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Asymmetric and symmetric Wulff constructions of island shapes on a missing-row
reconstructed surface
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The two-dimensional equilibrium shapes and structures of adatom or vacancy islands or fenfissing-
row (MR) reconstructed A(110) surface have special characteristics. One type of island has steps parallel to
the MR’s on opposite sides of the island, which differ both in structure and in formation energy. Hence, the
polar step free-energy plot is asymmetric with respect to the Wulff point, and one also expects an asymmetric
island contour via the Wulff construction. However, the equilibrium shape of these idgimedsppear to be
symmetric. We show that the Wulff point and the island center do not necessarily coincide and explain how a
symmetric equilibrium shape can result from an asymmetric Wulff plot. A second island type has identical
steps on opposite sides, which are curved into an almond shape with sharp corners. The Wulff constructions of
both types of islands are calculated analytically, and the temperature dependence of the contour shapes is
investigated. The results are confirmed by Monte Carlo simulations.
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[. INTRODUCTION AND OUTLINE are determined via Wulff constructions, and results of the
three models are compared to results of Monte Carlo simu-
The equilibrium shape of a two-dimension@acancy lations. Finally, some more exceptional characteristics of the
island on a flat crystal surface can be constructed from thélands are explained, such as the presence of cusplike
polar plot of the step free enerdy ) by applying the two- maxima in the free-energy plot and of sharp corners in the
dimensional version of the well-known Wulff constructibh. ~ €quilibrium shape at nonzero temperature and the diverging
As an example, Fig. 1 shows the construction for the case d¥f the aspect ratio.
Cu(110 at 400 K. To every point of the polar plot, a line
segment is drawn from the origW (Wulff point), such as
the one in the upper left quadrant. At the end point of this
line segment, a perpendicular line is constructed. When all Figure Za) is a sphere model of the ALLO) surface seen
the latter lines are combined, as in the upper right quadranfrom above. It shows the (22) missing-row reconstruction

the interior contour has the shape which minimizes the totaMRR): every second atom row along t[mTO] direction is
free energy of the island for a fixed total island area. Thismissing. As a consequence, the distance alondané] di-
graphical construction is equivalent to applying a Legendraection between two atom rows, which we will call the MRR
transform to the polar free energy pfot. period, is doubled to g2 times the interatomic distance

A popular method to determine ratios between step fre%k)ng the[110] direction. Also shown in Fig. @) is a va-
energies is to apply the inverse Wulff construction to imagesancy island of one monolayer deep. Such islands can be
of two-dimensional islands. One identifies the Wulff point asmade by mild sputtering of a flat ALL0) surface’ Scanning
the center of mass of an island and then applies the Wulffunneling microscopy(STM) on the sputtered surface has
construction in reverse order to obtain the step free-energghown that MRR is present inside all vacancy islands. MRR
plot to within a constant scale factdf.In addition, the tem- s found even within the smallest vacancy islands of just one
perature dependence of the island shape can be used to attem row wide? The vacancy island in Fig.(8) has a width
tain an absolute scale for the step free enefyies. of four MRR periods. MRR forces the island to adopt an

In Secs. Il and Il of the current paper we show that theasymmetric internal structure: the four atom rows inside the
inverse Wulff construction cannot always be performed. Inisland could equally likely be placed one-half MRR period to
some cases the Wulff poinV does not coincide with the the right. Figure %) shows a cross section of the island
center of the island. This peculiar situation can occur foralong AB. The left and right steps are different in structure.
islands on aeconstructedsurface, such as Al10) (1X2) We call the one on the left €831) step, because a sequence
and P¢110) (1x2). In general, in the Wulff construction of of these steps would form a A381) surface; for the same
any one-, two-, or three-dimensional structure with a brokerreason, we call the one on the rightld.l) step. In Fig. 2a)
symmetry, the Wulff point falls outside the structure’s center.the structures of the kinks that occur in the two steps can be
In Sec. IV we develop a method to calculate free energies ofeen, which we will cal(331) and(111) kinks. The creation
steps on a missing-row reconstructed surface. We apply thisnergy of a kink can be split into two contributiotfsthe
method to the two-dimensional Ising model and to two dif-energy of the added step segment and the corner energy,
ferent approximations. In Sec. V the equilibrium shapes ofdefined as the sum of the energies of the kink’s convex and
two types of island on A(110) as a function of temperature concave corners. A331) and a(111) kink both contain a

