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Collapse of the vortex-lattice inductance and shear modulus at the melting transition
in untwinned YBa2Cu3O7
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~Received 11 February 2002; published 31 May 2002!

The complex resistivityr̂(v) of the vortex lattice in an untwinned crystal of 93-K YBa2Cu3O7 has been
measured at frequenciesv/2p from 100 kHz to 20 MHz in a 2-T fieldHic, using a four-probe rf transmission
technique that enables continuous measurements versusv and temperatureT. As T is increased, the inductance

Ls(v)5Imr̂(v)/v increases steeply to a cusp at the melting temperatureTm , and then undergoes a steep
collapse consistent with vanishing of the shear modulusc66. We discuss in detail the separation of the
vortex-lattice inductance from the ‘‘volume’’ inductance, and other skin-depth effects. To analyze the spectra,
we consider a weakly disordered lattice with a low pin density. Close fits are obtained tor1(v) over 2 decades
in v. Values of the pinning parameterk and shear modulusc66 obtained show thatc66 collapses by over 4
decades atTm , whereask remains finite.

DOI: 10.1103/PhysRevB.65.214514 PACS number~s!: 74.60.Ge, 74.72.Bk, 72.15.Gd, 64.70.Dv
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I. INTRODUCTION

The investigation of the response of vortices in type
superconductors to an alternating driving current has ha
long and fruitful history, beginning with the experiment
Gittleman and Rosenblum~GR! on PbIn and Nb alloys.1 In
cuprate superconductors, these investigations have been
formed on YBa2Cu3O7 ~YBCO! over a broad range of fre
quencies extending from 100 kHz to a few THz. At freque
cies v below a few 100 MHz, the vortex response
obtained by directly measuring the sample’s complex re
tivity r̂(v). At microwave frequencies~10 to 100 GHz!, cav-
ity perturbation techniques have been the primary appro
although bolometric absorption techniques have been m
useful at the high microwave end.

The occurence of the vortex solid-to-liquid melting tra
sition in the cuprates is one of the most interesting phen
ena in the investigation of ‘‘vortex matter’’ in
superconductors.2 The melting transition atTm has been in-
vestigated in some detail by high-resolution measuremen
the magnetization,3,4 heat capacity,5 and dc resistivity.6,7 In
any solid-to-liquid transition, the key quantity of interest
the shear modulus which vanishes in the liquid. The resis
ity profile (r vs T) in a crystal of Bi2Sr2CaCu2O8 in which
alternating strong and weak pinning channels are create
ion irradiation was interpreted as a loss of shear strengt
Tm .8 The effect of the vanishing shear modulus atTm on r
when the fieldH is tilted relative to the twin boundaries i
twinned YBCO crystals was also demonstrated.9

The standard approach to investigating how the sh
modulus changes in a system undergoing a solid-to-liq
transition is by observing itsdynamical responseto an oscil-
lating driving force. The frequency dependence ofr̂(v) in
the vortex state in YBCO has been investigated by sev
groups at frequencies in the 1 to 100 MHz range. Init
measurements using thin-film samples found thatr̂(v)
5r1(v)1 j r2(v) displays strong, featureless dispersion
0163-1829/2002/65~21!/214514~11!/$20.00 65 2145
I
a

er-

-

s-

h,
re

-

of

-

by
at

ar
id

al
l

t

these frequencies.11–13 However, the response in high-purit
single crystals is qualitatively different. Wu, Ong, Gagno
and Taillefer~WOGT! ~Ref. 10! investigated the ac respons
in untwinned crystals of YBCO in the MHz range, and foun
that the inductance vsH exhibits a stepwise change at th
melting field. As a liquid cannot produce an inductive r
sponse, the stepwise change in the inductance is direct
dence for a collapse of the shear modulusc66 at Tm .

The two-probe experiments of WOGT were performed
fixed T versusH. This approach cannot be extended to me
surements in whichT is continuously varied in fixedH be-
cause variations in the background signal~from T-dependent
stray cable reactances! swamp the sample signal. We repo
results obtained by the use of an RF four-probe techni
that circumvents this obstacle. The four-probe technique
lows high-resolution impedance measurements versus
of the three quantitiesv, H, andT. We find that the collapse
of the inductance is even more abrupt whenT is scanned at
fixed H. While we largely confirm the fixed-T results of
WOGT, the swept-T experiments provide a more direct pic
ture of the behavior of the vortex resistivity and inductan
as T is increased above the melting line. With the broad
perspective, we correct a previous inference regardin
‘‘remanent’’ shear modulus in the vortex liquid state. A d
tailed discussion of how the vortex-lattice inductance
separated from the ‘‘volume’’ inductance is provided. T
gether with the measurements of WOGT, the present res
provide a complete experimental picture of the linear
sponse of the pinned lattice in a high-purity cuprate crysta
an ac driving current in the MHz frequency range. The tw
distinguishing features are the strong dispersion ofr̂(v) ob-
served even at lowv ~just below the melting temperatur
Tm) and the striking abrupt collapse of the inductance atTm .

To understand the spectra, we have adopted a mode
which the vortex lattice is weakly disordered by pinning to
low density of pins.16,17 A mean-field solution proposed b
Ong and Wu~OW! ~Ref. 18! is used to fit the measure
©2002 The American Physical Society14-1
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resistivity spectra. By measuring the damping viscosityh(T)
independently, we reduce the number of adjustable par
eters to just two numbers at eachT. We show that the OW
solution can achieve close fits tor1(v) extending over two
decades inv. The fits enable us to find bothk and c66 ~to
within a multiplicative constant! at eachT. The latter exhibits
a remarkable four-decade collapse to zero within 1 K of Tm .

