hoppings determ|tiE). The ef-
fective Hamiltonian in the second order is given by

APPENDIX A: THE EFFECTIVE HAMILTONIAN FOR
n<l1 IN THE STRONG-COUPLING LIMIT

> (ClhoCivime+ H.C), (A1)

1 m,o

N
HY = —t; (al,,a;+H.c), (A2)
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t2 2
=t
H(Zb)_E 2 E (CI 1imo Im0C|+lmo+ H. C)+ U —J (C| 1mgC|TmoC|erC|+lma+ H. C)
U/tZ . rt2 ~
_(LJ/)—z_Jz(Ci—lmrrnim—uCi-%—lmu"_ H.c)+ (U,)TJZ(C, 1msCim— oCimoCi+ 1m— o+ H.C.)
Jt? ~t o~ ~ o
—(U,)—Z_JZ(Ci—lmacmﬁwcimaci+1m—g+ H.c)+ (U')—Z_JZ(C' 1imaCim— oCim— oCi + 1o+ H.C.)
2 2
Ut ~t =~ =t =t ==
- Ug_—(\],)z(ciflmanimfacwlmg"" H.c)+ U2_(J,)Z(CiflmacimfacimerHlmfa"' H.c.)
142 142
J't ~t o~ o~ t ~ ~t o~ ~
_ Uz_—(\],)z(ci7lm0Cim*UCialTCi+lE*0'+ H.C.)+ Uz_—(J,)z(CiflmoCimfoCiafo'Ci+1atr+ H.C.) . (A6)

The first termH(za) represents the exchange interactions between electrons occupying nearest-neighbor sites(iyvhere
+1) is defined in the effective Hamiltonia) for the quarter-filling. The second terhhgfb) represents correlated hoppings
between next-nearest-neighbor sites. The effective HamiltoHigh contains both the charge and spin-orbital degrees of
freedom. We may average charge degrees of freeddﬂ@ﬁ)r‘out sincg ®gp) is fixed to minimizeH g}f) In order to accomplish

the averaging we introduce tisgueezedystem where the empty sites are omitted from the original system. Hence it is a chain
with N, sites with spin and orbital degrees of freedom on each site. We label the sites in the squeezed systempigying

the notationj ,, for the position in the original system of thgth electron in the squeezed system, we rew

Ne N
HEP= E > Nifi18; (7, m+1) (A7)
7=1i=1
and
Ne N
H(Zb) 2 2 nal . a Hc)s: O A8
p (n|a|71al+l+ 'C') ij (7710-0!m0)! ( )
7=11i=1 og=* mp== K
where
2 2
O(7,00.Mp)=| — = (3+00S) 7,2 (3 + 008 1)7, D T (3+00S)) (3~ Mo) (3 + 008, 1) (34 Mor) 1)
UI 2 !t2
ox m, T
Ty Tor S, T, (U,)—Z_JZ(%-’_O-OS%)(%_mOT;)(%_UOSZn-#l)(%+mOT§7+1)
2 2
_(LJ,)—Z_JZ(%+0‘OS§])T:|;O(%—O'0877+1)T”+1 (lJ)—z‘]z io( O’T )Sn+1(2+m077]+1)
Ut2 2 1 1 1
Ty S}z +mo7,)S, VI(3 +mo7'§]+1)+U2_ )2(§+003§])(5+m072)(5—003%1)
142 142

X(3+mg7%, ) — J—t( I+o SZ)TmO( —0S% ., ,)T mo +J—t 70, Mog™ 70 Mo (A9)

2 0/ p+1 Uz (J )2 0 2 0 7]+1 +1 UZ_(J,)Z n'n Tptlip+l|

In the limit whereN— oo with n kept constant, the expec-

The symbolsoy=+,— and my=+,— correspond to the
spin T,] and the orbitalA,B, respectively. The correlated tation values ofn: n,+15 and {al_ja;,,+H. C)5IJ in

hopping processes in the original system are mapped to th[ﬁe state] o) are mdependent of bothy andi. Then we
spin-orbital exchange processes in the squeezed system c?btan Sk

illustrated in Fig. 15.
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Ne
<H(2a)>SF_ <ﬁiﬁi+1>SFEl h(n,7+1), (A10)
e n=
(HEP) o
2N ~

(na 1al+l>SF2 E E O(7,09,Mp).

n= O—O,+ mO,

(A11)

Here the notatior- -
state |Pgp.
O(n,00,my) are equal to those of h( 7, n+1)/2. We esti-
mate the expectation values as

sinnw) 2
(A12)

(NN 1)s=n?— (

and

~ 4 sin2nm [sinnw
(Niaj_18j+1)sF=N o\ T (ALY

by using Wick’s theorem.

