
PHYSICAL REVIEW B, VOLUME 65, 214111
Effective Hamiltonian study of PbZr0.95Ti 0.05O3
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An effective HamiltonianHeff is constructed for PbZr0.95Ti0.05O3. It is parametrized using primarilyab initio
results computed in the virtual-crystal approximation. The phase diagram depends sensitively on the energetic
competition between the stable orthorhombic antiferroelectric (AO) and the metastable ‘‘low temperature’’
rhombohedral ferroelectric (FR(LT)) structures at 0 K. By incorporating a temperature-dependent thermal-
expansion term intoHeff and modifyingHeff to adjust the relative energies of theAO andFR(LT) phases, we
obtain a ferroelectric phase intervening between the low-temperature antiferroelectric ground state and the
high-temperature paraelectric phase, in qualitative agreement with experiments. We also discuss the
temperature-dependent disordering of the oxygen octahedral tilts responsible for the experimentally observed
space group of the ferroelectric phase.
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I. INTRODUCTION

The solid solution PbZr0.95Ti0.05O3 ~henceforth PZT 95/5!
is antiferroelectric under ambient conditions.1 This phase has
an orthorhombic, 40 atom, unit cell with space groupPbam
and is denotedAO . At 5% Ti, PZT is close in composition to
the antiferroelectric-ferroelectric phase boundary at ro
temperature.~See Fig. 1, adapted from Ref. 1!. In PZT 95/5,
a rhombohedral ‘‘high-temperature’’ ferroelectric pha
~‘‘ FR(HT) , ’’ with space groupR3m) exists at ambient pres
sure and temperature between'70 and 230 °C, intervening
between the low temperatureAO and high-temperature cubi
paraelectric (PC) phases.1 Both the FR(HT) and PC phases
have five-atom unit cells. Doping with a small amount of N
is sufficient to make another ferroelectric phase~‘‘low tem-
perature’’ ‘‘FR(LT) ’’ ! the stable phase at ambie
conditions.2,3 Antiferroelectricity is then recovered when hy
drostatic pressure is applied.2,4 Surface charges exist in th
ferroelectric phase. Under moderate pressure, as the ma
becomes antiferroelectric, the surface charges are releas
a current.5 Proximity to the antiferroelectric-ferroelectri
phase boundary thus makes PZT 95/5 useful as a pres
driven power source.

If the Ti content is increased at room temperature, theAO
phase transforms to theFR(LT) phase at about;6% Ti. This
phase has theR3c space group and a ten-atom rhombohed
structure, and exhibits oxygen octahedron rotations abou
@111# axis, along which the spontaneous polarization
aligned.6–19 For Ti compositions near theAO-FR(LT) phase
boundary, the energies of theAO andFR(LT) structures must
be very close and must eventually exhibit a crossover in t
ordering. It is reasonable to expect thatFR(LT) is metastable
for PZT 95/5, and should be relevant to the ferroelec
behavior observed at intermediate temperature. On the o
hand, the intermediate ferroelectric phase observed for
95/5 is FR(HT) and notFR(LT) . Octahedral oxygen tilts are
thus either absent or are thermally disordered.12–14

Density functional theory in the local-density approxim
tion ~LDA ! has proven reliable in predicting the stable stru
0163-1829/2002/65~21!/214111~13!/$20.00 65 2141
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tures of perovskite-type ferroelectrics.Ab initio calculations
assume an added importance for modelling Zr-rich PZT
cause large single crystals samples of such materials ar
yet unavailable. Accurate full-potential linear augment
plane-wave local-density approximation calculations ha
been used to analyze the stableAO phase and theFR(HT)
structure in lead zirconate~PZ!.20 Supercell studies of or-
dered PZT structures have been successfully performed
though they are typically done for the 50/5
composition.18,21,22 Studies of phonon dispersions for pu

FIG. 1. Temperature-composition phase diagram of high Zr c
tent PZT. AO : antiferroelectric orthorhombic phase withPbam
space group and 40-atom unit cell;FR(LT) : low-temperature rhom-
bohedral ferroelectric phase,R3c space group and ten-atom un
cell; FR(HT) : high-temperature rhombohedral ferroelectric pha
R3m space group, five-atom unit cell;PC : cubic paraelectric
phase, five-atom unit cell. The circles are experimental ph
boundary points taken from Ref. 1; the lines are a guide to the
©2002 The American Physical Society11-1
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PZ ~Ref. 23! have shed significant insight into th
temperature-composition phase diagram of Zr-rich PZT. T
phonon dispersion for PZ in the high-temperature cu
phase contains instabilities across the entire Brillo
zone.23,24 The various low-temperature phases in the P
phase diagram are obtained by freezing in one or more
these unstable modes. Competition and cooperation betw
these instabilities, which depends on their anharmonici
and couplings, determine the relative phase stabilities
particular composition.

Temperature-dependent properties such as phase st
ties, spontaneous polarization, and piezoelectric prope
are too costly to compute directly from first principles~e.g.,
via ab initio molecular dynamics!. To study finite-
temperature effects and at the same time retain the reliab
of first-principles predictions, theab initio effective Hamil-
tonian approach has been used extensively.25–29 This ap-
proach replaces the classical lattice Hamiltonian with an
fective Hamiltonian, generally based on a reduced se
degrees of freedom. The effective Hamiltonian has the fo
of a Taylor expansion about the cubic perovskite phase,
the parameters are determined by fitting to appropriate
gions of theab initio potential-energy surfaces.Ab initio
effective Hamiltonians have been applied to study PZ29

which is fairly similar to PZT 95/5. The effective Hamil
tonian constructed in that work leads to distortions from
bic symmetry in qualitative agreement with experiments,
its low-temperature behavior is not completely resolved.

In this work, we parametrize an effective Hamiltonia
Heff for PZT 95/5, paying particular attention to the stab
and metastable structures and energetics which can b
rectly fitted to LDA calculations. We use the virtual-cryst
approximation~VCA!, where the pseudopotentials for th
B-site Zr/Ti atoms in PZT 95/5 are replaced by a weigh
average of both.30 In this approximation, PZT 95/5 and P
have very similar zero-temperature structures. The sta
structures of both PZ and PZT 95/5 have similar 40-at
orthorhombic cells. The atoms are displaced from their id
perovskite positions by a superposition, predominantly,
one of the six equivalentS3 modes and anR25 phonon mode
with @110#-type polarization.31 The relaxed LDA atomic po-
sitions for PZ are in good agreement wi
experiments.20,32–34 As mentioned above, other phono
modes are also unstable,23 including theG15 modes which
would give ferroelectric behavior. However, onlyR25 andS3
~plus trace amplitudes ofR15-, P3-, X1-, andM58-like distor-
tions! appear at zero temperature and ambient pressure~A
recent ab initio simulation shows that substantialM3-like
distortions exist at high pressure.32!