In Sec. II a summary of the experimental approach
given. Section III discusses skin-depth effects and the ‘‘v
ume’’ inductance. In Sec. IV, we report measurements ver
T andH at constantv. The central results—the spectra ofr1
and r2 /v—are reported in Sec. V. Section VI explains t
fits of the spectra to the weakly disordered lattice model,
Sec. VII discusses the temperature dependence of the s
modulus nearTm . Appendix A describes the four-probe tec
nique, while Appendix B summarizes the impedance cal
lation for a sample with elliptical cross section. Appendix
summarizes the linear response of the weakly disordered
tice to an ac current.

II. EXPERIMENTAL DETAILS

As in WOGT,10 a weak, alternating currentJej vt is ap-
plied within the CuO2 plane (Jia) in the presence of a field
Hiĉ. The average velocity response of the vortices is
tected as a complex resistivityr̂(v)5 v̂(v)B/J0.

Because contact resistances on YBCO crystals are t
cally a fraction of an Ohm, they add aT-dependent back
ground that dominates the sample signal. In an experime
which the fieldH is swept at constantT ~as in WOGT!, this
large background may be subtracted, by reference to
zero-field data at eachT. However, whenT is swept at con-
stantH, the contact background leads to substantial err
The problem is exacerbated by theT dependence of the di
electric filling in the long coax cables. We minimized this b
using special cables with low-density Polytetrafluoroethyle
~Teflon! dielectric. The higher propagation velocity (0.85c
versus 0.66c) is also an advantage.

The four-probe design was developed to remove the ba
ground altogether. The sample~impedanceZs5Rs1 j vLs)
shunts the inner and outer conductors of both the incid
and transmission coaxial cable~see Appendix A!. If Zs!Z0
~the line impedance!, the incident signal is strongly reflecte
and the transmitted signal is highly sensitive to sm
changes inZs . By phase detecting the latter we may det
mine Zs . By inserting broadband transformers in both t
incident and transmission cables, we can achieve true f
probe measurement at frequencies up to 50 MHz~Appendix
A describes the calibration procedure!.

The measurements were made on a detwinned crysta
YBCO ~of dimensiona51.11 mm, b50.41 mm, andc
555 mm), in which the dc resistivity displays a sharp tra
sition ~width of 0.2 K! at Tc593.3 K. The RF resistivity
was measured with the rf current densityJia and Hic. Al-
though all measurements were performed in a scree
room, radio broadcast signals are picked up as weak r
nance lines in the spectra. Parasitic line resonances, det
as weak resonances, are the hardest to eliminate. How
21451
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they can be minimized by empirically adjusting the groun
ing strap configuration.

With the four-probe method, we may vary independen
each of the variablesH ~0–8 T!, v ~100 kHz to 20 MHz!,
andT. To confirm that we are in the linear-response regim
we checked that curves ofr̂(v) measured with inciden
power at215.5 dBm and at 4.5 dBm are closely simil
~except for a higher noise content in the215.5 dBm curve
for r2). We report all measurements in terms of the samp
complex resistivityr̂(v)5Zs(v)(bc/a8)[r1(v)1 j r2(v),
where a850.68 mm is the separation of the voltage co
tacts. In place ofr2(v), it is preferable to discuss the~spe-
cific! inductance defined byLs[r2 /v @note that Ls
5Ls(bc/a8)#. Dividing r2 by v isolates the divergent be
havior ofLs asv→0, thereby highlighting the dramatic co
lapse ofLs at the lattice melting temperature.

III. SKIN-DEPTH AND VOLUME INDUCTANCE

In zero magnetic field, the impedanceZs(v) of a super-
conductor~in the form of a cylinder! may be calculated from
the 2D Helmholtz equation (¹21k̂2)A50, wherek̂25l22

12 j d22 ~here,l is the London penetration length andd the
skin depth determined by the quasiparticle conductivity!.

First, we consider the normal-state impedance (T.Tc) by
letting l→`, and replacingd by the normal-state skin dept
dn5A2rn /vm0 ~wherern is the normal-state resistivity an
m0 the vacuum permeability!. Whenv is large enough tha
dn!AA, J is confined to the skin depth, and the effecti
Rs(v) increases (A is the cross-section area!. For a circular
cross section,Zs(v) is given by20

Zs~v!5
vm0ldn

2pr 0A2 j

J0~ x̂!

J1~ x̂!
, ~1!

wherex̂[2 j r 0A2 j /dn , Jm( x̂) is the Bessel function of or-
der m, and r 0 ( l ) is the radius~length! of the sample. The
case of elliptical cross section is treated in Appendix B.

Equation ~1! shows that, at large v, Rs(v)
→r l /(2pr 0dn), as expected. More important for our indu
tance discussion, the rf field energy at highv is confined to
the skin depth. Therefore, the inductanceLs(v) decreases
monotonically to zero asv→`. As this inductance expresse
the rf energy stored in the volume of astraight cylinder, we
refer to it as the ‘‘volume’’ inductanceLvol(v) to distinguish
it from the vortex-lattice inductance which is the main foc
of this work~and from stray, geometric inductances that ar
from coil-coil flux linkage!. From Eq.~1!, we find that

lim
v→0

Lvol5
1

2

m0l

4p
. ~2!

For a high-purity Cu wire (r 050.4 mm,l 53 mm) at 300
K, Lvol(v) equals 120 pH at lowv, but falls to a tenth of this
value at 20 MHz.

Below Tc , the penetration of the rf fields~in zero H! is
set by the London length, i.e.,k̂→l21. As the in-planel in
YBCO is very short (;0.2 mm), we may regard the store
4-2
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rf field energy to be nominally zero. Hence the change inLs

~in zero field! betweenTc and, say 60 K, provides a direc
measurement ofLvol . Applying Eq. ~2! to a cylinder with a
circular cross-section area equal to that in our crystal,
find that lim

v→0
Lvol534 pH ~corresponding toLvol51.2

310213 Hcm). This tiny inductance may be measured w
about 2% resolution by our four-probe method.

In the resistive state (H@Hc1), the rf penetration is de
termined byr1(v) ~i.e. k̂252 j d f

22 , where the flux-flow
skin depth d f5A2r1 /vm0). As r1 may be as large a
8 mV cm for H52 T, the volume inductanceLvol nearly
recovers its full value given by Eq.~1!. However, in our
measurements, the inductance increase is actually far in
cess ofLvol . The excess inductance arises purely from
vortex lattice.

