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First-principles calculations of the phase stability of TiO2
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First-principles calculations of the crystal structures, bulk moduli, and relative stabilities of seven known and
hypothetical TiO2 polymorphs~anatase, rutile, columbite, baddeleyite, cotunnite, pyrite, and fluorite structures!
have been carried out with the all-electron linear combination of atomic orbitals~LCAO! and pseudopotential
planewave~PW! methods. The anatase versus rutile relative phase stability at 0 K and zero pressure has been
investigated using high-quality basis sets and carefully controlled computational parameters. From the optimal
crystal structures obtained with the Hartree-Fock theory at various pressures, the bulk modulus and phase
transition pressures of various high-pressure polymorphs have been derived at the athermal limit. In most
cases, the calculated unit cell data agree to within 2% of the corresponding experimental determination.
Complete predicted structural data~unit cell constants and fractional atomic coordinates! are presented for the
baddeleyite and pyrite forms. The calculated bulk moduli are within 10% of the most reliable experimental
results. Both the all-electron LCAO and pseudopotential PW methods predict anatase to be more stable than
rutile at 0 K and ambient pressure. The computed anatase-columbite, rutile-columbite, columbite-baddeleyite,
and baddeleyite-cotunnite phase transitions appear in the same order as observed in experiments, and the
transition pressures agree semiquantitatively with those measured. The pyrite and fluorite structures are pre-
dicted to be less stable than other polymorphs at pressures below 70 GPa in agreement with experiments.
Finally, the elastic properties, compressibilities and phase transformations of the various polymorphs are
discussed in terms of simple models based on the behavior of the constituent Ti-O polyhedra under compres-
sion.

DOI: 10.1103/PhysRevB.65.224112 PACS number~s!: 61.50.Ah, 61.50.Ks, 81.30.Hd, 61.66.Fn
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I. INTRODUCTION

TiO2 occurs in Nature in three different forms which,
order of abundance, are rutile, anatase, and brookite.
rutile form is widely used as a white pigment and opacifi
The anatase phase finds applications in, among others,
tocatalysts and nanostructured solar cells.1–4 The rutile and
anatase phases have been widely studied in recent years
rarer mineral brookite is not used commercially; th
coupled with its relatively complicated structure, has led
few studies of its properties.

At elevated pressures TiO2 has a rich phase diagram wit
a series of structural phase transformations. The struc
and stability of the high-pressure phases of TiO2 are of par-
ticular interest in Earth sciences, for these phases are an
cessible analog of minerals in the Earth’s mantle. Rutile T2
is particularly attractive in this context because it is expec
to undergo a sequence of phase transformations with incr
ing pressure similar to that experienced by stishovite SiO2 in
the Earth’s mantle, but at more readily accessible pressu
Great interest in the high-pressure phases has also
stimulated by the recent discovery of the ultrahard TiO2 co-
tunnite phase. This phase can be stabilized in diamond-a
cell experiments at about 60 GPa, and is the hardest kn
oxide material;5 its discovery has stimulated much interest
potential applications of pressure-stabilized phases.

There have been a number of attempts to determine
relative stability of rutile and anatase using calorimet
0163-1829/2002/65~22!/224112~15!/$20.00 65 2241
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methods.6–10 However, the enthalpy change of the anatase
rutile transformation remains somewhat controversial, w
room-temperature experiments yielding values ranging fr
DH2985211.7 kJ/mol~Ref. 7! to 10.42 kJ/mol~Ref. 10!.
A number of first-principles studies have been performed
address this issue in recent years. Whereas all the stu
reproduce observed crystal structures well, the predic
phase stability is found to be sensitive to the treatment
electronic exchange and correlation11–13 and on the numeri-
cal details of the calculations.14

High pressure x-ray-diffraction15,16,21,23–25 and Raman
spectroscopy17–20,22studies have revealed that rutile and an
tase transform to a columbite structure at high pressure.
pressure at which this transformation occurs depends on
starting material: anatase transforms to columbite at 4
GPa,20–22whereas rutile undergoes a sluggish transformat
at about 10 GPa.17,19,20 Furthermore, the phase transform
tion from anatase to the columbite structure is dependen
whether or not a single crystal sample is used25 and on the
temperature at which the experiment is performed.24 In re-
cent x-ray-diffraction studies it has been reported that,
room temperature, the columbite phase is only formed
about 7 GPa during decompression from a higher pres
phase.23–25However, in Raman studies the transformation
rutile and anatase directly to columbite has been observe
5 GPa.17–20,22,84The columbite phase formed from eithe
rutile or anatase is metastable upon decompression, and
©2002 The American Physical Society12-1
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also be obtained at ambient pressures by acid dissolutio
Ti3O5.27

Columbite-structured TiO2 transforms to a baddeleyit
structured phase between 12 and 17 GPa.19,22,23,26This struc-
ture is significantly more complex than columbite, and
harder to obtain and characterize experimentally becaus
the difficulties involved in applying higher pressures and
quenching the high-pressure phase. This complexity a
means that it is computationally demanding to study theor
cally; to our knowledge, there has only been one previousab
initio determination of the lattice vectors and internal co
dinates of this phase.13

The situation regarding post-baddeleyite transition~s! has
been less clear until very recently. A number of observati
suggested a transformation to a cubic phase at pressur
about 60 GPa but with insufficient data available to fu
determine the structure.22,28,29 Several metal oxides, which
are rutile structured at 0 GPa, are known to transform
fluorite structured phases at high pressure, and, on this b
it has been postulated that this phase adopts a fluo
structure.22,28,29 Later studies including Rietveld refineme
of x-ray-diffraction data from three rutile-structured oxid
(SnO2, PbO2, and RuO2) revealed that the high-pressu
phase in these systems actually adopts a pyrite structu39

Several theoretical studies have been performed to assi
the identification of these phases. In particular, the cu
CaF2 ~fluorite! structure30 and a modification of this form
which is isostructural with FeS2 ~pyrite! have been propose
as candidate high-pressure phases.31

Unfortunately, confirming the existence of these predic
structures by performing experiments at such high press
poses many technical difficulties22 which had, until recently,
precluded the detailed determination of the post-baddele
phase. However, a recent study which included Reitveld
finement of phases synthesised at pressures up to 80
revealed a transition from a baddeleyite to a cotunn
(PbCl2) structure at 60 GPa, which was concurrently verifi
by means of first-principles and lattice-dynami
calculations.5

Calculations of carefully controlled numerical precisio
have a key role to play in determining the stability and str
ture of materials under conditions that are difficult to rep
duce in the laboratory. A detailed description of the ri
phase diagram, including phases with sixfold, sevenfo
eightfold, and ninefold Ti-O coordinations is a challenge
any theoretical treatment of the bonding and energetics
TiO2. Much progress in understanding the bulk and def
chemistry of TiO2 has been made with empirical forcefie
modeling.32 However, such models often have limited pr
dictive power, failing when applied to systems not taken in
account in the original parametrization of the model. Desp
recent efforts to develop force fields that can treat differ
coordination environments, it has been found that their p
formance varies from phase to phase depending on the p
erty being computed, and these models give poor results
some phases.33 First-principles calculations provide an unb
ased and thus predictive approach to the modeling of ph
for which experimental data are not available. However,
applying first-principles techniques to complex materia
22411
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electron exchange and correlation interactions must be
proximated and a number of numerical approximatio
adopted.