Given the similarity between PZ and PZT 95/5 at lo
temperature, the advances made in a previous effec
Hamiltonian study of PZ are applied whenever possible.29 As
before, to harmonic order, the interatomic interactions
given by the interatomic force matrix~IFM!, while anhar-
monic terms are fitted toab initio supercell results using
polynomials. To increase accuracy, we also depart slig
from many existing effective Hamiltonian works, as follow
~a! the lattice Wannier function approach35 is not used;~b!
the number of degrees of freedom in the harmonic par
21411
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Heff is not reduced~i.e., 15 degrees of freedom are retain
per primitive cell containing five atoms!; and most signifi-
cantly ~c! the energy difference between theAO and FR(LT)
structures is adjusted by a few meV per formula unit aw
from theab initio value, instead of leaving it as a predictio
as was done in Ref. 29. This last point is critical because
will be shown, the antiferroelectric-ferroelectric phase tra
sition depends sensitively on the relative energies betw
the stableAO and the metastableFR(LT) phases. Our philoso
phy reflects a compromise between the usualab initio effec-
tive Hamiltonian approach and the traditional atomistic a
proach which fits two- and three-body potentials, t
functional forms of which are motivated by asymptot
physical considerations. The former approach recognizes
the zero-temperature stable structure, and the phase s
visited by the system at low temperature, are close to
cubic, ideal perovskite atomic configuration, and hence sm
Taylor expansions should suffice. This affords great accur
and flexibility to formulate the effective Hamiltonian. How
ever, Taylor expansion may not very accurately reprod
the relative energetics of phases which have significantly
ferent atomic configurations. These energies are typic
used to parametrize atomistic potentials. As will be show
explicitly including them in constructing the effective Hami
tonian is pertinent and advantageous.

Our goal is to obtain a model that captures the PZT 9
stable phase and its phase diagram. Effective Hamilton
generally predict phase transition temperatures which can
off by as much as hundreds of kelvin.25,28 Since theFR(HT)
phase spans less than 200 K for PZT 95/5, this becom
serious concern, because a qualitatively incorrect phase
gram may be obtained. To avoid this, we have fitted aw
from LDA results in several instances to improve agreem
with experiments. We also highlight the issue of thermal e
pansion which is difficult to incorporate into effective Ham
tonians. This is crucial for the existence of a ferroelect
phase within the context of ourHeff . Notwithstanding these
changes, given the large and diverse set of parameter
quired merely to arrive at the zero-temperature phase
would have been impossible to obtain a model sufficien
close to experimental results if we did not adhere closely
ab initio results.

This paper is organized as follows. Section II describ
some first-principles predictions for theAO , FR(LT) , and
FR(HT) structures. The construction ofHeff is discussed in
Sec. III. Section IV compares the predicted zero-tempera
properties with ab initio VCA predictions. The finite-
temperature properties are described in Sec. V, and Sec
concludes the paper with further discussions.

II. FIRST-PRINCIPLES CALCULATIONS

Density-functional theory in the local-density approxim
tion is used throughout this work. We use a plane-wa
pseudopotential, method within the virtual crystal appro
mation to compute the ground state properties of PZT 95
Hamann,36 Troullier,37 and optimized pseudopotentials38 are
used for Pb, O, and Zr/Ti atoms, respectively. A nonline
partial core correction39 with a core radius of 2.1 a.u. is
1-2
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TABLE I. PZT 95/5 cubic and rhombohedral phases lattice constants, atomic displacements, and e
Displacements are in units of the lattice constant along one of the cubic lattice directions, and are refe
to Pb ion positions. Zr/Ti displaces along the@111# direction, while~for FR(LT)) O rotates around the@111#
direction in addition to moving closer to Pb. For theFR(LT) phase, calculations are performed on fcc sup
cells containing two formula units, using 43434 Monkhorst-Pack Brillouin-zone sampling. ‘‘O2’’ in suc-
cessive crystal planes exhibits alternating displacements in this structure, consistent with condensatioR25

modes.

dZr/Ti dO1 dO2 dE a (Å) Da

cubic 0.0000 0.0000 0.0000 0.000 eV 4.1137 0.0000
FR(HT) 0.0553 20.0714 20.1015 20.3300 eV 4.1435 0.2669°
FR(LT) 0.0769 20.0530 20.079760.0580 20.3909 eV 4.1117 0.067°
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included for Pb, while inner-shell pseudovalent electro
~i.e., 4s and 4p for Zr and 3s and 3p for Ti! are explicitly
treated for theB-site atoms. The details of the well-tested
and Ti pseudopotentials are described in the literature.26,29

Monkhorst-Pack40 grids similar to 63636 Brillouin sam-
pling for a five-atom primitive cell are used in the strai
relaxed ground state calculations~e.g., a 43233 grid for
the 40-atomAO structure!, while supercell calculations per
formed to investigate phonon anharmonicities u
Monkhorst-Pack grids similar to primitive-cell 43434
grids.

The VCA equilibrium lattice constants are listed in Tab
I. The cubic phase lattice constant is 0.18% larger tha
Vegard law interpolation between corresponding PbTiO3 and
PbZrO3 results. Table I also lists the VCA relaxed structu
of the two rhombohedral ferroelectric structures. TheFR(HT)
atomic displacements for PZT 95/5 are within 10% of theab
initio results for PZ.

FR(LT) is obtained fromFR(HT) by condensation of oxygen
octahedral rotation around the@111# axis. Such a superpos
tion of ferroelectricG15-like displacements andR25-like oxy-
gen rotations yields aC3v symmetry about the@111# direc-
tion, a doubled~ten-atom! unit cell, and a further energy
reduction of 61 meV compared to the five-atom unit c
FR(HT) structure. The magnitude of the predicted Zr displa
ment relative to Pb in theFR(LT) structure is considerably
higher than that found experimentally for PZT 90/10,7,10

whereFR(LT) is the stable phase. This is consistent with t
fact that this displacement increases with decreasing
content.10 At zero temperatureDa, the deviation of the
rhombohedral cell anglea from the ideal cubic 90° is
0.066°, which is a factor of 4 smaller inFR(LT) than in
FR(HT) .