II. ISLANDS ON AU (110
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FIG. 1. Polar plot of the free enerdy ¢) of steps on C(110 at
400 K (thin curve. Energies are expressed in meV/A. The Wulff [001]
construction is used to determine the equilibrium shape of islands 5 (111)kink
on this surfacdthick curve. The step free energy at each angle
has been calculated under the assumption that the formation energy b) ;o
for each step configuration is a simple sum of formation energies of W
atomic step segments along the two symmetry directioa4] and (331)-step (111)-step
[110]. For these we used values efy;=102 meV per lattice . .
spacing along001], of 3.61 A, ande;;30;=9 meV per lattice spac- FIG. 2. (a) Sphere model of a vacancy island in theX(2)

ing along[ 1107, of 2.55 A, obtained from effective-medium-theory reconstructed AL10) surface.(b) Cross section aloné\B. As a

calculations Ref. 3. The directions of the10] and[001] steps are fr? nsequence (I)f tze trr?lss;ng-rovtv tLec?nfs[trucélo_n r:rt'S'q de an? t?]u'[S'd?
indicated by the arrows. e vacancy island, the steps at the left and right sides of the va

cancy island are differentc) Schematic top view of the island
[001]-step segment, with two broken atomic bonds in thei?enggli,\r,'i;hj;ﬁ; ﬁ?npessére indicated with solid lines and 141
[110] direction, but the corners have different structures. In

the schematic top view of the vacancy island of Fig) 2he  must have the same length. This means that the islands can-
different types of steps and kinks are indicated: the solichot adopt an asymmetric contour as a consequence of the
lines represent331) steps and the dashed linekll) steps.  difference in the energies dfL1l) steps and(331) steps

The (111 step has a denser packing than (881 step[Fig.  (from here on, we will use the word “symmetry” to indicate

2(b)], and its formation energy is substantially lower. irror symmetry with respect to thel 10] direction. The
Therefore, we may expect that also the free energy(@ld o)y way for the island to break its symmetry is to have more
step is lower than that of &31) step. Thus, in the polar inks on one side of the island than on the othigig. 3.
free-energy plot, the distance from the Wulff point to the This can happen as the consequence of a difference in kink
(111) step(free energy will be shorter than the distance to energies. If, for example, the formation energy of381)

the (332 step(free energy. This possibility of a Wulff con- Kink, €xinkas, Were lower than that of &111) kink,
struction with different free energies for opposite step direc-

> : - Ho €xink(111), €ach island would on average contain m(8821)
tions was mentioned before by Van Beijeren and Nolden. |5 ‘making shapes like the one in FigaBmore favorable
The consequence for the case of(&L0 is that the Wulff

than shapes like in Fig.(B). In this case, the average island
plot cannot have mirror symmetry with respect to [id0]  shape would be more rounded on tl@31) side and
axis through the Wulff point. If we apply the Wulff construc- straighter on thé111) side.
tion, we can never obtain an average island contour that is The STM experiments performed in Ref. 9 show that the
symmetric with respect to this axis, and one may thereforewerage island shape is symmetric. Both types of kink appear
expect to find an asymmetric island shape. with the same frequency. From the numbers of kinks counted
in the images, the two kink energies were calculated to be
equal within 1.2 meV, which is 6 permille of the total kink
energy. Of course, asymmetric island shapes like K. &
When the step free energy is different for two differentoccur, but their mirror imagefFig. 3(b)] occur with pre-
step orientations, the island shape usually reflects this, withisely the same frequency, because the two shapes have the
the lower-energy step orientation represented more promsame formation energy. It is tteverageisland shape, which
nently than the other one. Therefore, we might naively exis symmetrict®
pect to find more of th€111) step than of thé331) step in Still, the polar free-energy plot is asymmetric. How can
the vacancy islands on AL10. This, however, is impos- anasymmetrigolar-step free-energy plot producsymmet-
sible, because the left and right sides of an island simplyic island contour? This counterintuitive situation is illus-