In this paper the results of high-quality first-principles ca
culations of the structure and phase stability of TiO2 over a
wide range of pressures are presented. For known polym
phs the computed data are compared to that observed in
der to establish the validity of predictions for higher-press
phases. The stability of some key results with respect to
treatment of exchange and correlation and to numerical
proximations is explored. The delicate relative stability
rutile and anatase at ambient pressure is studied using
high quality, all-electron, linear combination of atomic o
bital ~LCAO! and pseudopotential, plane-wave~PW! meth-
ods. A determination of the structures of the high-press
phases baddeleyite and pyrite is presented. The stabilit
the cotunnite phase relative to the pyrite and fluorite pha
below 60 GPa is confirmed. Finally, these calculations of
valuable insights into the nature of the phase transformat
and the crucial link between the structure of a material on
atomic scale and its macroscopic properties.

The paper is organized as follows. In Sec. II a brief d
scription of structures of the different phases considered
this paper is given. Section III contains details of the co
putational methods used. Computed data including the ph
stability, structure, and elastic properties of rutile and anat
are given in Sec. IV A, and data regarding the high-press
phases is given in Sec. IV B. These results are discusse
Sec. V and conclusions drawn in section VI.

II. POLYMORPHS OF TiO 2

As an understanding of the crystal structure and bond
of TiO2 is important to the work presented in this paper, w
describe the structure of the various polymorphs in so
detail.

A. Rutile

The vast majority of studies of the bulk and surface pro
erties of TiO2 have been of the rutile phase. The rutile stru
ture, illustrated in Fig. 1, belongs to theP42 /mnm tetrago-
nal space group. The unit cell is defined by the lattice vect
a andc and contains two TiO2 units with Ti ions at~0,0,0!

and (1
2 , 1

2 , 1
2 ) and O ions at6(u,u,0) and6(u1 1

2 , 1
2 -u, 1

2 ).
The unit-cell parameters have been determined and su
quently verified several times using x-ray34,35 and neutron
diffraction,36,37 and are found to bea54.587 Å, c
52.954 Å, andu50.305 at 15 K~Ref. 37! ~see Table I!.
Each Ti ion is octahedrally coordinated to six O ions. T
TiO2 octahedron is distorted, with the apical Ti-O bon
length~1.98 Å! being slightly longer than the equatorial Ti-O
bond length~1.95 Å!. The four equatorial O ions are copla
nar occupying a rectangular arrangement with the long e
~2.954 Å! along thec direction and the short edge~2.53 Å!
lying diagonally across the plane defined by thea direction.
The TiO6 octahedra form chains that share edges along thc
direction and share vertices in thea-b plane ~see Fig. 6 in
Sec. V!.
2-2
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B. Anatase

The anatase structure, shown in Fig. 1, is characterize
the tetragonal space groupI4/amd. The unit cell contains

two TiO2 units with Ti ions at~0,0,0! and (0,12 , 1
4 ) and O ions

at (0,0,u), (0,0,ū), (0,12 ,u1 1
4 ) and (0,12 , 1

2 -u). As with
rutile, a, c, and u have been measured several times us
both x-ray34,35 and neutron diffraction36,37 to be 3.782 Å,
9.502 Å, and 0.208, respectively, at about 300 K~see Table
I!. Each Ti ion is octahedrally coordinated to six O ions. T
Ti-O octahedron is not regular and the Ti-O bond distan
are similar to those in rutile~1.98 and 1.93 Å for the long
and short Ti-O bond lengths respectively!. The octahedra
form zigzag chains along thea and b directions with each
octahedron sharing four edges~see Fig. 7 in Sec. V!.

C. Columbite

The columbite structure, presented in Fig. 1, has an or
rhombic unit cell with thePbcn space group and lattic
vectors a54.541 Å b55.493 Å, andc54.906 Å. There

FIG. 1. The phases of TiO2 studied here: rutile~a!, anatase~b!,
columbite~c!, baddeleyite~d!, fluorite ~e!, pyrite ~f!, and cotunnite
~g!. Large spheres represent the O ions, small spheres the Ti i
22411
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are four TiO2 units per cell with Ti ions at6(0,u, 1
2 ) and

6( 1
2 ,u1 1

2 , 1
4 ) and O ions at6(x,y,z), 6( 1

2 -x, 1
2 -y,z1 1

2 ),

6(x1 1
2 , 1

2 -y,z̄), and (x̄,y, 1
2 -z). The internal fractional coor-

dinates ~u, x, y, and z! have been determined in high
pressure x-ray-diffraction studies to be 0.171, 0.286, 0.3
and 0.412, respectively.38 As with rutile and anatase, each T
ion is octahedrally coordinated to six O ions. The octahed
is distorted with the cation displaced from the center of
octahedron. The Ti-O bond distances range from 1.91 to 2
Å, with a mean bond length similar to that of rutile. Th
octahedra form planar chains sharing edges in a zigzag
rangement along thec direction ~see Fig. 8 in Sec. V!.

D. Baddeleyite

The baddeleyite phase is formed under compression
about 20 GPa.26 The unit cell of this phase is displayed i
Fig. 1. Baddeleyite is often described as an intermed
structure between rutile and fluorite, and is adopted by s
eral other materials including ZrO2. The unit cell is mono-
clinic ~space groupP21 /c) containing four TiO2 units with
Ti and O ions at6(x,y,z; x̄,y1 1

2 , 1
2 -z). The lattice vectors

have been measured in x-ray studies and are~extrapolated to
0 GPa! a54.662 Å, b54.969 Å, c54.911 Å, and b
599.4°.23 The internal coordinatesx, y, andz of the ions in
this structure have not previously been determined, to
knowledge. Each Ti ion is coordinated to seven O ions, a
the oxygen ions form alternating threefold- and fourfol
coordinated layers.

E. Fluorite

Very high-pressure experiments have suggested that T2
transforms to a cubic structure at pressures in excess of a
60 GPa.22,28,29It has been suggested that this phase has
fluorite (CaF2) structure characterized by theFm3m space
group. Structural data for this phase have yet to be de
mined.

The fluorite structure has one formula unit per primiti
cell with the cation occupying the~0,0,0! position while the

anions are at6( 1
4 , 1

4 , 1
4 ), as shown in Fig. 1. Each Ti ion is

coordinated to eight O ions, and hence each O ion is te
hedrally coordinated to Ti ions.

F. Pyrite

SnO2, RuO2, and ZrO2, which all have a rutile structure
at 0 GPa, have also been observed to transform to a c
structure at high pressures.39 This structure was assumed
be fluorite, but recent Rietveld refinement from x-ra
diffraction data has revealed that the cubic phase is actua
modified or distorted fluorite structure isostructural to pyr
FeS2 ~space groupPa3̄). As thePa3̄ space group is a sub
group of Fm3m, a continuous phase transformation fro
one to the other is possible. The main difference between
structure and the fluorite structure is that the O ions are

placed from6( 1
4 , 1

4 , 1
4 ) to about6(0.34, 0.34, 0.34! ~see Fig.