The FR(HT) structure is much higher in energy than t
FR(LT) structure for PZT 95/5. Similar conclusions have be
drawn for PZ~Ref. 32! and PZT 60/40.21 Furthermore, Fig. 2
shows thatFR(HT) is unstable, not metastable, with respect t
R25 distortions.41 The instability persists under significan
tensile strain. We conclude thatFR(HT) does notplay a piv-
otal role in the antiferroelectric-ferroelectric phase transit
we are interested in. Instead, the competition betweenFR(LT)
and AO should largely govern that phase transition. On
other hand, neutron and x-ray scattering experiments on
95/5 reveal that the ferroelectric phase isFR(HT) . The appar-
ent paradox between first-principles energetics and exp
21411
s

e

a

l
-

e
Ti

n

n

e
T

ri-

mental observations are reconciled if, at room temperat
the R25 octahedral tilts are spatially disordered and avera
to zero within microscopic length scales. The predict
atomic positions of theAO phase are tabulated in Table I
The 40-atom orthorhombic cell exhibits period doubling
Pb atom positions, which is observed in recent neutron s
tering experiments on PZ.34 The energies of theAO and
FR(LT) phases are extremely close, as expected from the
perimental observation that increasing the Ti-content sligh
from the 95/5 composition makesFR(LT) more stable than
AO . Ourab initio calculations predict that the energies of t
AO and FR(LT) structures are within 3.3 meV per formul
units of each other. Given the uncertainty inherent in

FIG. 2. Energy per formula unit as function of the octahed
oxygen tilt about the@111# direction (v), or equivalently, theR25

amplitude, predicted using the LDA. The lattice constants are fi
at the equilibrium cubic lattice constant (ao), 1.01ao , and 1.02ao ;
cubic cells are used throughout. At each cell volume, the ato
positions are first fully relaxed for a@111#-polarizedG15 distortion
while constrainingv50. This yields aR3m crystal space group
Thenv is incrementally increased yielding aR3c space group, and
the energy obtained is referenced to the structure withv50. Also
shown are results without ferroelectric distortions, i.e., whereR25

oxygen tilts are the only atomic displacements allowed.
1-3
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VCA, pseudopotentials, and the LDA itself, the relative e
ergies of two completely different structures cannot be de
mined to such accuracy. It is more profitably treated a
fitting parameter which can be adjusted to tune
antiferroelectric-ferroelectric transition temperature
H eff—an option which will be pursued in this work. None
theless, VCA-LDA does correctly predictAO to be the more
stable structure in PZT 95/5.42

III. CONSTRUCTION OF H eff

We start with PZT 95/5 in the cubic perovskite structu
perform Taylor expansions, and map out the LDA poten
energy landscape with respect to harmonic and anharm
atomic displacements and strain. Strain-phonon coupli
are also included in ways similar to previous effecti
Hamiltonian works.25,26 In several instances we also fit awa
from LDA results.

A. Harmonic interactions

The cubic phase interatomic force constants are comp
for a 43434 wave-vector grid using density-functional pe
turbation theory.43 The long-range dipolar interactions a
incorporated in the usual way, via Born effective chargesZ!

and the electronic dielectric constante` .44 Z! and e` for
PZT 95/5 are similar to published results for PZ.29 In PZT
95/5, as in PZ, there are unstable phonon modes acros
entire Brillouin zone. In this paper, we will focus on th
eigenvalues of the interatomic force matrix computed at
equilibrium VCA lattice constant of the unstable cubic pha
rather than the phonon frequencies themselves. The l
provides a direct comparison with experiments. In the
sence of quantum effects, however, the masses that go
phonon calculations are irrelevant to phase diagrams
equilibrium behavior, and one might expect IFM eigenvalu
to give a more consistent ranking of instabilities. There
minor differences between the phonon and IFM eigenva
dispersions. For example, theM58 modes have a more nega
tive IFM eigenvalue than theM3 modes, while the reverse i
true of the respective phonon modes. One might expect
regions in the Brillouin zone with the most negative IF
eigenvalues should determine the distortions that occu
zero temperature. Figure 3~a! shows otherwise. The mos

TABLE II. PZT 95/5 orthorhombic phase atom positions, wi
the LDA, in the virtual-crystal approximation. The experimen
lattice constants at room temperature are 5.884, 11.768, and 8
Å, respectively~Ref. 50!.

a, b, c 5.8190 11.7156 8.0919
Pb1x,y,z 0.6976 0.1226 0.0000
Pb2x,y,z 0.7100 0.1271 0.5000
Zrx,y,z 0.2422 0.1248 0.2498
O1x,y,z 0.2809 0.1603 0.0000
O1x,y,z8 0.3080 0.0915 0.0000
O2x,y,z 0.0385 0.2836 0.0000
O3x,y,z 0.0000 0.5000 0.1976
O4x,y,z 0.0000 0.0000 0.2285
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negative eigenvalues occur in theG15 and M58 modes. No
lattice displacements with such superlattice modulations
observed in the stableAO phase. Instead, lattice displac
ments withS3 ~1/4,1/4,0! andR25 symmetries are observed
and neither of these wave vectors appear to be local min
in the plot. To understand the observed distortions in
stableAO phase, anharmonicities must also be examined

B. Anharmonic interactions

As in standard effective Hamiltonian approaches,25–27,29

the anharmonicities are modeled as polynomials that con
even powers of the lattice distortions. To simplify the tre
ment of anharmonic terms, we make a change of coordin
by projecting the atomic displacement coordinates ont
basis set consisting of various localized atomic displacem
patterns. The localized displacement patterns take the p
of the lattice Wannier functions in Ref. 29 and the amplitud
of the basis functions become the arguments of the poten
energy polynomials.

There is considerable freedom in choosing the localiz
basis set. The pertinent criteria are as follows.~a! Reproduc-
ing high symmetry lattice displacive eigenmodes and en
gies. In this work, we tailor individual local displaceme
patterns to each of theG15, G25, X3 , M3 , M58 , and R25

FIG. 3. ~a! Eigenvalues of the interatomic force matrix, i
atomic units, across the Brillouin zone. The LO-TO splitting
already incorporated at this level, as is evident from the dou
degenerate transverse opticalG15 modes; in the absence of thi
splitting, these modes are triply degenerate.~b! Minimum energy
for each Fourier mode computed from effective Hamiltonian
constraining the amplitudes of all but that mode to be zero. T
modes span a 43434 supercell and are grouped by their wa
vector. 576 of the possible 960 modes are depicted; the six high
energy modes at each point in the Brillouin zone have been om
because they are always stable. Zero energy indicates a s
mode.

l
20
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modes~Fig. 4!. ~b! Maximum localization.~c! Orthogonality,
to the extent possible. This last feature mimics lattice W
nier functions, which are strictly orthogonal.@As a compro-
mise between~b! and ~c!, the local displacement pattern
associated withR25 andM3 are not orthogonal.# By satisfy-
ing the above criteria, the anharmonic coefficients are ea
computed by fitting a series of supercell energies for vari
distortion amplitudes involving one or more high-symme
modes.26,29 The specific functional forms and parameters
Hanharmonicare described in the Appendix. Anharmoniciti
associated with non-zone-boundary, non-zone-center
placements are not explicitly treated. Within our effecti
Hamiltonian framework, their anharmonic behavior is ess
tially obtained via interpolation.

For Zr-rich PZT, it is crucial to include cross-coupling
between unstable displacive modes atdifferentpoints of the
Brillouin zone.29 These are fitted using polynomials at lea
second order in both types of local distortions. Consider o
site toy Hamiltonians of the form

H5HA1HB1H int , ~1!