. SYMMETRY OF THE ISLAND
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. . . FIG. 5. Condition on the step free energy to produce a symmet-
®) E:Gt 3; llln eat(;]h (f)ftr:ggstgotmlr_rorgd \:aCT?CB{r:Sl?rldﬁah ar:: f ric island contour via the Wulff construction. As derived in the text,
€ fotallengin o stepisidenticalto the totallength of -\ e the conditiorf (77— ¢) = f(¢) + 2d cos@) is satisfied for all

the (111) step. Therefore, the total energies of {tiel0]-oriented  gnglesy, the shape of the island is mirror symmetric with respect to
parts of the steps of islands and B are equal. If the energies of 4 symmetry axis at a distandsfrom the Wulff pointW.
(331 and(11)) kinks are equal, the two islands have the same total
formation energy. In that case, every island shape will occur withyha condition for shape symmetry, we apply the inverse
the same frequency as its mirror image and the average island CoQyulff construction to the island shape. Let us select two
tour will be symmetric. points on the symmetric island contour: one arbitrary point
and its mirror image with respect to the island’s symmetry
trated in Fig. 4. The Wulff construction in Fig. 4 has someaxis. Through these two points lines are drawn tangential to
remarkable characteristics. The construction is very asymte island. Because of the required symmetry, these two lines
metric: the Wulff pointW lies at a large distance from the run under the same anglg with respect to the symmetry
island center. Yet the island shape is perfectly symmetricaxis. Next, we draw two lines, perpendicular to the tangent
The polar free-energy plot is also very asymmetric with re-lines, which both intersect the Wulff point. The indicated
spect to the Wulff point. For example, the minimum on thejengths along these perpendicular lines are proportional to
right is much deeper than the one on the left. At first Sight,the free energieg(d)) andf(ﬂ--¢) of steps with orientations
the polar energy plot may look symmetric with respect to arepresented by normal vectors at angfeand 7-¢ with the
displaced origin, like the island shape, but this is not thenorizontal axis. The complete polar-step free-energy plot is
case. The island contour and the polar free-energy plot coirconstructed by repeating this operation for all angte§ he

cide in four pOintS. The first two lie on the short axis of the symmetry condition can now eas“y be formulated in terms
island. The other two points do not lie on the long axis of theof the widths indicated in Fig. 5. On the one hand,

island, but a little distance to the left of it. These two points

coincide with the highest values of the step free enétgy. s={f(7m—¢)+f(p)}/cog ), (1)
Figure 5 demonstrates how the symmetry in the island hil the other hand. th i .

contour arises. The centésymmetry point of the island while, on the other hand, the Symmelry requires

contour lies at a distanag from the Wulff pointW. To find s=2{d+f($)/cog $)}. )
0] If we combine Egs(1) and (2), it follows that the Wulff
15+ )ﬁ 01 construction produces a symmetric island with a distashce
g between the island center and the Wulff point, if for all
10+ angles¢
5+ f(m—¢)=1(¢)+2dcog ¢). )
0 This may seem a very peculiar condition, but as we show in
W the next section, it is relatively easily satisfied on(&L0)
50 and similar surfaces.
10+ IV. STEP FREE ENERGY
15+ To calculate the equilibrium shape of vacancy islands on
10 5 0 5 1‘0 Au(110 we have to know the free ener@per unit length of

an infinitely long step, for all step directions. In this section
FIG. 4. The symmetric contour of a vacancy island orfl®)  we derive expressions for the orientation-dependent step free
(1x2) obtained via the Wulff construction of an asymmetric polar energyf(¢) for a simple model of the A110 surface, in
free-energy plot. The energies are expressed in meV/A. The direwhich the formation energy of every step configuration is a
tions of the[110] and[001] steps are indicated by the arrows. simple sum of energies of individual step segments along the
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FIG. 6. Steps on a square lattice, with lattice spaeingnd on T_>
a rectangular lattice, with lattice spacings and qa. The steps [001]

span the same numbers of step segments, in bothdhection and
the y direction. If a step segment on the square lattice in xhe
direction has the same energy as a step segment on the rectan-
gular lattice in thex direction, and the same holds for thelirec-
tion, then the total step free enerByis equal for the two steps. The
relations between the corresponding step lengthsl and angles

¢— ¢ are derived in the text.