1!. This leads to each Ti ion having an inner shell of six

s.
2-3
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TABLE I. A selection of previous theoretical and experimental structural parameters for rutile and a
~in Å!. The abbreviations describing the methods used in the theoretical studies are given in Sec. I
LCAO-HF ~Refs. 11,57,58,63 and 65! and LCAO-LDA ~Ref. 63! calculations are performed using th
CRYSTAL package. Numbers in parentheses indicate the percent deviation from low-temperature n
diffraction experiments.

Method a c u

Rutile
PW-LDA SC ~Ref. 14! 4.555 ~-0.70! 2.922 ~-1.08! 0.304 ~-0.33!
PW-LDA SC ~Ref. 14! 4.528 ~-1.29! 2.918 ~-1.21! 0.303 ~-0.66!
PW-LDA SC ~Ref. 61! 4.567 ~-0.44! 2.932 ~-0.74! 0.305 ~ 0.00!
PW-LDA LC ~Ref. 60! 4.536 ~-1.11! 2.915 ~-1.32! 0.304 ~-0.33!
PW-LDA LC ~Ref. 59! 4.653 ~ 1.44! 2.966 ~ 0.41! 0.305 ~ 0.00!
PW-LDA LC ~Ref. 13! 4.603 ~ 0.35! 2.976 ~ 0.74! 0.304 ~-0.33!
PW-LDA LC ~Ref. 62! 4.638 ~ 1.11! 2.923 ~-1.05! 0.305 ~ 0.00!
PW-GGA LC ~Ref. 13! 4.624 ~ 0.81! 2.992 ~ 1.29! 0.305 ~ 0.00!
PW-GGA LC ~Ref. 64! 4.690 ~ 2.25! 2.990 ~ 1.22! 0.306 ~ 0.33!
OLCAO-LDA AE ~Ref. 66! 4.622 ~ 0.77! 2.983 ~ 0.99! 0.304 ~-0.33!
LCAO-HF LC ~Ref. 57! 4.555 ~-0.70! 2.998 ~ 1.49! 0.306 ~ 0.33!
LCAO-HF AE ~Ref. 58! 4.560 ~-0.59! 3.022 ~ 2.30! 0.305 ~ 0.00!
LCAO-HF AE ~Ref. 65! 4.529 ~-1.26! 3.088 ~ 4.54! 0.305 ~ 0.00!
LCAO-HF AE ~Ref. 65! 4.548 ~-0.85! 2.993 ~ 1.32! 0.305 ~ 0.00!
LCAO-LDA AE ~Ref. 63! 4.529 ~-1.26! 2.942 ~-0.41! 0.304 ~-0.33!
X ray 298 K ~Ref. 34! 4.594 ~ 0.15! 2.958 ~ 0.14! 0.305 ~ 0.00!
Neutron 295 K~Ref. 37! 4.593 ~ 0.13! 2.959 ~ 0.17! 0.305 ~ 0.00!
Neutron 15 K ~Ref. 37! 4.587 2.954 0.305

Anatase
PW-LDA SC ~Ref. 14! 3.744 ~-1.00! 9.497 ~-0.05! 0.207 ~-0.48!
PW-LDA SC ~Ref. 14! 3.747 ~-0.93! 9.334 ~-1.77! 0.210 ~-0.96!
PW-LDA LC ~Ref. 13! 3.781 ~-0.03! 9.793 ~ 3.06! 0.204 ~-1.92!
LCAO-HF LC ~Ref. 11! 3.763 ~-0.50! 9.851 ~ 3.67! 0.202 ~-2.88!
X ray 301 K ~Ref. 35! 3.785 ~ 0.08! 9.514 ~ 0.13! 0.208 ~ 0.00!
Neutron 295 K~Ref. 37! 3.785 ~ 0.08! 9.512 ~ 0.11! 0.208 ~ 0.00!
Neutron 15 K ~Ref. 37! 3.782 9.502 0.208
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ions with a further two O ions slightly further away@~612!-
fold coordination#. In light of these findings and the lack o
reliable data for TiO2 at very high pressures, it seems po
sible that TiO2 may also adopt thePa3̄ structure. To the
authors’ knowledge, this possibility has not been explored
previous work.

G. Cotunnite

The cotunnite (PbCl2) structured TiO2 was recently dis-
covered in high pressure diamond anvil experiments at p
sures above 60 GPa. The unit cell of cotunnite is illustra
in Fig. 1. This structure is orthorhombic, belonging to t
space groupPnmawith the lattice vectors determined at 6
GPa to be a55.163 Å, b52.989 Å, and c55.966 Å.
There are four TiO2 formula units per unit cell with ions a

6(x, 1
4 ,z; x1 1

2 , 1
4 , 1

2 -z), where for the Ti ions,x50.264 and
z50.110; for one O ion,x50.346 andz50.422; and for the
second O ion,x50.012 andz50.325. The Ti ions are nine
fold coordinated to O and the O ions form elongated
capped trigonal prisms containing the titanium atoms.
22411
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III. METHOD

The calculations presented have been performed using
LCAO, all-electron,CRYSTAL98 software,40 with supplemen-
tary calculations performed using the PW pseudopoten
softwareCASTEP.41

In the LCAO formalism implemented inCRYSTAL98, the
crystalline orbitals are expanded as a linear combination
atom centered Gaussian orbitals withs, p, or d symmetry
~the basis set!. All-electron ~AE! calculations were per-
formed in which there is no shape approximation to the
tential or density. A variety of treatments of exchange a
correlation were used: Hartree-Fock~HF! theory, where ex-
change is computed exactly but correlation is neglected,
density functional theory~DFT! using the local-density ap
proximation ~LDA !42,43 and the generalized gradient a
proximation~GGA!.44

The main numerical approximation in these calculatio
is the choice of the basis set. High quality all-electron ba
sets developed and optimized for use in rutile TiO2 bulk and
surface studies45,46have been used.47 A basis set having three
independent radial functions to describe each valence e
2-4
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tron is denoted as a triple-valence all-electron~TVAE! basis
set. The TVAE basis set has been used extensively in pr
ous studies of TiO2.46,48–50In the current study this basis s
is supplemented by the addition of ad-symmetry polariza-
tion function on the O ions to produce the TVAE* basis s
While this additional flexibility has only a minor effect o
the description of the rutile phase, it is found to be import
for an accurate description of the anatase structure: the e
in the c lattice constant of the latter is reduced from 5%
2%. It has recently been demonstrated that although
TVAE* basis set describes structural properties consiste
well, it is not sufficient to converge subtle differences in t
energies of related structures.31,48 In order to converge the
energy difference between phases we have thus used
TVAE** basis set in which an additional diffused-symmetry
function on the titanium ions is included47.