Returning to the resistive componentRs(v), we have
converted it tor1 by the assumption thatJ is uniform over
the cross section@i.e., r1(v)5Rs(v)bc/a8#. However, ifd
is comparable to the half thicknessc/2, Rs(v) is signifi-
cantly enhanced by the skin-depth effect, andr1 will be
overestimated. We now address this concern. As the as
ratio b/c.8.3, we cannot rely on Eq.~1! for quantitative
guidance. In Appendix B, we have calculatedZs(v) for a
normal-state sample with an elliptical cross section us
Mathieu functions. The variation ofRs(v) and Lvol(v) is
shown in Fig. 1 for a sample with this high ellipticity. W
assumed the normal-state resistivityrn54 mVcm.

As the results depend only ondn , values forRs(v) and
Lvol(v) at other values ofrn are obtained by rescaling thex
axis. For example, at 85.9 K,r1 measured in a field of 2 T
with v/2p53 MHz equals;1 mV cm. Rescaling the fre-
quency axis in Fig. 1 by a factor of 4, we see that atv/2p
512 MHz, Rs(v) andLvol(v) deviate by only 5 and 3 %
respectively, from their low-frequency~i.e., uniform distribu-
tion! values. At the lowestT (,84 K), however, the devia
tions may be up to 20% forv/2p.10 MHz, but these low-
T–high-v data will not play any significant role in ou

FIG. 1. Calculated impedanceZs(v)5Rs(v)1 j vLs(v) of a
conducting cylinder of elliptical cross section and resistivityr
54 mV cm. The inductanceLs is entirely volume inductance
Lvol . The parametersj0.0.108 andh5250 mm are selected to
match the sample cross section.
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analysis. Throughout the low-v region near the melting tran
sition, the correction is less than 0.5%, so that the uniformJ
assumption is valid.

IV. FIXED-FREQUENCY MEASUREMENTS

All the data reported here are taken either in zero field
in a fixed field of 2 T. In the resistive state, the inductance
YBCO varies strongly withv and T. We first display the
variation ofLs(v,T,H) versusT measured at selectedv in a
2-T field as well as in zero field~main panel of Fig. 2!. The
inset shows the corresponding curves forr1.

In the main panel, we have plotted the specific inducta
Ls5r2 /v with an arbitrary origin, because the total o
served inductanceLobs is the sum of the sample contribution
(Lvol and the vortex lattice termLv) and an arbitrary back-
ground Lbg that arises from small uncertainties in settin
‘‘null’’ in the phase setting of the lock-in amplifiers, viz.

Lobs5Lv1Lvol1Lbg. ~3!

We take the portion of the curve at 1 MHz–0 T below 90
as our reference, and identify sample inductance signals r
tive to this reference curve.

We first discuss the 1 MHz curve in zero field. AsT in-
creases from 60 K,Ls(v1 ,T,0) is nearlyT independent until,
at Tc , it undergoes a step increase to the normal-state v

FIG. 2. ~Main panel! Temperature dependence of the to
sample inductanceLs(v,T,H)5r2(v,T,H)/v measured in a 2-T
field (Hic) at the frequencies indicated. Here, ‘‘15’’ means 15
MHz andH ~in Tesla! is in parantheses. AsT approachesTm from
below, Ls ~measured at 1–4 MHz! rises to a sharp cusp befor
collapsing to the valueLvol observed in the normal state. For com
parison, the zero-field traces taken at 1 and 15.4 MHz are
shown. The inductance scale has an arbitrary origin@because of the
term Lbg in Eq. ~3!#. The portion of the curve 1~0 T! below 90 K
serves as our reference line. Inductance signals measured relat
this reference are identified as contributions from the sample.
step change atTc in zeroH reflects the Meissner expulsion of th
stored rf field energy~reduction of volume inductanceLvol). The
inset showsr1 measured at the samev.
4-3
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(v1/2p51 MHz). Clearly, the step corresponds to the c
lapse of the Meissner effect atTc , as discussed above. Th
difference betweenLs(v1 ,T,0) measured at 100 and 60
gives Lvol51.0310213 Hcm, rather close to the value 1.
310213 Hcm estimated in Eq.~2!. Hence we identify the
step change in the curveLs(v1 ,T,0) with the maximum
~specific! volume inductanceLvol of our sample. The curve
Ls(v15,T,0) measured atv15/2p515.4 MHz shows a
closely similar step, as expected from Meissner flux exp
sion.

When a fieldH052 T is applied, the sample inductanc
is dominated by that of the vortex lattice. We follow th
curve at 1 MHz and 2 T, starting at 60 K. AsT increases,
Ls(v1 ,T,H0) increases rapidly, rising to a cusp just belo
the melting temperature of the latticeTm.88.5 K. Curves at
higher frequencies show a similar but reduced peak. Ab
Tm , Ls collapses rapidly to a value very close to the norm
state value. Because of the finite value of the rf vortex re
tivity r1 ~inset!, expulsion of the rf fields from the interior i
now determined by the flux-flow skin depthd f

5A2r1 /m0v (d f@l). At these temperatures,d f.c/2, so
the rf fields are uniform in the vortex liquid state; there is
change inLs in crossingTc593.5 K.