FIG. 7. Schematic representation of step configurations on
Au(110. (a) A step configuration with fluctuations in both tf@01]
and[lTO] directions. Configurations with both types of fluctuations
are considered in the two-dimensional Ising mo@ele Sec. IV D
(b) A step configuration with fluctuations only in tH601] direc-
tion, as considered by the perpendicular fluctuation approximation
of Carlon and van Beijere(Ref 19 (see Sec. IVE (c) A step
with fluctuations only in the{llO] direction, as considered in the
[001] and[llO] directions. We first describe how to obtain alternative, parallel fluctuation approximati¢see Sec. IV
f(¢) for a surface with rectangular symmetry from the step
free energy for square symmetry. In order to apply the result

to the special case of AliL0), which has two different types  f _ «( € €y, b, T)_M
of steps anng[llO] we separatd into the ground-state
energy and the free-energy contribution stemming from fluc- T B
tuations in the step position. Finally, we derive an explicit =[fsq(ex,ey,¢,T)
expression foif (¢) within the two-dimensional Ising model
as well as two different approximations, each of which ig- sin( )
nores fluctuations along one particular direction. = q
p sin arctaré Etar( qb)”
A. From a square lattice to a rectangular lattice
It is straightforward to derive an expression for the free X feq ex,ey,arCtaVE ﬂtar( ¢)) ,T). (6)
energy per unit length of a step on a rectangular surface, p

freci(€x. €y, 9, T), starting from a model that describes the

step free energysq(e,,€,,4,T) on a square surface, on the ) o

basis of the formation energies of individual step segments B. Energetics of a missing-row surface

(e.g., lattice unitsalong thex direction, €,, and along they Figure 7a) is a schematic representation of a piece of step
direction, €,. Compare the square and rectangular geomen Au(110). It is built up from three types of unit elements:
etries in Fig. 6. The step on the rectangular surface making) a single step segment along tf@01] direction, with a

an angles with they axis and with a length. has the same length of the MRR period, i.e., 2 times the lattice constant of
total free energyF as the step on the square surface, withAu of a=4.08 A, and a formation energyooy;; (i) a single

angled and lengthL. If the lattice spacings of the rectangu- segment of a step along tf[&lO] direction of the(111)
lar surface argpa andga, the following relations hold: type, with a length of the atomic spacing along this direction,
of a/\/2, and an energy,,;; (iii) a single(331)-step seg-
T sing ment, alsq Wit_h a Iengt_h cd/\2, but with an energss; .
—=— (4)  The combination of a singlé331)-step segment and a single
L psing (11D-step segment forms the lowest-energy excitation of a
[001] step. We will refer to such fluctuations as parallel fluc-
and tuations(bold arrows in Fig. ¥, because the extra step seg-
ments are parallel to the missing rows. Similarly, we define
the combination of twd001]-step segments in opposite di-
b= arctar{ ﬂtar( ¢)> ) (5)  rections as a perpendicular fluctuatiehin arrows in Fig. 7.
p From Ref. 9 we know that the energies @fl1) and (331
kinks are equal to within 6 permille and that they are, to a
Therefore, the free energy on the rectangular surface berery good approximation, equal to the energy ¢0@1]-step
comes segmeri'tr’ (see Sec. lll. With this information, we can ex-
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FIG. 8. A step configuration with length and angles on a rectangular lattice with lattice spacinma in the x direction andga in the
y direction and step segment energigsand e, . The total energye of the step configuration can be split into a ground-state contribution
Egrouna@nd a fluctuation contributioBy,; . The step segments that contribute to the ground-state eftbigyines can be seen by looking
from the left and from the top to the step configuration. The remaining step segments, which form the fluctuations, can be put into a closed
loop, as there are as many step segments upwards as downwards and as many to the left as to the right.