The sampling ofk space is also an important approxim
tion. Pack-Monkhorst grids40,51 of shrinking parameters 4–
were used depending on the phase being treated. T
showed that this was sufficient to converge structures to
ter than 0.01 Å, total energies to 0.25 kJ/mol, and ene
differences between phases to 0.025 kJ/mol.

A further approximation in the present study is related
the use of local basis functions. The truncation of the dir
space summations of the Coulomb and exchange serie
controlled by five Gaussian overlap criteria. The control
these approximations was described in detail elsewhere40,52

Tests showed that using values of 1027, 1026, 1027, 1027,
and 10214 results in a numerical error of around 2 kJ/mol a
less than 0.01 Å per unit cell in the relative energies a
structures of different phases. In the calculations compa
the delicate stability of rutile and anatase, we used very h
tolerances~up to 1029, 1028, 1029, 1029, and 10216). The
structural optimizations were converged to a displacemen
less than 0.01 Å, or an energy difference of less th
1024 kJ/mol using a Broyden-Fletcher-Goldfarb-Shan
~BFGS! minimization algorithm.53

Supplementary PW-pseudopotential calculations w
performed using theCASTEPsoftware.41 The LDA and GGA
functionals used were the same as for the LCAO calcu
tions. The Ti (1s, 2s, and 2p) and O (1s) core states were
described using small-core~SC! ultrasoft pseudopotentials.54

Previous work has shown that large-core~LC! pseudopoten-
tials that incorporate Ti 3s and 3p states can lead to signifi
cant errors in the calculation of structural and energe
properties.48 The sampling ofk space was performed using
Monkhorst-Pack net55 of shrinking factor 4. A range of
plane-wave cutoff energies (Ecut) from 300 to 600 eV was
used to ensure convergence of the structure and relative
ergies of different phases to about 0.001 Å and 2 kJ/mol
unit cell, respectively. The calculations of TiO2 at high pres-
sures were performed by applying an hydrostatic press
and minimizing the enthalpy

H5U1PV ~1!

with respect to all structural parameters.
Bulk moduli have been computed by fitting to a Birc

Murnaghan equation of state of the form56
22411
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P51.5KT@~V0 /V!7/32~V0 /V!5/33@120.75~42K8!

3~V0 /V!2/321#. ~2!

For all phases, cell optimizations were performed for at le
nine different pressures.

IV. RESULTS

A. Structure, phase stability, and elastic properties of rutile
and anatase at 0 GPa

Before discussing the high-pressure phases the rela
stability of rutile and anatase at 0 GPa is considered in so
detail. Above 870 K, anatase and brookite are found to tra
form irreversibly to rutile.6 The enthalpy change in the ana
tase to rutile transformation has been measured using ca
metric techniques. There are significant differences in
values reported in the literature: from the exothermic valu
of DH2985211.7 kJ/mol,7 DH968526.56 kJ/mol,8

DH971523.26 kJ/mol,6 and DH903520.42 kJ/mol ,9 to
the endothermic values ofDH11835111.66 and DH298
510.42 kJ/mol.10

As a prerequisite to determining the energetics of the t
phases, it is important that fully unconstrained and carefu
converged structures are obtained. In Table I, a summar
the results from a selection of experimental and recentab
initio studies of the structural parameters of rutile and a
tase is presented. Early HF,57,58PW-LDA,59–62and combined
HF and DFT studies of rutile63 yielded lattice parameters t
within 2% of experiment. More recent studies that ha
taken advantage of improvements in the theoretical te
niques and available computing power to perform calcu
tions with improved treatments of exchange and correlat
~DFT calculations based on the GGA! ~Refs. 13 and 64! and
higher numerical accuracy~improved basis sets! ~Ref. 65!
have yielded results consistent with those from the ear
work. There have been only a few publications of the latt
parameters of anatase computed usingab initio methods.
LCAO-HF ~Ref. 11! and PW-LDA ~Ref. 13! studies using
large core pseudopotentials yielded structures with 3–
errors in thec lattice constant, but later work using sma
core pseudopotentials reduced these errors to 1–2 %. Stu
of the energetics of rutile, anatase and brookite with
orthogonalized-linear-combinations-of-atomic-orbitals me
od within the LDA predicted reasonably accurate lattice p
rameters for rutile, but the other two phases were not rela
fully.66

Generally speaking, all theab initio studies of rutile and
anatase have yielded structural parameters to within a
percent of experiment. The structural parameters compu
in the current study are given in Table II. While the prese
HF, LDA, and GGA calculations all yield lattice paramete
in reasonable agreement with experiment, there are c
trends with regards to treatment of exchange and correlat
For rutile, HF theory tends to underestimatea and overesti-
matec, resulting in an overestimate of the cell volume, t
LDA leads to an underestimate of botha andc and the GGA
to an overestimate of botha and c. Similar trends are also
seen for anatase. Although all the LCAO calculations ov
2-5
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TABLE II. The optimized structural parameters of rutile and anatase~in Å! computed usingab initio methods. Numbers in parenthes
indicate the percent deviation from experiment.

Method Basis Rutile Anatase
a c u a c u

LCAO
HF TVAE* 4.575 ~-0.26! 2.999 ~ 1.52! 0.306 ~ 0.33! 3.781 ~-0.03! 9.735 ~ 2.45! 0.203 ~-2.40!

TVAE** 4.579 ~-0.17! 2.989 ~ 1.18! 0.306 ~ 0.33! 3.780 ~-0.05! 9.716 ~ 2.25! 0.203 ~-2.40!
LDA TVAE* 4.539 ~-1.05! 2.953 ~-0.03! 0.305 ~ 0.00! 3.739 ~-1.14! 9.694 ~ 2.02! 0.205 ~-1.44!

TVAE** 4.548 ~-0.85! 2.944 ~-0.34! 0.305 ~ 0.00! 3.729 ~-1.40! 9.695 ~ 2.03! 0.204 ~-1.92!
GGA TVAE* 4.627 ~ 0.87! 2.981 ~ 0.91! 0.305 ~ 0.00! 3.794 ~ 0.32! 9.712 ~ 2.21! 0.206 ~-0.96!

TVAE** 4.623 ~ 0.78! 2.987 ~ 1.12! 0.306 ~ 0.33! 3.801 ~ 0.50! 9.719 ~ 2.28! 0.206 ~-0.96!
PW
LDA 340 4.574 ~-0.28! 2.927 ~-0.91! 0.304 ~-0.33! 3.758 ~-0.63! 9.495 ~-0.07! 0.208 ~0.00!

380 4.562 ~-0.55! 2.920 ~-1.15! 0.304 ~-0.33! 3.746 ~-0.95! 9.480 ~-0.23! 0.208 ~0.00!
GGA 340 4.651 ~ 1.40! 2.964 ~ 0.34! 0.307 ~ 0.66! 3.792 ~ 0.26! 9.714 ~ 2.23! 0.206 ~-0.96!