The sharp increase inLs asT approachesTm from below
is one of our main results. The collapse of the inducta
aboveTm is the constant-H-scan version of the collapse ob
served by WOGT in constant-T scans versusH. „As men-
tioned in Sec. I, the present swept-T scans provide a much
clearer picture of how the inductance evolves into
normal-state value. In WOGT,12 the finite value ofLs above
the melting fieldHm was interpreted as evidence for a sma
residual shear rigidity in the vortex liquid state@their Fig.
1~b!#. This inference is incorrect. As discussed here, the
sidual inductance aboveHm is simply the volume inductanc
Lvol . Within our resolution, the shear rigidity in the vorte
liquid state is zero. This removes the need for the arbitr
‘‘background’’ liquid termr2

b introduced by WOTG.10
…

At our highest frequencies, the lattice response is p
dominantly resistive. As discussed below, the friction term
this limit dominates the lattice forces and pinning forces,
that r1 is proportional to the reciprocal of the viscosi
h(T). Figure 3~main panel! displays the field dependence
r1(v) measured at the frequencyv/2p515.4 MHz at tem-
peratures close toTc ~the current is along thea axis!. At each
T, we have fitted the initial slope to the~free! flux-flow ex-
pressionr f5Bf0 /h in order to findh(T) ~plotted in the
inset! @f05h/2e is the flux quantum#. We measuredh(T) in
two untwinned crystals. In the geometryJia, the uncertainty
in determiningha is large because the broad ‘‘peak effec
restricts the range ofH over whichr1 vs H is truly linear.
More reliable results are obtained~for hb) in the geometry
Jib, where the peak effect is much narrower. The two set
viscosityha andhb are shown in Fig. 3~inset!. The viscosity
data are used in the fits discussed in Sec. VI.

V. FREQUENCY DEPENDENCE OF THE COMPLEX
RESISTIVITY

Figure 4 displays the frequency dependence
r1(v,T,H0) at temperatures from 80.6 to 88.9 K (H is fixed
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at 2 T!. At temperaturesT,Tm;88.5 K, the value ofr1 in
the limit v→0 is zero. However, aboveTm , the limiting
value becomes finite. At the highestv, r1 approaches the
Bardeen-Stephen value for free flux-flowr f ~inset of Fig. 2!.

Below Tm , r1 is strongly dispersive. Close toTm , r1
displays a crossover from a sharply increasing region at
v to a gradual region at highv. The ‘‘knee’’ feature sepa-
rating the two regions rapidly moves to high frequencies aT
falls below Tm by a few K, eventually moving out of ou
frequency window.

Figure 5 displaysLs(v,T,H0) versusv for temperatures
below and aboveTm ~with H052 T). As explained follow-
ing Eq. ~3!, we identify the sample inductance using th
zero-field curve~below 90 K! as reference, viz.

Ls~v,T,H !5@Lobs~v,T,H !2Lobs~v,T,0!#~bc/a8!.

As discussed in Sec. IV,Ls rises to a sharp cusp asT
→Tm

2 , before undergoing a steep collapse aboveTm . The
most pronounced dispersion occurs at lowv whereLs shows
divergent behavior in the limitv→0.

Although the spectra of the inductance are not used in
fitting process in Sec. VI, we discuss various contributions
the observed inductance signal~which includes the volume
inductance! for the sake of completeness. We may estim
Lvol(v,T,H) by appealing to the observedr1 and the calcu-
lated curves in Fig. 1. Note thatLvol can never exceed 0.1

FIG. 3. The high frequency resistivityr1(v) measured atv

515.4 MHz versus applied fieldHi ĉ at temperatures close toTc in

untwinned YBCO (Ji ĉ). The minimum is caused by the ‘‘pea
effect’’ which appears close to the melting fieldHm . At eachT, the
initial slope of r1 vs H is used to determine the viscosityha(T).
TheT dependence ofha is plotted in the inset (hb obtained from a
second sample is also plotted!. NearTc , ha;(12T/Tc)

1.5, while
hb;(12T/Tc).
4-4
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pHcm. At high frequencies,Lv is negligible, so that the
curve at 15.4 MHz~2 T! in Fig. 2 may be taken as that fo
Lvol vs T at largev ~we ignore the slight dip nearTm). Using
the values ofr1 measured at 15.4 MHz~Fig. 4!, we find this
interpretation is consistent with the calculations in Fig. 1

We may also use the observed values ofr1 to estimate
Lvol at low frequencies. At the temperatures of inter
~85–90 K!, r1 is sufficiently large, even at 200 KHz, t
satisfy the uniform-J condition, i.e.,Lvol is close to its maxi-
mum value 0.12 pHcm. With increasingv, Lvol decreases
slowly to its high-v value as seen in Fig. 2. For example,
88.2 K @in Fig. 5~b!#, our estimate of the volume inductanc
spectrum is a curve that starts at 0.12 pHcm at lowv and
decreases slowly to;0.06 pHcm at highv. The divergent
vortex term is easy to distinguish from this small, featurel
background.

This concludes the purely experimental part of the rep
The spectra in Figs. 4 and 5, complemented by the meas
ments of WOTG,10 constitute a rather complete quantitati
description of the linear response of the vortex lattice in

FIG. 4. ~a! The frequency dependence ofr1(v,T,H0) at tem-
peratures 80.6 to 88.9 K in a 2-T fieldH0ic. The curves forr1

become increasinglyv dependent asTm(;88.5 K) is approached
from below. In the vortex liquid state aboveTm , r1 rapidly ap-
proaches a nominallyv-independent value~curve at 88.9 K!. ~b! A
subset of the data in upper panel plotted against logv to show the
low-v region. The solid lines are fits discussed in Sec. VI.
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twinned YBCO at rf frequencies. In the following section
we interpret the measurements within a specific model
order to extract the temperature dependence of the vor
lattice shear modulus.

VI. FITS TO THE SPECTRA

A. Discussion of the model

In the model used by GR,1 the vortex equation of motion
is

hu̇1ku5J3 ẑf0 , ~4!

whereu is the vortex displacement from equilibrium, andh
andk are the damping viscosity and the Labusch parame
respectively, andBi ẑ. Measurements ofr̂ in thin-film
samples11,12 and in untwinned crystals10 of YBCO are in
strong disagreement with the Lorentzian responser̂
5(Bf0 /h)@12 j vp /v#21 predicted by Eq.~4! ~here vp
[k/h). In particular, the dramatic dispersion observed wh
the lattice melting line is approached, in either constanH
scans~WOGT! or in the constant-T scans reported here, can
not be reproduced by Eq.~4!, even if one replacesk by an
‘‘effective’’ parameter that depends onv andB.