press the formation energy of any step configuration as thee., (111)+(331) or 2X[001]. We can now rewrite Eq<7)
sum of step segment formation energies of the three typeand(8) to describe the specific case of a missing-row recon-

introduced above. structed surface. We chooge=0 for a(111) step and con-

sequently¢= 7 for a (331 step. For— w/2< p=<m/2, the

C. Separating energy contributions from the ground state ground state of a configuration consists of ofilyl])-step
and from fluctuations segments anfl001]-step segments. For these angles, we as-

We face a problem when trying to derive the free energySOCiateex With €jooy and e, with €1, in the ground-state
of a step on a missing-row reconstructed surfaggg, start- _contribution[Eq. (7)]. For /2= ¢=<3m/2 the ground-state
ing from a model for the step free enerfy (e, €y, ®,T) configuration consists of onl>(331)—step segments and
on an unreconstructed, rectangular surface. While on the uhi001]-step segments, so that we substitete with e,
reconstructed surface there is just one type of step segmewhile e, still stands fore(ygy) in Eq. (7). Because a fluctua-
parallel to the MR’s, on the reconstructed surface there exigion in they direction is a combination of on@11) and one
two. The solution to this problem is not difficult, but has, to (331) step, e, has to be replaced withe(;,+ €337)/2 in the
our knowledge, not been presented before. Our method is tituctuation term[Eg. (8)], while also, for this term,e,
distinguish between two separate contributions to the free- €[oo1] - With p=2 andq=1/\/§, we find for the step free

energy of a step on the simple rectangular lattsee Fig. &  energy on a missing-row reconstructed surface:
namely, the ground-state energy and free energy due to fluc-

tuations in the step position. Any configuration of a finite

piece of step, which spans a distaricealong directiong,
consists of at leastL|sing|/pa xstep segments and
L|cos¢|/ga y-step segments, wherpa and ga are the
lengths of step segments alongand y. Therefore, the -
ground-state contribution to the step free energy per unit og@e}r
. 0.
length is ©,~
=rd
Eground €x . €y
€ground™ L :p_a|sm¢|+q_a|cos¢|' (7)
[170]
If the ground-state energy is subtracted frép., the re-
maining part of the free energy is due to fluctuations: [0g1]
€y . €y
fouct=frect— €yround™ frect— a|$ln @ —q—a|COS¢|- FIG. 9. If the step free energies of two different Wulff construc-

®) tions differ_by an amound cos¢ where ¢ is the angle of the step

with the[110] direction, the two resulting island shapes are iden-
One part of the fluctuation free enerfly,;: accounts for the tical. If the two Wulff constructions are plotted in one polar dia-
configurational entropy of the step segments of which thegram, the two islands are shifted with respect to each other over a
formation energy is already covered by, nq. In addition, distanced in the [001] direction. This is the case for an island on a
fruct contains the free energy related to the introduction ofMRR surface with step segment energéigs; and €53, in the[110]
extra step segments, i.e., of parallel and perpendicular fludirection(solid curve and an island on a simple rectangular surface
tuations in the step configuration, as introduced in Sec. IV Bwith a step segment energy,,+ es3)/2 in the[110] direction
In these fluctuations, the step segments always come in pair&lotted curveg
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Sur(€11,€331 >€[001] ,¢,T)

T
6111+ €331 eground(elll > €[001] ,d)), d) €|~ Ea E
:fflucr 5 ~5€[001] ,o,T |+ -
\ ’ eground( €331, €[001] ,d)), d)E 5,7}
[001] €111 €331 €111 €331
| no|+ oS ¢ |cos &
2a 2a
€eround
€111 €331 [001] €111 €33
+frect 2 H 6[001] H d)’T | | |COS d)|
\ ) 2a
ffluct
€111 €331 €111 €33
= \/Ea CcOoS d)+frecr( 2 > 6[001] ,d),T) . (9)

It follows from Eq.(9) in combination with Eq(3) that the  MR’s. In both one-dimensional solid-on-solid models, con-
Waulff construction on our model MRR surface produces afigurations with adatom or vacancy clusters are forbidden.
symmetric island shape with a distancel=(e33;  Results for the three models will be compared in Sec. V.
— €117/ \/2a between the island center and the Wulff point,
irrespective of the specific model employed fog.;.
According to Eq.(9), the difference between the step free
energiesf g for a MRR surface and,..; for a simple rect-
angular surface is equal thcosg, for each step orientation
¢ (see Fig. 9. The corresponding displacement @tosg¢
between the tangent lines in the two Wulff constructions i
equivalent to a horizontal, i.e[001]-oriented shift over a