380 4.641 ~ 1.18! 2.958 ~ 0.14! 0.305 ~ 0.00! 3.777 ~-0.13! 9.818 ~ 3.33! 0.205 ~-1.44!
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estimatec, the LCAO-LDA calculations yield the smalles
overestimate. The structures in Table I computed usin
LCAO formalism with an AE basis set show the same tren
as the current results.

When making comparisons with the previous PW resu
it is important to note that the pseudopotential approximat
can have a significant effect on the computed structures.
culations on bulk and surfaces of TiO2 polymorphs have
demonstrated that the LC pseudopotential approxima
tends to give results in significantly worse agreement w
experiment compared to the SC pseudopotential.48 In the cur-
rent study, all PW calculations have been performed us
SC pseudopotentials, and give the same trends as the p
ous PW-SC and LCAO-AE results, whereas a number of
calculations in Table I employed LC pseudopotentials an
large scatter is seen in the trends of these computed s
tures. For example, the PW-LC calculations of rutile p
formed with the LDA have predicted an underestimate oa
andc60, an overestimate ofa andc,13,59 and an overestimate
of a but an underestimate ofc.62

For anatase, incorporating ad-symmetry polarization
function on the O basis set leads to a significant impro
ment in the agreement with experiment. A thorough disc
sion of the influence of basis set on the computed structur
rutile and anatase was given elsewhere.31 As can be seen
from Table II,a, c, andu are within 2% of experiment with
d functions, whereas thec parameter can be as much as 5
too large without it. This indicates that the O ion responds
its nonspherical environment with quadrupolar distortio
which cannot be treated adequately using onlys- and
p-symmetry functions.

An early comparison of the energetics of rutile and a
tase using LCAO-HF theory with smaller basis sets than
used in the current study yielded structural parameters
good agreement with experiment and found anatase to be
lower-energy phase by 2.51 kJ/mol.11 The addition ofa pos-
teriori correlation based on DFT~Ref. 12! reversed this
trend, yielding rutile as the more stable phase by betw
2.96 and 11.50 kJ/mol, depending on the correlation fu
tional used.
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PW-LDA and PW-GGA calculations using LC
pseudopotentials13 predicted the structure of the rutile, an
tase, brookite, and columbite phases to within 2% of exp
ment. However, these calculations were in disagreement
regard to the phase stability of rutile and anatase. The L
calculations predict rutile to be more stable than anatase
2.11 kJ/mol, whereas the GGA calculations yield anatase
the more stable phase by 4.82 kJ/mol.

A recent PW-LDA study found that the relative stabili
of the two phases is sensitive to the pseudopotential e
when SC pseudopotentials are used.14 Two different SC
pseudopotentials were tested, with one type yielding ana
as the more stable form by 5.852 kJ/mol~Troulier Martin
pseudopotential! and the other predicting rutile to be th
more stable form by 4.598 kJ/mol~Teter pseudopotential!. It
is clear that the predicted relative stability of the two pha
is very sensitive to the numerical approximations and to
treatment of exchange and correlation adopted.

In Table III the influence of the basis set on the compu
energy difference between rutile and anatase is reported
the basis set is improved, the total energy varies significa
but the energy differences are far less sensitive with the a
tase phase clearly the more stable. The PW calculations
formed in the current study with a SC pseudopotential a

TABLE III. Calculated energy difference (dE5Erutile

2Eanatase) between rutile and anatase.

Method dE (kJ/mol)

LCAO Basis set
TVAE* TVAE**

HF 2.72 4.25
LDA -0.32 1.88
GGA 5.46 7.59
PW Ecut ~eV!

340 380
LDA 3.31 2.13
GGA 7.17 9.68
2-6
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TABLE IV. The bulk moduli ~in GPa! of the various phases of TiO2 computed in the current work with
the TVAE* basis set using HF and LDA treatments of exchange and correlation. The LCAO-HF~Refs. 63
and 65! and LCAO-LDA ~Ref. 63! calculations have been performed using theCRYSTAL98 package.

Method Rutile Anatase Columbite Baddeleyite Pyrite Fluorite Cotunn

LCAO-HF 239610 202610 264610 300610 318610 331610 380610
LCAO-LDA 241610 195610 273610 308610
LCAO-HF ~Ref. 63! 281
LCAO-LDA ~Ref. 63! 264
LCAO-HF ~Ref. 65! 304
LCAO-HF ~Ref. 65! 236
LCAO-LDA ~Ref. 66! 209 272
PW-LDA ~Ref. 59! 240
PW-LDA ~Ref. 30! 243 194 247 249 282
PW-LDA ~Ref. 13! 244 190 215 287
X ray ~Ref. 33! 17861
X ray ~Ref. 25! 17962 25868 290610
X ray ~Ref. 85! 25364
X ray ~Ref. 21! 59 98 522
X ray ~Ref. 78! 21167
X ray ~Ref. 22! 360
X ray ~Ref. 23! 230620 260630 290620
X ray ~Ref. 5! 17861 30466 431610
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predict anatase to be the more stable form with the LDA a
GGA relative stabilities in excellent agreement with the
sults from the LCAO calculations, performed using t
TVAE** basis set. Additional tests performed with th
CASTEPcode using very high-energy cutoffs~up to 600 eV!
did not have a significant influence on either the order of
phases or the magnitude of the stability.

As noted above, a previous HF study found anatase to
the more stable phase but addition ofa posterioricorrelation
corrections reversed this trend.11 We have calculated the
‘‘correlation corrected’’ total energies of rutile and anata
using the TVAE** basis set within the HF approximatio
using all the available exchange-correlation functionals
CRYSTAL98. Using a variety of LDA ~Perdew-Zunger,43

Vosko-Wilk-Nusair,67 Von Barth-Hedin,68 and
Perdew-Wang69–71! and GGA ~Colle-Salvetti,72

Wigner-Levy,73 Perdew 86,74 Perdew 91,75

Perdew-Wang,69–71,75 Becke,76 Perdew-Burke-Ernzerhof,44

and Lee-Yang-Parr77! functionals asa posterioricorrections
to the HF total energy yields a value ofdErutile-anatase of
between 3.1 and 3.5 kJ/mol for LDA functionals and -1.5 a
-9.5 kJ/mol for GGA functionals. Clearly, the use of se
consistent exchange and correlation is required for relia
results.

The computed bulk moduli of rutile and anatase and
phases discussed in Sec. IV B are presented in Table IV.
bulk modulus of rutile has been measured to be about
GPa,78–80 with more recent studies verifying this value.23,81

Until recently, there was considerable disagreement in
literature as to even the approximate magnitude of the
perimental bulk modulus of anatase, with measureme
ranging from 59 GPa~Ref. 21! to 360 GPa.22 Two recent
independent measurements have clarified the matter:
22411
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experiments yielded a bulk modulus of around 180 GPa.25,82

Arlt et al.25 pointed out that the use of single crystal
opposed to powder samples can have an influence on
measured bulk modulus but this effect was found to
within the experimental error bars~179 GPa for a single-
crystal sample and 190610 GPa for a powder sample!. The
computed bulk modulus of rutile in the current work is
good agreement with experiment being only around 10%
high and is in excellent agreement with previous P
studies.13,30,59The discrepancy between the rutile bulk mod
lus computed in this study and that from the recent a
electron LCAO studies using very similar computation
techniques is due to the fitting procedure used to compute
bulk modulus. In the current study, the Birch-Murnagh
equation of state56 has been used to extract the bulk modulu
whereas the values from the previous LCAO studies w
computed from a polynomial fit of the energy-volume curv
Computing the bulk modulus with the fitting procedure d
scribed in Ref. 63, values of 277 GPa~HF! and 253 GPa
~LDA ! were obtained. Clearly, the fitting procedure has
significant influence on the predicted modulus. The Birc
Murnaghan equation of state is used in this study beca
most experimental studies use this equation of state to ex
bulk moduli from pressure-volume data.