Finally, we obtain the effective Hamiltonian for the spin-

orbital degrees of freedom as

sin2n
(Her)se=n| 1= ———— | He (A14)

Here H.s is equal to the effective Hamiltoniab) for

quarter-filling, where the summation over lattice sites are

taken over those in the squeezed system. The facftr
—sin@/2n7) is positive for all densities (&n<1).

Hence, the effective spin-orbital exchange interactions in th
hole-doped system are same as those for the quarter-fille

-)se means the expectation value in the
We note that the matrix elements of
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APPENDIX B: FERROMAGNETISM DUE TO A SINGLE
UNPAIRED ELECTRON IN THE LIMIT WHERE
J-U'=w

In finite-size calculations with an odd number of electrons
we find that the ferromagnetic state is stable in a large pa-
rameter region wher@>U"' as shown in Fig. 16. This fer-
romagnetism is caused by the motion of a single unpaired
electron among bound triplet pairs. We consider a system
with an oddN, system in the strong-coupling limit whede
—oo with J/JU" (>1) kept constant under the open bound-
ary conditions. We prove, in the following, that the ground
state of this system is fully polarized. Only nearest-neighbor
hoppings are assumed to exist.

In this limit two electrons on a site are bound to form a
triplet pair. As a resulM = (N.—1)/2 sites are doubly occu-
pied and a single unpaired electron exits. In this limit, only
allowed processes in the Hamiltonian are hoppings of an
electron from a doubly occupied site to a singly occupied
one and those from a singly occupied to a vacant one. The
effective HamiltoniarH 4 is written as

Dot pSpS D
eﬁ——tZ {PPcl  PPPY 1Cit 1mePP 1

PS ITma'PIVPI +1C|+1mo-P| +1+ H'C-}v

(B1)
wherePP, P?, andP) are the projection operators for the
doubly occupied triplet, the singly occupied, and vacant
states, respectively. We can divide the whole phase space
into subspaces with fixed,, Ng, andS?. HereN, andNg
denote the number of electrons in the orbitAland B, re-
spectively (No—Ng|=1), which are conserved. Each sub-
space is further divided intg_,Cy, sectors according to the
configuration of doubly occupied and vacant sites. States in
each sector have the same configuration of doubly occupied
and empty sites if we neglect the singly occupied site. Dif-

e sectors ad’j(Na,Ng,S%), wherej=1,2,...y_1Cy.

%Erent sectors are disconnected with respedt tp. We call

system except for a single multiplicative factor. The present

result suggests that the same fact holds quite generally for 20
one-dimensional systems with any number of internal de- N=4, No=

grees of freedom.

—

T

f Ty
v N

n+1

FIG. 15. An example of mapping from labeling of electrons by

sites to labeling by counting only electrons from the leftl{ elec-

tron). A second-order termig C!, 14:Ci_1a; is mapped to the term

S T S7]+177]+1

N=12, Nj=9 —s—

Si=Max.

Jit

10r

0 I 1b I 20
U
FIG. 16. Ground-state phase diagram fdt, ) =(4,3) and
(12,9 as examples of the od¥; cases.
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We can show for any two configuratiors and 8 of spins
and electrons belonging to the same sedtgiN,,Ng,S?)
that

(1) there exists1=1 such thaf{® ,|Hg4 P ) #0,

(1) (@ ,|Het| @ g)=<0. Here|d,) denotes a basis vector
chosen as

M
[T (—1)n
=1

where «; denotes the atomic state of thtl site andAai is

the corresponding operator, i.eciy,Clz;, cla Clz,, and

(1W2)(clicls + ¢l Cl;)  for doubly occupied triplet

|q)a>: AalAaz' o AaN|0>l (BZ)
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occupied site counted from an end. HEg is vacuum state.
The proof of conditiongl) and (1) is straightforward’

Now that the two conditiongl) and (II) on the matrix
elements oH 4 are satisfied, the Perron-Frobenius theorem
ensures that the ground state in the seft@N,,Ng,S’) is
unigue and can be written as a linear combination of all the
basis vectors with strictly positiveor negative coefficients.

The positive (or negative definiteness of the coefficients
leads to the finding that the ground state is an eigenstate of
the maximum value of the total sp.

We thus proved that the ground state in each sector is
fully polarized. As a result the ground state for subspace with
fixed Ny and Ng is fully polarized. We understand that the
large ferromagnetic region in the phase diagram in the case

statesc/,, for singly occupied states, and unity for a vacantof odd N, for J—U’>t is caused by the motion of a single

state. The numbej; denotes the position of thieh doubly

unpaired electron and is a finite-size effect.
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