FIG. 5. The frequency dependence of the sample inducta
Ls(v,T,H0) measured in a 2-T fieldH0ic. Ls ~referenced to the
zero-field inductance curve! is the sum ofLv andLvol . The upper
and lower panels are measurements taken below and above 8
K, respectively. AsT→Tm from below ~a!, the vortex termLv
increases sharply, especially at lowv. Just belowTm ~b!, it col-
lapses to zero, leaving the nominally flat spectrum that we iden
as the volume inductanceLvol .
4-5
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In the context of the vortex glass,14 Dorsey15 has derived
scaling relations for thev-dependent conductivityŝ(v) at
the vortex glass-to-liquid transition, viz.ŝ(v);(2 iv)a. In
thin-film samples of YBCO, the measured spectra do in f
display power laws inv over 2–3 decades~1–500 MHz!.12

The situation in untwinned crystals is very different, ho
ever. The spectra reported here@and in WOGT~Ref. 10!# do
not follow power laws at all. Further, the melting transition
abrupt and weakly first order rather than the continuous tr
sition of the vortex glass. Under the high-purity conditio
found in untwinned YBCO crystals, the observed spectra
more consistent with that of a weakly disordered vortex
tice with random pins than a vortex glass~as we now show!.

In their theory of the depinned vortex lattice, Schmid a
Hauger16 and Larkin and Ovchinikov17 represented the rigid
ity of the moving periodic structure by the lattice force m
trix Dl ,m

s . As discussed below, the non-Debye spectrum

r̂(v) and its rapid change vsT in the vicinity of Tm reflect a
rapidly changing length scale in the problem. To descr
this, it is necessary to retain theq ~wave vector! dependence
of the Fourier transformDs(q) of Dl ,m

s . @Clem and Coffey19

have shown that approximatingDs(q) by a constantD
merely reproduces a Debye-like spectrum.# With inclusion of
the pinning forces, the equation of motion is16

hu̇l1(
l8

Dl,l8•ul81k(
i

uidl,i5J3 ẑf0 , ~5!

where the sites with pins are indexed byi ~the pinning force
is short-ranged!. To match the strong dispersion observe
OW assumed that the pin distribution is sparse18 (R0@aB ,
whereR0 is the average pin separation, andaB5Af0 /B the
lattice spacing!. Appendix C summarizes the solution of OW

In response to the driving currentJej vt, the magnitude
and phase of the vortex velocity~averaged over the sample!

produces the ac voltage that determinesr̂. At low v, the
intervortex forces dominate the friction forcehu̇, so the ve-
locity response is predominantly inductive (vLv@r1). In
the opposite limit of largev, hu̇ is dominant. AsLv→0, r1
approaches the free-flow valueBf0 /h. ThusLv is a mea-
sure of the average restraining force on each vortex. I
largest if the restraining forces are dominant, but vanis
when viscous damping dominates.

The main feature of the solution is that the lattice prop
gator G(R,v), which transmits information on the vorte
displacement at siteR to its surroundings, has aneffective
range RG5aBAc66/hv that varies as 1/Av @Eq. ~C8!#. At
low frequencies,RG@aB , which implies that the motion o
any one vortex is strongly correlated with that of a hu
number of neighbors, a subset of which are pinned~the 2D
correlation volume is;RG

2 !. Hence the velocity response
large and inductive. With increasingv, the average vortex is
restrained by fewer and fewer pinned vortices asRG shrinks.
The in-phase~dissipative! component of the average veloci
increases, while the inductance drops. Whenv exceeds the
characteristic frequency
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, ~6!

RG falls below the average pin spacingR0. The majority of
vortices now respond as if they are free, andr1 rapidly ap-
proaches the Bardeen-Stephen free flux-flow valuer f
5Bf0 /h while Lv decreases to zero.

The crossover is observed as the knee inr1 at T just
below Tm @see Fig. 4~a!#. As T approachesTm from below,
the rapid softening ofc66 causes this crossover to occur
progressively lower frequencies. Finally, in the liquid sta
aboveTm , the vanishing ofc66 implies that virtually all the
vortices are decoupled from the pins:r1 equalsr f at all v in
the rf range, whileLv is zero.

B. The fitting procedure

As discussed in Appendix C, the OW solution has fo
adjustable parameters at eachT, viz. k(T), c66(T), h(T),
andR0. Empirically, the fits are not sensitive to the particul
choice ofR0 ~as long asR0@aB). Following WOGT, we set
R057aB for B51 T.

As discussed in Sec. IV, the viscosityh(T) may be ob-
tained from the initial slope ofr1 vs H measured at 15.4
MHz ~Fig. 3!. Adopting the viscosity data in the inset of Fig
3, we then have onlytwo adjustable parameters at eachT,
viz. k(T) andc66(T) @equivalently,vp(T) andv66(T)#. As
we have acontinuousspectrum measured over 2 decades
frequency to find two numbers, the fitting problem is ev
dently strongly overconstrained.

The fitting procedure consists in selecting seed values
vp and v66 so that the quantityŜ(v) @Eq. ~C4!# can be
computed by summing the propagatorG2D(Ri,v) @Eq.
~C10!# over an area much larger thanRG

2 ~the pins are ar-
rayed in a triagular superlattice of spacingR0, and the sum is
typically extended to 12 impurity ‘‘shells’’ from the origin!.
With Ŝ(v), we may compute the complex resistivityr̂(v),
viz.

r̂~v!5S Bf0

h D F12S vpa2

jvR0
2D 1

11Ŝ~v!
G . ~7!