The bulk modulus of anatase is calculated to be low
than that of rutile~by about 15%!, in agreement with experi-
ment. The computed bulk modulus of about 200 GPa is
reasonable agreement with previous PW-LDA calculatio
which found it to be about 190 GPa~Refs. 13 and 30! and
the experimental value of 180 GPa.25,82

The calculations of Mo and Ching,66 which predicted ana-
tase to have a higher bulk modulus than rutile, were p
formed under the constraint of a fixedcÕa ratio during opti-
2-7
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mization of the volume at a given applied pressure. Howe
the current calculations demonstrate that rutile and ana
both undergo anisotropic compression. The computed cha
in thecÕa ratio with pressure for the two phases is illustrat
in Fig. 2. The ratio increases for rutile and decreases
anatase as the cell volume is reduced. The longer cell ve
~a for rutile andc for anatase! is the more compressible i
both structures, in agreement with experimen
observations21,23,33,78,83~see Fig. 3!. Constraining the unit
cell to a fixedcÕa ratio leads to significant errors in the com
puted structure and bulk modulus.

B. High-pressure phases

TiO2 has a rich phase diagram and forms a number
high-pressure phases, as described in Sec. I. Many of t
phases have not been well characterized. For example
existence of the fluorite phase of TiO2 has only been tenta
tively assigned, and it is not certain whether the fluorite a
pyrite phases can exist between baddeleyite and cotunni
if they are post-cotunnite. Although there have been theo
ical calculations of the fluorite structure13,30 there have been
no predictions of the structure or energetics of the pyrite
cotunnite phases. In order to understand the high-pres
phase diagram of TiO2, we have performed HF calculation
of the rutile, anatase, columbite, baddeleyite, fluorite, pyr
and cotunnite phases at pressures up to at least 70 GPa

The predicted structures for the post-rutile and po
anatase phases are presented in Table V. The calculate
parameters for columbite at 0 GPa are in excellent agreem

FIG. 2. The change inc/a ratio with cell volume of rutile and
anatase computed within the HF approximation.
22411
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with previous results from LDA calculations and x-ra
diffraction experiments. Thea, b, and c lattice parameters
computed with HF and LDA methods are within 1% of e
periment. The predicted cell volume is overestimated by
HF methods~by 0.34%! and underestimated by the LDA~by
0.32%!; these trends are consistent with those calculated
the rutile and anatase phases~Sec. IV A!. The current HF
and LDA calculations predict internal coordinates in exc
lent agreement with experimental observations23 and in rea-
sonable agreement with the results of recent PW-L
calculations.30

For baddeleyite, the computed lattice vectors are in ex
lent agreement~within around 1%! with those observed.26 To
our knowledge, there have been no experimental determ
tion of the internal coordinates of this phase. The lattice v
tors and internal coordinates of cotunnite have recently b
measured,5 and the current calculations are in agreem
with this data ~see Table V!. For the pyrite and fluorite
phases, no experimental data on their structures are a
able; the structure computed here for the fluorite phase i
reasonable agreement with previousab initio studies.13,30

The computed bulk moduli, along with the known expe
mental determinations for all the phases considered in
paper, are presented in Table IV. The bulk modulus
columbite TiO2 was measured in an early study to be
GPa,21 but more recent work has reported it to be somew
higher than that of rutile; 250–260 GPa.23,85The current HF
calculations predict a value of 264 GPa, in good agreem
with the most recent PW-LDA calculations~247 GPa!,13 but
somewhat higher than an earlier study which found it to

FIG. 3. Effect of pressure on the lattice parameters of ru
TiO2 computed within the HF approximation. Experimental data
from Ref. 83.
2-8
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TABLE V. The structural parameters of the high-pressure phases of TiO2 ~lengths in Å and angles in
degrees! computed at 0 GPa~unless specified! with the TVAE* basis set. The cell volume is in Å3 for two
TiO2 formula units.

a b c b Internal coordinates Volume
x y z

Columbite
HF 4.553 5.468 4.932 90.0 Ti 0.000 0.169 0.250 61.39

O 0.274 0.385 0.420
LDA 4.528 5.438 4.954 90.0 Ti 0.000 0.170 0.250 60.993

O 0.274 0.381 0.418
LDA ~Ref. 30! Not Given 90.0 Ti 0.000 0.178 0.250 61.887

O 0.259 0.429 0.439
LDA ~Ref. 13! 4.569 5.481 4.929 90.0 Ti 0.000 0.174 0.250 61.71

O Not Given
Expt ~Ref. 23! 4.541 5.493 4.906 90.0 Ti 0.000 0.171 0.250 61.18

O 0.286 0.376 0.412
Baddeleyite

HF 4.691 4.820 4.851 98.38 Ti 0.275 0.040 0.206 54.25
~20 GPa! O~1! 0.079 0.350 0.328

O~2! 0.444 0.760 0.482
LDA ~Ref. 13! 4.790 4.915 4.924 99.97 Ti 0.279 0.047 0.209 57.09
~0 GPa! O~1! 0.078 0.354 0.329

O~2! 0.444 0.761 0.485
Expt ~Ref. 26! 4.64 4.76 4.81 99.2 Ti 52.435
~20.3 GPa! O~1! Not Given

O~1!

Cotunnite
HF 5.046 2.966 5.884 90.0 Ti 0.246 0.25 0.114 44.03
~60 GPa! O~1! 0.358 0.25 0.427

O~2! 0.026 0.75 0.337
Expt ~Ref. 5! 5.163 2.989 5.966 90.0 Ti 0.264 0.25 0.110 46.03
~61 GPa! O~1! 0.346 0.25 0.422

O~2! 0.012 0.75 0.325
Fluorite

HF 4.794 4.794 4.794 90.0 O 0.25 0.25 0.25 55.08
LDA 4.748 4.748 4.748 90.0 O 0.25 0.25 0.25 54.745
GGA 4.897 4.897 4.897 90.0 O 0.25 0.25 0.25 58.70
LDA ~Ref. 30! 4.860 4.860 4.860 90.0 O 0.25 0.25 0.25 57.39
LDA ~Ref. 13! 4.800 4.800 4.800 90.0 O 0.25 0.25 0.25 55.29

Pyrite
HF 4.860 4.860 4.860 90.0 O 0.338 0.338 0.338 57.39
LDA 4.801 4.801 4.801 90.0 O 0.340 0.340 0.340 55.31
GGA 4.894 4.894 4.894 90.0 O 0.338 0.338 0.338 58.59
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215.30 The bulk modulus of the baddeleyite phase has b
determined several times, with the most recent studies giv
a value around 300 GPa.5,25,23Haines and Le`ger21 reported a
value of 522 GPa, although there is serious doubt about
accuracy of this datum as only a few points were used to
the Birch-Murnaghan equation of state; this study also
ported very low bulk moduli for the anatase and columb
phases~59 and 98 GPa!, in stark contrast to other studies.