HA5 (
i 5x,y,z

a2Ai
21a4Ai

4 ,

FIG. 4. Localized basis sets used in computing the anharm
contributions involvingG15-, G25-, X5-, M58-, M3-, andR25-like dis-
placements. TheM58 basis function has longer-ranged contributio
than is shown here. TheR25 local variable governs bothM3 andR25

anharmonicities; theM3 basis function itself is only used for cross
coupling terms. Also shown is the potential energy surface for
freezing in R25 modes in the@100#, @110#, and @111# directions.
Energies and displacements are in atomic units.
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HB5 (
i 5x,y,z

b2Bi
21b4Bi

4 ,

H int5 (
i , j 5x,y,z

c2i j Ai
2Bj

2 ,

whereA andB denote local distortion amplitudes associat
with modesA andB. To determine all coupling componen
c2i j would require large supercells and numerous calcu
tions. To the extent that the details ofc2i j are not important
to the phase transformation behavior ofHeff , we replace
eachc2i j tensor by a single ‘‘isotropic’’ coupling paramete
c2. Similar simplifications are used for the other intermo
coupling terms.

To calculatec2, we freeze in all Cartesian polarizatio
components of one of the modes. The amplitude of this m
~sayA) is held fixed, at its optimal value. The amplitude
the other mode~B! is then increased from zero and the r
sults are fit to a polynomial. We generally freeze one Ca
sian component of the polarization for this second mo
except for theR25-G15 coupling, where all three componen
of both modes are simultaneously frozen in. This proced
generally yields repulsive biquadratic cross-terms. Finally
obtain the correct relative metastable phase energies,
slightly alter the biquadratic cross-term parameters. Thus
G15-R25 cross-term fixes theFR(LT) energy, whileG15-X3 ,
R25-M3, andR25-M58 terms are proportionately increased
yield a reasonableAO energy.

An ‘‘isotropic’’ description ofG15-R25 coupling is not ad-
equate for PZT 95/5 because it does not properly align
polarizations ofG15 andR25 in the FR(LT) metastable phase
To obtain the correctFR(LT) structure, we project localG15
andR25 distortions onto all four of the body-diagonal axe
namely, @111#, @111̄#, @11̄1#, and @ 1̄11#. The projections
G i

P andRi
P , i 51, 2, 3, and 4, are coupled biquadraticall

EG2R
(aniso)5c(aniso) (

i j 51,4
~125d i j /2!G i

PRj
P , ~2!

with the coefficientc(aniso) given in the Appendix. This is the
only instance in ourHeff where anisotropy is invoked in th
anharmonic cross-terms.

As mentioned above, the most unstable modes of the I
do not include the distortions experimentally observed
stableAO phase. It is instructive to perform a mode-by-mo
analysis in the presence of the anharmonic terms. We u
43434 supercell, take the eigen modes of the interatom
force constants as degrees of freedom, and proceed to m
mize the energy with respect to the amplitudes of th
modes one at a time, keeping all others zero. The resul
single mode energies are plotted in Fig. 3~b!. In the presence
of the anharmonic terms in the model, the instabilities t
give the greatest lowering of energy are theG15, R25, and
S3 ones, exactly those instabilities which are primarily r
sponsible for the Zr-rich PZT phase diagram.45
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C. R25 energy landscape

As alluded to above, nonlocal anharmonic couplings
introduced to theR25 displacement. The rationale is as fo
lows. Suppose theab initio potential-energy landscape~Fig.
4! is fitted to nonlocal harmonic terms obtained fromab
initio linear-response calculationsand local anharmonic
terms ~Fig. 5!. In this case, theR25 oxygen octahedral tilts
remain frozen in beyondT;1100 K—which is above the
temperature at which the ferroelectric order parameter v
ishes. In other words, a spurious antiferrodistortive~AFD!
phase is predicted, contrary to experiment.1 This happens
regardless of the functional form of the rest ofHeff .

A comparison with SrTiO3 suggests why this might b
expected. SrTiO3 exhibits an antiferrodistortive phase whic
vanishes atT5105 K. Ab initio calculations indicate tha
the R25 potential energy well, obtained by freezing one C
tesian polarization component of theR25 mode, is of order 8
meV.46 In PZT 95/5, the corresponding energy is;40 times
larger, and to a zeroth approximation the transition tempe
ture should scale similarly. The two cases are not identi
in SrTiO3, quantum effects are important, only one of t
three Cartesian components of theR25 polarization is frozen
in, and no ferroelectric modes are present. However, with
local anharmonicR25 interaction, the AFD structure in ou
PZT 95/5 model persists to temperatures at which the fe
electric modes have disappeared; the comparison betw
the two cases is valid at these temperatures.

While we have not ruled out that the LDA is actual
consistent with a spurious AFD phase in PZT 95/5, we fi
that the AFD behavior can be avoided by including neare
neighbor anharmonic~quartic! couplings. ~Fig. 5!. This is
because local and nearest-neighbor terms of opposite
should favor localized oxygen octahedral tilting but desta
lize correlated intercell oxygen octahedral tilting. In oth
words, the opposing terms reduce the correlation length
destroy long-range order. Furthermore, our nonlocal te
doesnot contradict theab initio potential-energy landscape

FIG. 5. Local and local plus nearest-neighbor quartic coupli
for R25 oxygen octahedral tilts. By construction, both are consist
with the ab initio results depicted in Fig. 4.
21411
e

n-

-

a-
l;

e

o-
en

d
t-

gn
i-
r
nd

the small supercells used to map out theR25 energy land-
scape are fully consistent with nonlocal interactions of a
range provided they fold to the same values~Fig. 5!. Some
forms of nonlocal anharmonic terms are also present in R
29.

The magnitude of the local and nearest-neighbor qua
R25 interactions are described in the Appendix. Given th
range is important, larger supercells can in principle be u
to shed light on this issue. However, the multitude of po
sible terms needed to account for anisotropy makes th
daunting task. We believe a better way to assess the
range of theR25 anharmonic coupling would be to compa
the phonon spectra of~say! the FR(LT) phase predicted both
from first principles and fromHeff .

47

D. M 3-G15 coupling

The M3-G15 coupling also warrants further discussio
Experimentally, it is found thatM-like superlattice reflections
occur in theFR(HT) phase.11–14References 12–14 suggest th
existence ofM3 modes, which in turn suggests thatG15 and
M3 modes may cooperatively give rise to another lo
energy structure which manifests itself at fini
temperature.48 We have investigated this possibility using a
unstrained, doubled unit cell~lattice vectors@110#, @11̄0#,
and @001#! with a @111#-polarizedG15 mode of fixed ampli-
tude plus one of the threeM3 modes frozen in. We find that
regardless of theG15 and M3 amplitudes, the energy of th
unit cell is not lower than that of the simpleFR(HT) structure,
which has noM3 distortions.