The calculated curve is then compared with the measu
spectra ofr1(v), and the fit parameters are changed in
iterative manner until the fit is optimized~the inductance
data are not used in the optimization!. For spectra nearTm ,
the high-frequency curvature is most sensitive tovp whereas
the curvature at lowv is largely determined by the choice o
v66, as expected on physical grounds~the value ofh mainly
fixes the overall scale ofr1). As shown in Fig. 4~b!, close fits
to the data are achieved over the two-decade range ofv. At
low v, the calculatedr1 is capable of matching the curvatur
of the measurements to a surprising degree~with only two
adjustable parameters!. The close agreement achieved in F
4~b! offers encouraging support for the validity of the mod
4-6
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C. Calculated inductance

With the parametersvp andv66 optimized at eachT, we
may calculate the vortex-lattice inductanceLv . As discussed
above, in the limitv→0, the extended range of the prop
gator G2D(R,v) implies that each vortex is restrained by
great many pins. Hence the velocity response is purely
ductive. The calculatedLv displays the strong divergenc
observed in the rf measurements. In Fig. 6, we compar
four selectedT the calculatedLv ~solid lines! with the ob-
servedLv ~open symbols!.

The sample inductance is the sum of the vortex-latt
term Lv and the volume inductanceLvol , viz.

Ls~v,T,H !5Lv~v,T,H !1Lvol~v,T,H !. ~8!

The volume term cannot be measured directly at lowv be-
cause it is much weaker than the vortex term. However
frequencies above;3 –10 MHz ~depending onT), it ac-
counts for nearly all of the sample inductance~see Sec. IV!.
Because of this uncertainty, we used the spectra ofr1 to
optimize the fit parameters.

The contribution of the volume inductance has to be e
mated to isolate the vortex-lattice term@Eq. ~8!#. In Sec. IV,
this was carried out using the observedr1 together with cal-
culations for a sample with elliptical section. The estima
Lvol has been subtracted to isolate the vortex termLv in the
plots displayed in Fig. 6. Although the uncertainties in t
estimatedLvol are largest at lowv, they have the least im
pact on the comparison becauseLs diverges steeply in this
limit. The comparison~inset! shows good agreement be
tween calculation and measurement above 87 K~no further

FIG. 6. Comparison of calculatedr2(v)/v ~solid lines! with the
measured vortex inductanceLv(v,T,H0) ~open symbols! over the
frequency range 100 kHz to 20 MHz in a fieldH052 T. r2(v)/v
is calculated from Eq.~7! using the values ofvp andv66 derived
from the fits tor1 in Fig. 4~b!. The estimated volume inductanc
has been subtracted from the total sample inductance~see text!.
Above 87 K,Lv strongly diverges asv→0, while at 83.9 K, the
divergence is not observed.
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refinements of the fit parameters were made in compa
with Lv). As T approachesTm.88.5 K, the low-v diver-
gence in the observedLv progresses to lower frequencie
~see the curves at 87.9, 88.2, and 88.4 K in the inset!. The
calculated curves also match this progression. At lowT,
however,~83.9 K curve!, the agreement is not as good b
cause the uniform-J assumption used to extractr̂ is increas-
ingly suspect.

VII. FIT RESULTS

A. Collapse of the shear modulus

The values ofk(T) andc66(T), obtained fromvp(T) and
v66(T), respectively, are shown in panels~a! and~b! of Fig.
7. In each case, we show two sets of values depending
whetherha or hb has been used in the fits. We interpret t
decrease ofk asT→Tc @panel~a!# as reflecting the decreas
in condensation energy. We note thatk remains finite at the
melting temperatureTm . Hence our fit strongly argue
against models in which the transition atTm is interpreted in
terms of a vanishingk.

FIG. 7. ~a! Values of the Labusch parameterk obtained from the
fits, using eitherha ~open circles! or hb ~solid squares!. The sharp
peak ~right scale! is the behavior of the sample inductanceLs

5r2 /v measured at 1 MHz in a 2-T field@the zero ofLs is arbi-
trary ~Sec. IV!#. ~b! The normalized shear modulusc66 ~log scale!
versusT obtained from the fits, using eitherha ~open circles! or hb

~solid squares! in Fig. 3. NearTm , c66 decreases by four orders o
magnitude within an interval of 0.5 K. The solid line represen

values ofc66 obtained from fits tor̂(v) with v fixed at 1 MHz, and
H52 T, usinghb . The dashed line is obtained withv fixed at 2
MHz, but usingha .
4-7
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The critical parameter is the shear modulusc66 which
undergoes a steep collapse by more than 3 decades with
interval of 1 K. The collapse occurs over the backgrou
~gradual! decrease ofc66 associated with the power-law de
crease of the condensate density asT→Tc . Because of the
rapid collapse inc66, the steep increase inLs at temperatures
below Tm is interrupted. Within a 1-K interval,Ls drops to
its normal-state value~background curve in Fig. 7b!.

Each of the discrete data points forc66 is derived from a
full spectrum forr1. To follow the collapse in more detai
we have also adopted a different procedure, using the 1 M
curve for Ls and r1 measuredcontinuouslyvs T, together
with interpolated values ofha and hb . This allows us to
determinec66 as a continuous curve very close toTm ~the
fitting procedure becomes unstable at lowerT). We show
these continuous curves as solid and broken lines in
7~b!. At low T, the continuous-fit values are slightly larg
than the spectra-based fits which are more accurate, but c
to Tm , they match very well. The continuous curve allows
to monitor the decrease ofc66 over four decades.

From Fig. 7, we conclude that the transition atTm is as-
sociated with a rapid collapse of the shear modulus. Ho
ever, the Labusch parameterk remains finite. This provides
firm evidence that the transition involves thecollapse of the
shear modulus, rather than the vanishing of the Labus
parameter.