For the pyrite, fluorite, and cotunnite phases, the co
puted HF bulk moduli are 318, 331, and 380 GPa. Th
have been no previous determinations of the bulk modulu
22411
n
g

he
t
-

-
e
of

the pyrite phase, but the fluorite phase has been mod
with its bulk modulus predicted to be around 280–2
GPa.13,30 Calculations of the bulk modulus of the fluorit
phase using the LDA yield a lower value of 308 GPa,
reasonably good agreement with previous PW-LDA stud
As can be seen from Table IV, HF theory tends to yield
bulk modulus higher than the LDA value, consistent with t
results of a recent comparative study of the effect of
treatment of exchange and correlation on the computed b
modulus.86 For the cotunnite phase, the computed bu
modulus is about 10% lower than that observed.
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MUSCAT, SWAMY, AND HARRISON PHYSICAL REVIEW B65 224112
There is an interesting trend for the HF approximation
overestimate the bulk modulus of low-pressure phases an
underestimate it in very high-pressure phases. In the cas
rutile and anatase, HF theory tends to overestimate the
modulus by about 10%; it is overestimated by less than
for columbite; for baddeleyite, it is within the error bars
the experimental value; and is about 10 % lower than
experimental value for the cotunnite phase. One expects
theory to overestimate bulk moduli in wide-band-gap insu
tors as the effect of electron correlation in these systems
reduce effective ionic radii and to generate a weak additio
binding term. Computed lattice constants thus tend to
somewhat larger than those observed and bulk moduli ra
high. This is the opposite behavior to that expected in sm
band-gap semiconductors, where correlation effects
dominated by the mixing of excited-state determinants w
the HF ground state. It may be that the trend in the predic
bulk modulus in TiO2 with pressure is related to the closu
of the band gap in the higher pressure phases.

The computed equations of state of the phases stu
here are illustrated in Figs. 4 and 5. The present calculat
predict that anatase to columbite transformation occurs
about 3.5 GPa, while the rutile to columbite transformat
occurs at about 21 GPa. This result is in reasonable ag
ment with experimental observations, correctly predict
that anatase will undergo a phase transformation at lo
pressures than rutile. Columbite is the most stable phas
to 31 GPa where the calculations predict a transformatio
baddeleyite which in turn transforms to cotunnite at 63 G

FIG. 4. The internal energy~in atomic units for two TiO2 for-
mula units! with respect to volume for the TiO2 polymorphs calcu-
lated within the HF approximation using the TVAE* basis set.
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At no point between 0 and 70 GPa is either the pyrite
fluorite phase predicted to be the most stable form, altho
the pyrite form is more stable than the fluorite structure up
65 GPa. Extrapolation of the enthalpy versus pressure p
in Fig. 5 to higher pressures indicates that it is unlikely th
pyrite or fluorite will become more stable than cotunnite
pressures below 100 GPa.

V. DISCUSSION

A number of general conclusions can be drawn from
large number of detailed calculations of the structure a
energetics of TiO2 polymorphs presented above. First, t
HF and GGA treatments of exchange and correlation ten
overestimate the cell volume, whereas the LDA tends to
derestimate it. For HF theory this is related to the neglec
electron correlation, which results in an overestimate of
cell volume for wide-band-gap insulators, as discuss
above. The LDA has a tendency to overbind molecules
solids, and in general underestimates cell volumes in th
systems. The GGA overcorrects for this effect and, in th
systems, yields cell volumes similar to those computed in
HF approximation.

The form of the basis set~PW or LCAO! has little influ-
ence on these structural trends as long as the total ener
reasonably well converged with respect to the basis set,
an all-electron approach or small-core pseudopotentials
used. Improving the LCAO basis sets from TVAE* t
TVAE** or increasing the plane-wave cutoff from 340 t
600 eV has little effect on the predicted structures. Howev

FIG. 5. The enthalpy difference, relative to rutile, for two TiO2

formula units with respect to pressure for the TiO2 polymorphs.
2-10
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the calculation of the relative phase stability is sensitive
numerical and theoretical approximations, and great car
required when comparing two phases with very similar
ergies such as rutile and anatase at 0 GPa. The energy
ferences are only converged with the largest basis sets
here. Clearly, errors due to the numerical approximati
may influence the predicted pressures of phase transfo
tions. This effect can be estimated. The data in Table
indicate that the improvement of the basis set can lead
difference of the relative phase stability of up to 2 kJ/mol. A
error of such magnitude has a small effect on the compu
transformation pressure where the gradient of the pres
versus enthalpy data of two phases differs significantly, a
the case of columbite and baddeleyite where this leads t
error of around62 GPa~see Fig. 5!. However, for phases
with very similar gradients, such as rutile and columbite,
error can be as large as66 GPa. Thus the pressures
transformation predicted here may be somewhat differen
those observed, but the sequence of the phase transfo
tions is unlikely to be affected by these numerical errors

The variation in elastic properties and the anisotro
compression of the different phases can be understood
considering the atomic structure of these phases and in
ticular the packing of the TiO6 octahedra. These octahed
are fairly rigid units which appear to behave in a rather c
sistent way in the rutile, anatase and columbite phases~see
Fig. 9!. However, their packing differs considerably.

In the rutile unit cell, the TiO6 octahedra pack in a regula
arrangement with the neighboring octahedra sharing cor
in the ab planes and edges in thec direction as depicted in
Fig. 6. The corner-sharing octahedra have one Ti-O b
linking them, whereas edge-sharing octahedra share
Ti-O bonds. The crystal is thus more compressible in theab
plane where external stress can be taken up by the hingin
the octahedra than in thec direction which is supported by

FIG. 6. The packing of TiO6 octahedra in rutile.
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relatively inflexible ‘‘pillars’’ of edge-sharing octahedra.
In anatase, there are crossed rows of zigzagging octah

that run along thea and b lattice vectors~see Fig. 7!. The
octahedra share four edges but the edges that are shar
not lie on opposite ends of the octahedron as they do
rutile. This has implications for the compressibility of th
structure because compression can be accommodated b
octahedra hinging over each other more easily than in
rutile structure. This results in the computed bulk modulus
anatase being significantly lower than that of rutile.

Using similar simple models of the structure of the
phases, the pressure-induced phase transformations of
tase and rutile to columbite can be understood by conside
the nature of the electrostatic interactions of the ions in e
structure. The energetics of the crystal are finely balan
between bringing as many oppositely charged ions as c
together as possible while keeping like-charged ions as
apart as possible. Hence the lowest-energy structure is
which minimizes the cation-cation~Ti-Ti ! and anion-anion
~O-O! repulsions while maximizing the cation-anion attra
tion ~Ti-O!.