Next we allow all atoms in the doubled cell to relax aft
initially freezing in varying amplitudes ofG15 and M3. The
results are not definitive because the system can be tra
in metastable states. To the best of our knowledge, hav
both types of distortions does reduce the energy from tha
FR(HT) by ;5 meV per formula unit. The resulting struc
ture, which, by symmetry, has noR25 distortions, is still
much higher than the energy ofFR(LT) ~which does exhibit
R25 octahedral tilts!. This suggests that~a! only a small en-
ergetic advantage exists for having bothM- andG-like dis-
tortions; and~b! the presence ofM3 distortions is secondary
and incidental, and by itself does not significantly stabili
ferroelectric distortions to an extent that make the latter co
petitive with theAO andFR(LT) structures. Reference 29 pre
dicted a condensation of theG15 mode and threeM3 modes
into a low-energy structure; our explicit LDA calculation
show that this is likely an artifact of their parametrizatio
The simplified coupling scheme used in ourHeff neglects the
small energetic advantage due to freezing inM3 modes;
hence theM-like superlattice reflections observed expe
mentally are not predicted by our model.

E. Fitting away from ab initio results

In several respects, we parametrizedHeff in ways which
deviate from first-principles results, primarily to attain qua
tative agreement with finite-temperature experiments. T
effects of these changes will be commented upon again
later sections.
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EFFECTIVE HAMILTONIAN STUDY OF PbZr0.95Ti0.05O3 PHYSICAL REVIEW B 65 214111
1. M58

TheAO phase exhibitsS3-like distortions. Usingab initio
fitted parameters inHeff , the energy obtained by freezing i
S3 with the LDA coupling parameter was 40% too low. W
find that this leads to a disordering of theR25 oxygen tilts at
low temperature in theAO phase.~See Sec. V.! Therefore, we
modified the coupling parameter by increasing theM58 quar-
tic term from itsab initio value by 40%. This reduces th
overestimation of stabilization energy to 30%, as quoted
Sec. III B. We could not increase this parameter further
cause it raises theAO energy without modifying theFR(LT)
energy, and it is necessary to keep the former as the st
phase.

2. Strain-phonon coupling

The volume of theAO structure is too large in the unco
rectedHeff . AO is dominanted byR25- and S3-like distor-
tions. TheS3-strain coupling is not computed explicitly; it
initial value in Heff is related to the values of theG15 and
M58 strain coupling parameters. To correct theAO volume,
we artificially increase the strain-M58 coupling.

3. Thermal expansion

Thermal expansion in a crystal depends on lattice an
monicity and phonon-strain coupling. In the effective Ham
tonian approach used here, however, many such anharm
and coupling terms are by necessity neglected; thermal
pansion is therefore not expected to be accurately trea

FIG. 6. StableAO structure for PZT 95/5 virtual crystal pre
dicted by@~a! and~b!# an effective Hamiltonian and@~c! and~d!# the
LDA. The empty and filled circles are for atoms on the Pb-site a
Zr/Ti-site planes, respectively. The multiple projections of the
oms on thexy andxz planes show their positions in alternate cry
tal planes. See Sec. IV for details.
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However, it is a crucial factor in the PZT 95/
antiferroelectric-ferroelectric phase transition, which exhib
a large volume change over a narrow range of tempera
~see Ref. 1, Fig. 7.4!. Therefore, we artificially inserted a
negative pressure term2aPT, where aP52.42 meV K21

or 5.56 MPa K21. If all strain-phonon coupling are ignored
this term gives a thermal expansion coefficient sligh
~12%! larger than that of the experimental value for cubic P
@aa85(22.631025) °C21#. Thermal expansion has bee
computed in the literature from first principles for oth
materials.49 In the case of PZT 95/5, the existence of thr
distinct phases and the large unit cells involved~up to 40
atoms! make this too expensive.

4. AO-F R„LT …
energy difference

The energy of theFR(LT) structure is raised by 9.0 meV
per formula unit, so that it is now 12.3 meV aboveAO . This
is done by increasing the biquadratic anharmonic coup
terms betweenX3-R25 and betweenM58-R25. This increases
the stability of theAO phase at and near room temperatur

IV. STABLE STRUCTURE AT TÄ0 K

The harmonic part ofHeff was obtained from linear re
sponse calculations using 43434 q sampling. This is
equivalent to calculations for a 43434 supercell. To extend
the interatomic force matrix to larger cells, we follow th
standard procedure of subtracting the long range dip
dipole interaction from the interatomic force matrix in Fo
rier space, casting the remaining short-range part int
finite-ranged interaction, and adding the dipolar term ba
via the Ewald sum technique.43,44 Dipolar interactions are
long ranged and the simulation scales asO(N2), whereN is
the number of atoms in the system.

Due to the small energy difference between theAO and
FR(LT) phases, simulated annealing~with the Metropolis up-
dating scheme applied for up to 10 000 Monte Carlo pass!
typically results in structures that contain signatures of b
of these phases, as well as other new Fourier modes,
which are higher in energy than both. No simulated anne
ing runs have yielded energies lower than that ofAO . By
slightly increasing theAO-FR(LT) energy difference to.15
meV ~e.g., by increasing theR25-M58 isotropic, quartic repul-
sive term!, the AO structure is recovered reproducibly. B
continuity, we assume this is the stable phase ofHeff even for
AO-FR(LT) energy difference,15 meV. We have also con
sidered a 63636 supercell, which is incommensurate wi
theS3 mode. Again, the system tends to be trapped in me
stable configurations. Using Fourier modes as degree
freedom, we can project out allG-like ferroelectric distor-
tions. The resulting structure resemblesAO in some respects
but has a reproducible energy higher than that of
S-commensurate cells by;0.02 eV per formula unit.

The stableAO structure predicted byHeff is compared to
the LDA structure in Fig. 6 and Table III. We obtain qua
tatively correct features.S3 andR25 are the modes with larg
est frozen-in amplitudes, andR25 has a@110#-type polariza-
tion. We do not observe any frozen-inP3 or X3 modes.
Because we do not truncate any degrees of freedom,
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TABLE III. Amplitudes of most prominent lattice displacements for PZT 95/5 virtual crystal stable ph
predicted from the LDA and LDA-based effective Hamiltonian ground-state calculations. The effe
Hamiltonian yields an energy of20.3870 eV per formula unit for the metastableFR(LT) structure.