B. Summary

In summary, we have performed measurements ofr̂(v)
of the vortex lattice in an untwinned YBCO crystal to inve
tigate the collapse of the lattice inductance at the melt
temperature, using a high-resolution four-probe rf techniq
At all T investigated, the resistivityr1(v) is strongly disper-
sive. Over the frequency range 100 kHz–20 MHz,r1 in-
creases from zero to the free-flow valueBf0 /h, with a
crossover frequency scale (v66) that rapidly decreases to
wards zero asT approaches the melting temperatureTm from
below. In the solid phase, the inductancer2 /v displays a
steep divergence asv→0. However, atTm , this low-
frequency divergence collapses to give anv-independent in-
ductance in the vortex-liquid state aboveTm . The observed
spectra are qualitatively different from those in thin-fil
YBCO, and incompatible with the predictions of vortex gla
theory. To extract the vortex-lattice shear modulus from th
spectra, we have used the mean-field solution of the Schm
Hauger-Larkin-Ovchinikov model to fit the complex resisti
ity spectra. From the two-parameter fit at each temperat
the normalized shear modulusc66(T) displays a remarkable
four-decade collapse towards zero atTm . Hence the ob-
served collapse of the inductance is driven by the vanish
of the shear modulus rather than the vanishing of the pinn
strengthk.

APPENDIX A: EXPERIMENTAL DETAILS

We describe first the two-probe method used by WOGT10

The sampleZ2 bridges the inner and outer conductors
both the incident and transmission coax cables of line imp
21451
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anceZ0 @Fig. 8~a!#. The load resistorsZ1 andZ18 are 100-V
thin-film resistors. This configuration maximizes the sen
tivity of the transmitted wave to small changes inZ2 when
uZ2u!Z0. The incident wave is transmitted with transmissi
coefficientGT , and reflected with reflection coefficientGR ,
where

GT5
2Z0Z2

Z2~2Z01Z11Z18!1~Z01Z1!~Z01Z18!
, ~A1!

GR5GT

Z01Z18

Z01Z1
1

Z12Z0

Z11Z0
. ~A2!

Phase-sensitive detection of the transmitted signal allowsZ2
to be determined@Fig. 8~a!#. The incident power from a syn
thesizer ~Hewlett Packard 3336C! is typically fixed at
14.5 dBm, corresponding to a current less than 5 mA at
sample. The transmitted signal is phase detected by a h
frequency lock-in Extender/Enhancer~Palo Alto Research
PAR100!, which down converts signals in the range 1–
MHz to 1–50 kHz, suitable for a standard lock-in amplifi
~Stanford Research SR830!.

To modify the technique for four-probe measureme
@Fig. 8~a!#, we inserted an rf transformer T1 of bandwidth 1
kHz–150 MHz~Mini-Circuits T1-6-KK81! at the output of
the synthesizer. The transmitted signal passes through a
ond transformer T2 before entering the PAR100. In Fig. 8~b!,
the contact impedances are represented by the impeda
Zsi andZsi8 . The transmission and reflection coefficients a
now

GT5
2j2

~11jT!~11jT8 !2j2
2

, ~A3!

FIG. 8. ~a! Schematic diagram of the measurement circuit. T
sample shunts the inner and outer conductors, so that the tran
ted signal is highly sensitive to slight changes in the sample imp
anceZ2. Transformers T1 and T2 are inserted to decouple grou
in the four-probe technique. The lower figure~b! shows the labeling
of the contact impedancesZsi ,Zsi8 , which may greatly exceedZ2 in
amplitude.
4-8
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GR5
~jT21!~11jT8 !2j2

2

~11jT!~11jT8 !2j2
2

, ~A4!

where jT5(Z11Zs11Z21Zs3)/Z0 , jT85(Z181Zs18 1Z2

1Zs38 )/Z0, andj25Z2 /Z0.
While the four-probe method provides much higher re

lution, a drawback is that the inserted transformers introd
strong reflections. The largest reflection comes from the
stream transformer T1. A wave reflected from the sampl
reflected again at T1 and adds anv-dependent contribution
to the original transmitted wave.

The effect of the multiply reflected wave on the tot
transmitted signal at the detector is expressed as

GT
obs[

Vout

Vin
5ejkl totGTGT

1@11ej 2kl1GRGR
11•••#, ~A5!

whereGT
1 andGR

1 are, respectively, the transmission and
flection coefficients of T1. The path lengths from T1 to t
detector, and from T1 to the sample, are calledl tot and l 1,
respectively. Higher-order reflection contributions~notably
from T2! are indicated by•••. In addition, we are now also
sensitive to slightv-dependent deviations from unity of th
PAR100’s transfer functionĝ(v).

To compensate for these two background contributio
we used a reference combinationZr ,Z1,r ,Z1,r8 tailored to
have a reflection coefficientGR

r nearly equal to that of the
sample~hereafter,GR

s ). As uZsu!1, the sample’sGR
s is very

close to 0.33, withZ1 and Z185100 V. The best choice for
the reference combination isZr510 V, and Z1,r5Z1,r8
590.9V, which has anv-independentGR

r of 0.3344, and a
transmission coefficientGT

r 50.044.
With the sample in place, the signal presented at the in

of the SR 830 lock-in is given byVs5ĝ(v)Vout(Zs), where
Vout is given by Eq.~A5!. If the sample~and load resistors!
are replaced by the reference combination, we haveVr

5ĝ(v)Vout(Zr). Dividing these two equations remove
ĝ(v). This leaves the multiple reflection factor„quantity in
@•••# in Eq. ~A5!…. However, asGR

s andGR
r are nearly iden-

tical by design, the leading term in@•••# is the same~the
other terms are down by a factorGT

r !1). Hence we have

Vs

Vr
5

GT
s

GT
r

@11O~GT
s !#, ~A6!