As noted in Sec. II, the rutile, anatase, and columb
structures are all built up from different arrangements
TiO6 octahedra. The biggest difference between the octa
dral packing in rutile and in columbite, illustrated in Fig.
is that the octahedra in rutile form linear chains along thc
direction whereas in columbite, they form zigzaggin
chains.38 In the case of rutile and anatase, the nearest T
and O-O bond distances are shorter than in columbite,
the average octahedral Ti-O bond distances and octahe
volumes are similar~see Fig. 9!. Compression of rutile and
anatase leads to a reduction in the Ti-Ti and O-O bond
tances. This reduction in bond distances can be compens
for by rearranging the octahedra and transforming to
columbite structure.

FIG. 7. The packing of TiO6 octahedra in anatase. The small
image is a rotated view showing the zigzag arrangement of
octahedra along thea direction.
2-11
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Furthermore, the internal coordinate of the Ti ion
columbite can move along they Cartesian direction~corre-
sponding to moving along theb lattice vector! but in rutile, it
is fixed by symmetry. This degree of freedom results in

FIG. 8. The packing of TiO6 octahedra in columbite. The
smaller image is a rotated view illustrating the packing of octahe
along thec direction.
22411
a

significantly larger Ti-Ti distance~see Fig. 10! than would
occur if the material was in the rutile phase or if this coo
dinate was fixed. This feature of the packing also expla
the anisotropic compressibility of columbite TiO2. The
change in the unit cell parameters for a range of pressure
illustrated in Fig. 11. By far the most compressible directi
is along theb lattice vector due to the freedom of the Ti ion
to move along this direction. Thec direction is also rather
compressible because the octahedra can slide over each
somewhat due to the movement of the cations along thb
direction. Finally, thea direction is the least compressib
despite having only corner-sharing octahedra along it. T
freedom of movement of the octahedra along theb and c
directions is not evident alonga, and hence this direction is
the stiffest. The order of compressibility along each latt
vector is in excellent agreement with experimen
observations.21

Finally, the post-columbite phase transformations can a
be rationalized using simple models concerning the effec
pressure on the ionic size. The phase transformation f
columbite to baddeleyite and cotunnite structures is proba
due to changes in the radius ratio of the Ti and O io
Oxygen ions are significantly more compressible than Ti io
and at high pressures, the radius-ratio of these two spe
changes such that it is possible to pack more anions aro

a

e,

FIG. 9. The change in Ti-Ti, O-O, Ti-O, and

TiO6 octahedron volumes with pressure for rutil
anatase, and columbite structured TiO2 computed
within the HF approximation.
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each cation hence increasing the Ti-O attraction interact
This leads to an increase in the coordination of Ti-O io
from six ~rutile, anatase, and columbite! to seven~baddeley-
ite! and then to nine~cotunnite!.

VI. CONCLUSIONS

In the current study, we have investigated the structu
elastic properties, and stability of all the main known TiO2
polymorphs. In addition, we have confirmed the existence
a high-pressure phase recently been observed to be s
above 60 GPa.

Particular care has been taken to compute the relative
bility of rutile and anatase. The most precise calculations
the present study predict that anatase is more stable
rutile at 0 K, but the energy difference between the t
phases is small: between 2 and 10 kJ/mol. Previous exp
mental determinations of the stability of rutile and anata
have not conclusively resolved which phase is more stab
low temperatures and, clearly, further experimental work
required.

The computed cell parameters for the experimenta
well-studied phases agree to within 2%. The bulk mod
generally agree with experiment to within 10%, although
direction of the error depends on the individual phase:
low-pressure phases, the calculations tend to overestim
the bulk modulus with respect to experiment, whereas for
very high-pressure phases the computed bulk moduli are
low. HF theory tends to predict a higher bulk modulus th

FIG. 10. The nearest Ti-Ti distance in columbite TiO2 with in-
creasing pressure where the Tiy coordinate is fixed~constrained! to
its 0-GPa value and when it is free to relax~unconstrained!.
22411
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the LDA. A more significant difference in the predicted bu
modulus is seen when comparing that computed usin
polynomial fit to the variation of the energy with respect
volume and that obtained by fitting to an equation of sta
Here the latter approach is adopted as this is consistent
the approach used in most experimental determinations.

For a number of phases, in particular rutile and anatas
great deal of insight into their elastic properties can be
tained by considering the local packing of the Ti and O io
For example, the larger, anisotropic compression of
longer cell parameter in rutile and anatase can be rational
by considering the nature of the packing of the TiO6 octahe-
dral units. The driving force behind the transformation
rutile and anatase to columbite can be understood by con
ering the changes to the electrostatic interactions that o
as a result of differing cation-cation, anion-anion, and cati
anion nearest-neighbor distances. Transformation to
columbite phase allows an increase in the O-O and T
distances particularly due to the extra degree of freed
available for the position of the Ti ions.

The current calculations of the phase transformation
rutile and anatase to columbite correctly predict that ana
undergoes this phase transformation at a lower pressure
rutile. The anatase to columbite transformation is predic
to happen at about 3.5 GPa in reasonable agreement
experiment but the predicted pressure of rutile to columb
transformation is higher than that observed. This is mai
due to the difficulty in extracting the crossover point in t
equations of state of the two phases which have very sim

FIG. 11. Thea, b, andc cell parameters in columbite TiO2 with
increasing pressure.
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gradients of the enthalpy versus pressure curves and are
sensitive to the computational parameters used to gene
them. We estimate that the error bar in this particular pred
tion is of the order of 10 GPa. The columbite-to-baddeley
transformation then occurs at 31 GPa, and the latter struc
transforms to cotunnite at about 63 GPa. It is very satisfy
to note that all the computed phase transformations are
dicted to occur in the same order as is seen experimen
and that the bulk modulus of TiO2 increases with each new
phase.

Finally, in this paper, we have demonstrated how the co
puted properties of bulk TiO2 are influenced by the treatmen
of exchange and correlation and the numerical approxi
tions ~such as the basis set andk-space sampling!. The re-
sults for rutile and anatase illustrate how the treatment of
exchange and correlation affects the computed lattice par
eters. Convergence of the basis set, irrespective of its fu
tional form, with respect to computed properties is essen
for reliable comparisons between Hartree-Fock and den
functional theory results. Reliable structures can be ca
lated with rather small basis sets but more sophisticated b
es

N.
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e,
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m

m
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sets incorporatingd-polarization functions on the oxyge
ions are necessary to produce accurate lattice parameter
anatase. When the basis set is converged, the HF method
the GGA to DFT theory tend to overestimate cell volume
whereas the LDA to DFT method underestimates volum
Other numerical approximations such as the sampling ok
space and the truncation of the Coulomb and exchange s
have a very small effect on the predicted structures. Mod
numerical accuracy is required to converge computed st
tures, but calculations of the total energies and energy dif
ences between different phases require more sophistic
basis sets with high numerical accuracy.
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