LDA Model
q Atom x y z x y z

1/4 1/4 0 Pb 0.0327 0.0327 0.0000 0.0387 0.0387 0.000
(S) O1 0.0049 0.0336 0.0000 0.0040 0.0207 0.0000

O18 0.0336 0.0049 0.0000 0.0207 0.0040 0.0000
O2 0.0314 0.0314 0.0000 0.0466 0.0466 0.0000

1/4 1/4 1/2 O1 0.0000 0.0000 0.0154 0.0000 0.0000 0.0000
~P! O18 0.0000 0.0000 0.0154 0.0000 0.0000 0.0000

O2 0.0096 0.0096 0.0000 0.0000 0.0000 0.0000
1/2 1/2 1/2 O1 0.0000 0.0000 0.0705 0.0000 0.0000 0.0678
(R) O18 0.0000 0.0000 0.0705 0.0000 0.0000 0.0678

O2 0.0689 0.0689 0.0000 0.0691 0.0691 0.0000

Energy~eV! 20.3942 20.3993
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possible to compare the atomic positions as well. The p
jections on thexy andxz planes are depicted in Fig. 6. Th
small Pb period doubling along thez axis seen in
experiments34 and in fully relaxed LDA predictions is due t
P3-like distortion and is not captured byHeff . On the other
hand, Fig. 6 shows thatHeff predicts oxygen positions pro
jected onto thexy plane, which closely resemble LDA pre
dictions. The agreement is less favorable in thexz plane,
where some LDA-predicted superlattice structures are m
ing from theHeff predictions. TheFR(LT) metastable structure
~not shown! closely resembles LDA predictions.

V. FINITE-TEMPERATURE BEHAVIOR

Finite-temperature simulations of the presentHeff are per-
formed with 83838 supercells. 43434 cells give quali-
tatively and even quantitatively similar results.

The phases which can emerge from our simulations
sensitive to the form ofHeff . Among these possible phase
S3-, R25-, andG15-like distortions either coexist or they com
pete. Furthermore, different polarizations of both theR25 and
G15 distortions are possible. Let us first summarize the s
rious phases that are obtained if we had not followed
changes listed in Sec. III C and E.~a! Using all ab initio
parameters and localR25 local anharmonic terms, we obtai
the sequence of phasesAO→AFD→PC as temperature in
creases.~b! With the modifications of Sec. III E but not Se
III C ~i.e., with only localR25 anharmonic terms!, anFR(LT)
phase intervenes betweenAO and AFD. ~c! With all the
modifications of Secs. III E and III C, we obtain the expe
mentally observed sequenceAO→FR(HT)→PC . In other
words, AFD disappears and theFR(LT) is metastable toAO in
its entire range of stability; it transforms intoFR(HT) at a low
temperature, before either of the ferroelectric phases bec
thermodynamically more stable thanAO .

To arrive at the above conclusions, we have compu
free-energy differences between theAO and the ferroelectric
phases. There is a substantial kinetic barrier for theAO
21411
-
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→FR(HT) transition, which never spontaneously occurs
the 83838 supercell. Instead, in our calculations, we a
ways start with either theAO or FR(LT) phase, and slowly
increase the temperature to study their properties. In part
lar, the transition temperature of theAO to FR(HT) first-order
phase transition is determined by comparing their Gibbs f
energies:

2F~T!/T5 log Tr$exp@2Heff~T!/T#%. ~3!

Boltzmann’s constant has been set to unity. The free ener
are computed by thermodynamic integration, i.e., by tunin
reference HamiltonianHeff(l50) with analytically known
free energies continuously onto the true effective Ham
tonianHeff(l51):

2@F~1!2F~0!#52E
0

1

dl K ]Heff~l!

]l L
l

.

The reference Hamiltonians used are Einstein crystals
which all atomic displacements experience a harmonic
tential, with a force constant 2 a.u., centered at either theAO
or FR(HT) basis function positions. Along the thermodynam
integration paths, the temperature is fixed, and the simula
cells do not undergoany phase transitions. In other word
the two branches of the simulation with Hamiltonia
Heff(l), remain in theAO or FR(HT) phases for any value o
l within the temperature range of interest.

Without the artificial thermal expansion term of Se
III E 3, no ferroelectric phase is observed at any temperat
With this term, the three experimentally observed phases
reproduced:~a! For T,350 K, AO is stable. TheS3 mode
and correspondingly polarizedR25 mode are frozen in. The
structure does not deviate strongly from the 0-K struct
discussed above. The magnitudes of the most promin
frozen-in lattice distortions are depicted in Fig. 7~a!. ~b! For
350 K,T,898 K, theFR(HT) phase results. Globally, th
R25-like oxygen tilts average to zero, i.e., at high tempe
ture, a structure which is locallyFR(LT)-like averages macro
1-8
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EFFECTIVE HAMILTONIAN STUDY OF PbZr0.95Ti0.05O3 PHYSICAL REVIEW B 65 214111
scopically to to theFR(HT) structure. Figure 7~b! illustrates
the distribution of localR25-like oxygen displacements in
each primitive cell~modulated by theR-point wave vector!.
In the low-temperatureFR(LT) ~metastable! phase, the distri-
bution of such local distortions indicates broken-symme
At high temperature~the FR(HT) phase!, a single peak cen
tered at zero tilt is observed, but the distribution is broad a
its wings strongly overlap with the peak at low temperatur
indicating significant local distortions. These local disto
tions exist on a correlation lengthscale which is tempera
dependent and spans roughly two primitive cells. As m
tioned above, we do not observeM3 oxygen tilts in the
FR(HT) phase because it is not built intoHeff . From purely
energetic considerations,M3 modes only marginally enhanc
the stabilities of the rhombohedral ferroelectric phases.~c!
The FR(HT) phase spontaneously transforms to thePC phase
at T.898 K. There is a large discontinuity in theG15 order
parameter at this temperature, indicating a first-order tra
tion.

The numerical uncertainty of our simulatedAO-FR(HT)
transition temperature (Tc1) is about615 K. The experi-
mentalAO-FR(HT) andFR(HT)-PC phase transitions occur a
;323 and 503 K, respectively.1 Our corresponding transition

FIG. 7. ~a! Mean amplitudes of various frozen-in modes,
units of a.u., as functions of temperature.G15 and R25 amplitudes
are averaged over the three Cartesian directions. For conveni
S3 only measures the size of the Pb displacement. The simulatio
conducted using 83838 supercells starting withAO and FR(LT)

structures; the latter rapidly transform into theFR(HT) phase at tem-
perature aboveT;340 K. TheAO-FR(HT) transition temperature is
at T5350 K; this is determined from comparisons of their fr
energies~see the text!. The FR(HT)-PC transition is atT5898 K.
~b! The distribution of local oxygen octahedral tilt amplitudes, co
puted at temperatures below and above the oxygen tilt or
disorder transition temperature.
21411
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temperatures are too high by 8% and 79%. These discre
cies are comparable to those of previous effective Ham
tonian predictions of transition temperatures.25,26,28 Recall
that Tc1 is dependent on the lattice thermal expansion te
as well as the energy difference (DE1) between theAO and
FR(LT) structures. As discussed above, the ferroelectric ph
vanishes if the thermal expansion term is not included. It a
vanishes ifDE1 is increased substantially from the prese
value of 12.3 meV. The sensitivity ofTc1 to DE1 is about 7.5
K/meV. Given the uncertainty inDE1, we have treated it as a
fitting parameter to yield a phase transition temperature s
lar to that seen in experiments. We have not reduced it
ther because a spuriousFR(LT) phase appears atDE1 values
which are too small. TheFR(HT)-PC transition temperature
(Tc2) does not strongly depend on the parameters ofHeff .