whereGT
s andGT

r are given by Eq.~A3! with Z25Zs andZr ,
respectively. Our procedure is to measure and store the c
of Vr vs v at each temperature of interest. ThenVs is mea-
sured versusv. Since GT

r is known, GT
s ~and Zs) may be

calculated fromVs and Vr using Eq.~A6!. We checked the
reliability of the procedure using a second reference cons
ing of just a single 50-V resistor connecting the inner con
ductors of the two coax cables~this also hasGR

r 50.333, but
a much largerGT

r 50.667).
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APPENDIX B: IMPEDANCE OF A CONDUCTOR
WITH ELLIPTICAL CROSS SECTION

The impedanceZs(v) of a conductor with elliptical cross
section is obtained by solving the 2D Helmholtz equati
(¹21k̂2)A50 in elliptical coordinates (j,h), where k̂2

52 j dn
22 . With A(j,h)5c(j)f(h) ẑ, the Helmholtz equa-

tion separates into the two Mathieu equations, viz.21

d2c

dj2
2@a~ q̂!22q̂ cosh 2j#c50, ~B1!

d2f

dh2
1@a~ q̂!22q̂ cos 2h#f50, ~B2!

whereq̂[2k̂2h2/4 (h is the foci spacing!. With the bound-
ary conditionA(j0 ,h)5AS ~i.e., a constant on the surfac
S), the vector potential may be expanded in terms of
Matthieu functions as

A~j,h!5 (
n50

`

c2nCe2n~j,q̂!ce2n~h,q̂!. ~B3!

Ce2n is expressed by the expansionCe2n(j,q̂)
5( r 50

` A2r
(2n)cosh(2rj) @the same expansion holds force2n ,

but with cos(2rh) in place of cosh(2rj)#.
The Mathieu functions are not tabulated because the s

ration parametera(q̂) and the coefficientsA2r
(2n) are func-

tions of q̂. For a givenq̂, a(q̂) satisfies the continued frac
tion a52(q̂2/2)/$12(a/4)2(q̂2/64)/@12•••)#}. 21 We
truncated the continued fraction at the 12th order. The
roots $an(q̂)% generate the full matrixA2r

(2n) with (n,r )
51, . . . ,12.

Finally, with the ac voltageV(v)52 j vAS and the ac
current I 52k̂2/m0*SdjdhA(j,h), the impedance may be
expressed as

Zs~v!5
j v lm0

~2p!2 F(
n

~A0
(2n)!2

L2n

Ce2n8 ~j0 ,q̂!

Ce2n~j0 ,q̂!
G21

, ~B4!

where Ce2n8 5]Ce2n /]j, and L2n5*0
2pce2n

2 (h,q̂)dh. In
Fig. 1, we display thev dependence ofRs(v) and L(v)
calculated with parametersj0.0.108 and h5250 mm,
matching the sample cross section, andr154 mV cm.

APPENDIX C: THE SOLUTION OF ONG AND WU

We summarize the equations in Ref. 18. The displacem
ul of a vortex at sitel is described by the equation

hu̇l1(
s,m

Dl,m
s

•um1k (
pins i

uid l,i5J3 ẑf0 . ~C1!

Only a subset of vortices~at sites indexed byi) are affected
by the pins. The remaining vortices are ‘‘free,’’ apart fro
being restrained by the lattice forces represented byDl,m

s (s
4-9
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5T,L indexes the polarization mode!. The displacement at an
arbitrary sitel is related to the displacement of the pinn
vortices by

ul~v!5S Jf0

jvh D ŷ2
k

N (
pinsi

ui~v!

•(
s,q

ês~q!ês~q!ej q•(Rl2Ri)

@Ds~q!1 jvh#
, ~C2!

whereês(q) is the unit vector for the modes.
At the mean-field level, the displacement of the vortex

a pin-siteuimp is

uimp~v!5 ŷS Jf0

j vh D 1

11Ŝ~v!
, ~C3!

where all the interaction effects are in the term

Ŝ~v![
vpa2

jvR0
2

1kFG~0,v!1(
i

8 G~Ri ,v!G , ~C4!

andvp[k/h is the pinning frequency. The lattice propag
tor G(R,v) is defined as16,18

G~R,v!5
1

N (
sq

@ ŷ•ês~q!#2ej q•R

@Ds~q!1 jvh#
. ~C5!

In Eq. ~C4!, the first term represents the uniformq50 mode
of the transmitted elastic forces. The remaining terms
elastic forces transmitted to the pinned vortex at the origi0
arising from its own displacement@G(0,v)#, or the displace-
ment of other pinned vortices( i8G(Ri ,v) ~the prime indi-
cates that thei50 term is left out!.

Neglecting the longitudinal modes, the transverse fo
matrix is expressed as16

DT~q!5@c66q
21c44qz

2#aB
2 . ~C6!

whereq is the in-plane component ofq, viz. q5(q,qz), and
c66 andc44 are the shear and tilt moduli, respectively.

In the 2D limit, the propagator simplifies to the form~af-
ter angular-averaging within theab plane and neglecting the
tilt modulusc44)
o

nt

n

.

.

a,
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kG2D~R' ,v!5gE
0

Q

dq
qJ0~qR!

@q21 jp2#
, ~C7!

whereQ5A4p/aB
2, J0(x) is the zeroth order Bessel func

tion, R5uR'u, with R5(R' ,Rz), and g the coupling con-
stant k/4pc66. The frequency dependence appears only
the characteristic wave vector

p5A hv

c66aB
2 ~C8!

which serves as a cutoff of the logarithmic divergence in
2D case. SettingR50 in Eq. ~C7!, we have

kG2D~0,v!5gF lnAS 11
Q4

p4 D2 j arctanS Q2

p2 D G . ~C9!

As the propagatorG2D(R,v) is used repeatedly in the sum i
Eq. ~C4!, it is convenient to adopt the approximation~accu-
rate to a few percent!

kG2D
a ~R,v!5gH lnAF ~gR!41p24

~gR!41Q24G
2 j arctanS Q2

p2 D 1

@11~bpR!2#2J ,

~C10!

with b50.52 andg50.85. Equations~C9! and ~C10! were
given incorrectly in OW18 @cf. their Eqs.~18! and ~19!#.
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