In the above, we neglected the effect of spatial inhom
geneities associated with Zr/Ti disorder.10,51 Finally, our
model givesDa50.233° atT5315 K, which is consistent
with the trends of high Zr-content PZT at finit
temperature.10

VI. CONCLUSIONS

We report three categories of results on PZT 95/5: fir
principles predictions; 0-K structural predictions via an e
fective HamiltonianHeff , and finite temperatureHeff results.
We presented LDA/VCA results for strain-relaxed structu
of theAO phase and~metastable! FR(LT) phases. These struc
tures are very similar in energy. In contrast, the five-at
FR(HT) zero-temperature structure is much higher in ene
and, more significantly, is unstable with respect toR25-like
oxygen octahedral tilts. This suggests that t
antiferroelectric-ferroelectric phase transition in PZT 95/5
governed to a large extent by the competition between
AO and FR(LT) structures. We stress that this conclusion
drawn fromab initio results, not from effective Hamiltonian
simulations.

Using first-principles linear-response/supercell calcu
tions and a knowledge of the stable and metastable ph
energies, we fitted anHeff that yieldsAO and FR(LT) phase
atomic positions that are in reasonable agreement with L
predictions. This is nontrivial because one of the main f
tures of theAO structure, theS3-like distortions, is not di-
rectly fitted to LDA calculations ofS3 energetics. We note
that, to our knowledge, this is the first successful modell
attempt to capture the fundamental features of theAO phase
in terms of condensation of unstable modes. As far as
know, no atomistic potential attempt has succeeded in
regard.

Heff also describes PZT 95/5 behavior at finite tempe
ture. It is found that, within the relatively simple form o
Heff , several departures fromab initio results have to be
made. With these changes, we observe an antiferroele
phase (AO) below T5350 K, a paraelectric phase (PC)
above 898 K, and theFR(HT) phase in between. The pre
dicted finite temperatureFR(HT) contains spatially disordere
oxygen octahedral tilts.

Apart from reproducing the experimentally observed
quence of phases for PZT 95/5,1 and raising the critically
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K. LEUNG, ERIC COCKAYNE, AND A. F. WRIGHT PHYSICAL REVIEW B65 214111
important issue of the closeness of the energies of theAO and
FR(LT) structures at zero temperature, we have also exam
the possible role ofM3 tilt, which has been suggested
experiments12–14 and theory29 to coexist with theG15 distor-
tions in theFR(HT) phase. Finally, we have investigated t
energetics ofR25 oxygen octahedral tilting, associated wi
the FR(LT)-FR(HT) phase transition, and incorporated the
into Heff .

To conclude, we discuss this work in the context of effe
tive Hamiltonian theory. For an effective Hamiltonian to b
successful, two conditions must be met:~1! the Taylor ex-
pansion must accurately reproduce the low-energy la
scape, and~2! anharmonic cross-terms involving neglect
degrees of freedom must not have a significant effect on
thermodynamics of the system. We discuss how well ourHeff
meets both of these conditions and compare our appro
with previous effective Hamiltonian approaches.

Condition ~1!: The AO LDA ground state of PZT 95/5 is
very close in energy to a metastableFR(LT) phase. Because
these two phases are so close in energy, explicitly enforc
the LDA energy ordering of the phases in an effective Ham
tonian seems highly desirable. Previous effective Hami
nians have relied on a Taylor expansion out of a high-ene
cubic structure to approximate the ground-state energy
the present case, where two competing structures extrem
close~a few meV! in energy exist, any attempt to reprodu
the LDA energy ordering from a Taylor expansion alone is
best fortuitous and at worst impossible. This is the rea
Ref. 29 fails to give the correct ground state, and by ext
sion, a correct phase diagram.

In effective Hamiltonians for ferroelectric perovskite
with a single G15 instability responsible for the observe
phases transitions, an eighth-order Taylor expansion in p
ers of the instability vector components generally reprodu
the low-energy landscape very accurately. In PZT 95/5 w
several competing instabilities, comparable accuracy
quires that both terms involving a single instability a
cross-terms involving different instabilities be computed
eighth order. We did compute couplings to eighth order, b
due to the sheer number of coupling coefficients, we trea
most couplings in an istotropic manner. Unlike the harmo
energy of the lattice, for which dispersion is calculated
creating an effective Hamiltonian; anharmonic firs
principles calculations have generally been performed o
for specific combinations of points in the Brillouin zone. Th
harmonic calculations thus have the necessary informa
for determining intersite coupling in the local variable rep
sentation used in simulations, but the anharmonic results
not. Thus, as previously done, we included only on-site
harmonic terms~or nearest-neighbor terms only for co
plings between modes whose local representations are
different sites!. Such a model however, does not give a re
sonableFR(LT)-FR(HT) transition temperature. We therefo
introduced nearest-neighbor anharmonic quartic coupling
the R25 term in order to avoid a spurious antiferrodistorti
phase in our simulation.

Condition ~2!: A full lattice Hamiltonian contains all an
harmonic interactions not forbidden by symmetry, in partic
lar couplings involving thestable modes. In the effective
21411
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Hamiltonian approach, these terms are generally ignored~in
effect, set to zero!. To have a Hamiltonian in reduced degre
of freedom that precisely reproduces the thermodynamic
the full system, however, one must integrate the original p
tition function over the neglected degrees of freedom. O
obtains an effective free energy in terms of the remain
degrees of freedom. This free energy has the form of
effective Hamiltonian with temperature-dependent coe
cients. Most effective Hamiltonians for perovskite-type m
terials, however, attempt to reproduce the lattice dynam
with reduced degrees of freedom andtemperature-
independentcoefficients. Indeed, this may be one of the m
jor reasons why such effective Hamiltonians often give tra
sition temperatures that are significantly different th
experiment. When there are large transition temperature
rors in a system with several competing phases, the resu
phase diagram can be completely wrong unless somethin
done to compensate for the effects of the neglected an
monic terms.

One simple correction is to include a temperatu
dependent thermal-expansion term directly into the Ham
tonian. Since thermal expansion in systems without latt
instabilities is generally linear, and since we already exp
itly include the coupling of the instabilities with strain, it i
reasonable to add a linear thermal expansion term to cap
the effect of the coupling of thestable modes with strain.
Indeed, in PZT 95/5, thermal expansionnot directly involv-
ing the unstable modes must be included in order to ob
the correct phase diagram. Neglected anharmonic coupl
will also affect the intramode and intermode coupling ter
in our model, in some cases enough to give spurious ph
in the phase diagram. Thus we adjusted coupling parame
between the appropriate modes. Although we adjusted th
terms by adding a constant, the above discussion sugg
that better agreement with the experimental phase diag
might be obtained by using temperature-dependent par
eters. These considerations have proved crucial in repro
ing the phase diagram of the very complex material P
95/5, but may be valuable in constructing effective Ham
tonian in other cases as well.

Our representation of independent instabilities by disti
local variables gives an obvious correspondence between
energetics of the instabilities and the interactions between
corresponding local variables. The couplings between dif
ent instabilities can easily be adjusted to see what effec~s!
they have on the phase diagram. Given that competition
tween instabilities are ubiquitous in perovskite-type mate
als, our form of effective Hamiltonian is well-suited for th
kind of investigation.
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TABLE IV. Coefficients of some anharmonic terms in the effective Hamiltonian.* indicates that theR25

isotropic quartic coupling is split into a local term~magnitude 365.85! and a nearest-neighbor term~magni-
tude -55; see Fig. 4!. † indicates that theM58 isotropic quartic term is increased from itsab initio value by
40%.

Mode a1 a2 a3 a4 a5 a6 a7 a8 a9

G15 93.08 2796.1 4231 94.68 433.2 11.57 25180 40682 1533
R25 35.85* 2191.9 689.0 44.99 2128.9 544.3 2371 4563 183.6
M58 565.0† 215312 407742 147.9 251882 1854000 34136 NA NA
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APPENDIX: EFFECTIVE HAMILTONIAN PARAMETERS

For simplicity, all parameters are given in atomic uni
We use an effective HamiltonianHeff of the form

Heff5Hharmonic1Hanharmonic1Hstrain~T!1Hstrain coupling.
~A1!

Hharmonic governs the quadratic coupling of atomic di
placements, including the long-ranged dipole-dipole c
pling, and is given by

Hharmonic5~1/2! (
i j ab

xiaF i j abxj b , ~A2!

wherexia (xia) are displacements of atomi ( j ) in the Car-
tesian directiona (b). Hstrain(T) is given by the VCA PZT
95/5 elastic constantsC11510.8851, C1252.9768, andC44
58.0070 per formula unit, along with an artificia
temperature-dependent pressure. The form ofHstrain coupling
was given in Ref. 29; the coupling parameters arego
523.0655,g1527.6522, andg2525.3309 forG15; and
go57.4512, g1526.6656, g250; M58 , go513.6335, and
g15g250 for R25. TheR25 andM58 strain couplings are firs
computed from finite differences, using the eigenvalues
the interatomic force matrix for different strained cells. The
as mentioned in Sec. III E 2, the strain-M58 coupling is arti-
ficially increased from first-principles results. TheG15-strain
coupling terms are fitted to reproduce the lattice parame
and energetics of strain-relaxed, five-atom unit cells w
rhombohedral, orthorhombic, and tetragonal symmetries
principle, all phonon modes couple to strain. For con
nience, we have only considered theR25, M58 , and G15

modes, because their strain-coupling contributions appea
dominate theAO andFR(LT) structures.

Hanharmonicis given by the expression

Hanharmonic5H1~G15!1H1~R25!1HM58
1HX1HG25

1H3~G15,X5!1H3~G15,M58!1H3~G15,G25!

1H3~R25,M58!1H3~R25,G15!1H3~M3 ,M58!

1H3~G15,M3!1H3~R25,M3!

1Haniso~G15,R25!1Hintersite~R25!. ~A3!

The anharmonic terms involving the three polarization co
ponents ofG15 and ofR25 have the form:
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2!#, ~A4!

wherexs , ys , andzs are the local projections ofG15 andR25
types, centered on sites, described in the text. The coeffi
cients$am% are listed in Table IV.

There are six distinctM58 modes—two each for
~1/2 1/2 0!, ~1/2 0 1/2!, and ~0 1/2 1/2!. Their anharmonic
energy is approximated as

HM58
5(

s
Fa1 (

i 51,3,j 51,2
Mi js

4 1a2 (
i 51,3,j 51,2

Mi js
6

1a3 (
i 51,3,j 51,2

Mi js
8 G1(

ss8
Fa4 (

i , i 8
S (

j 51,2
Mi js

2 D
3S (

j 851,2

Mi 8 j 8s8
2 D G1 (

ss8s9
Fa5 (

i , i 8, i 9
S (

j 51,2
Mi js

2 D
3S (

j 851,2

Mi 8 j 8s8
2 D S (

j 951,2

Mi 9 j 9s9
2 D

1a6 (
i , i 8, i 9

S (
j 51,2

Mi js
4 D S (

j 851,2

Mi 8 j 8s8
2 D

3S (
j 951,2

Mi 9 j 9s9
2 D 1a7 (

i , i 8, i 9
S (

j 51,2
Mi js

6 D
3S (

j 851,2

Mi 8 j 8s8
2 D S (

j 951,2

Mi 9 j 9s9
2 D G , ~A5!

where i labels the wave vector,j its polarization direction,
and s the site at which the basis functions are center
Where more than one site is involved in Eq.~A5!, they are
constrained to be mutual nearest neighbors. The param
are given in Table IV.

The anharmonicity of the six equivalentX5 oxygen dis-
placement modes is fitted to the form
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HX5(
s

Fb1 (
i 51,6

Xis
4 G , ~A6!

with b156.195. That of the three orientations ofG25 is

HG25
5(

s
F (

i 51,3
~d1G is

4 1d2G is
6 1d3G is

8 !G , ~A7!

with d1550.18,d252668.7, andd354766.3.
The cross-terms are all of the form

H3~A,B!5~1/Nneigh!(
ss8

F(
i j

c1Ais
2 Bjs8

2
1c2Ais

2 Bjs8
4

1c3Ais
2 Bjs8

6 G , ~A8!

where i and j label the polarization components and/or~in
the case ofM-like modes! Brillouin, zone wave vector, ands
and s8 are constrained to be nearest neighbor pairs for
ric
in

s.
.

.
oc

. J

r.

F.

.

ds

en

en

til
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e

sublattices on which the two types of basis functions
centered. Since two functions pertaining to different mod
can be centered on different atoms, the number of nea
neighbors (Nneigh) varies. In the following, the first mode
listed is represented by ‘‘Ais’’ and the second by ‘‘Bjs8 . ’’
G15-X5 : c1598.0, c25c350. G15-M58 : c15516.5,
c25241317.9, c351105927.8. G15-G25: c1541.59,
c25c350. R25-M58 : c1582.0, c25c350. R25-G15:
c1552.5, c2521888.9, c3554868.5. M3-M58 : c1
540.0, c25c350. G15-M3 : c1520.0, c25c350.
R25-M3 : c15c25c350. Recall that thec1’s have all been
adjusted to giveAO and FR(LT) energies that are consiste
with transition temperatures reported in this work. Note th
there are no explicit anharmonic terms forM3 modes. Their
anharmonicity is governed by theR25 terms. We find, how-
ever, that it is necessary to use cross-couplings that invo
M3 to suppress certain spurious structures which comp
with the AO phase. Finally, the orientation-dependent int
action coefficient betweenG15 and R25 modes in Eq.~2! is
c(aniso)50.2.
e,
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