D. Two-dimensional Ising model

First, we calculate the step free energy on0) using
the two-dimensional anisotropic Ising model, in which both
parallel and perpendicular fluctuations are allowed. Equation
(3) of Ref. 17, in combination with Eq$6) and(9), leads to
Sthe step free energy

distanced for all orientationsg. As a result, the entire Wulff tand

shape is translated alof@01] and is completely identical to fising(®)= 55z a1 arctar( H|Sin é|

the shape for a surface with equal energies for the two step B V8

types alond 110], of (e111+ €337)/2. This has to be so, be- 2 tang

cause a substitution ofe(;,+ €331)/2 for €111 as well as for +—a, arctay( _) |cosd|

€331 leaves the creation energy of an island with an arbitrary pa V8

contour shape unchanged. Note that the polar free-energy

plots do have different shapes for the two cases. €111~ 6331C os¢ (10
In the following three subsections we will apply E§) to J2a '

three different choices fdf, ;. The first model that we will ]

treat is the two-dimensional anisotropic Ising motfef? ~ Wwith

which considers both parallel and perpendicular fluctuations 2_ 2\sir? 2602

and gives the exact step free energy for all temperatures and 1) = arccos .(C —Nn7)sin’ ¢+ mcos ¢ (11)

angles, as long as the energy can be calculated as a simple . mc(sirfe) +jm '

sum of step segment energies. The two-dimensional Ising

model also takes into consideration step configurations with Fcz_ m?)cog ¢+ nzsmzﬂ

clusters of adatoms on the lower terrace and vacancy clusters a,(¢)=arccosh - , (12

inside the higher terrace. The second and third choices for nc(cos¢g)+jn

f,ect @re for two different applicaéi?ons of the anisotropic one- ,

dimensional solid-on-solid modet,which allows only fluc- . C . .

tuations in a single direction. First we will study the case that 1~ \/(Esm 2¢ | +cos 2p(mPcos'd—n*sin’ ),

only fluctuations perpendicular to the missing row direction (13

are allowed, and then we will consider the one-dimensional

solid-on-solid model with only fluctuations parallel to the c=(1+e ?Aeoon)(1+ e Alewwrt €aad), (14
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m=2e~ Aeoon)(1 — g~ Alewirt €aad) (15) step. By substitution of Eq17) into Eq. (9), the expression
for the step free energy in the perpendicular fluctuation ap-

and proximation becomes

n=2e Aleurt€3390/2(1 — @ 2F¢[001y). (16)
The factorsy2 for the cosine, 1/2 for the sine, and,8/ for —  |sing| €111~ €33

V2 . B fL(B)=[INZ($)] e + cog )
the tangent reflect the ratio between the lengths of step seg- 2Ba J2a
ments parallel and perpendicular to the missing rows.

g €111 €331
E. Perpendicular fluctuation approximation 2

Next, we calculate the step free energy o) using 2 cos —Tz( )+ 1/z(
a one-dimensional solid-on-solid mod&IThis model con- +1 ( hjﬂe[oo.l]) [2(¢) (¢)]”
2 sink{( Bejgo1))

siders steps containing excursions in only one direction. Be-
cause we know that @31)-step segment is higher in energy \/§| cosg|
than a(111)-step segment, it seems logical to consider only X ——.
step configurations consisting ¢f11)- and[001]-step seg- pa
ments, such as shown in Fig(bJ. This approximation was
used by Carlon and van Beijerérfor the calculation of the
free energy of(111) steps, probably because it avoided the
difficulty introducgd by the existence of two different step By contrast with the assumption underlying the perpen-
types along th¢110] direction. We will call this model the dicular fluctuation approximation, perpendicular fluctuations
perpendicular fluctuation approximation, because the alare never observed in STM imagéd low and modest tem-
lowed fluctuations are all in the direction perpendicular toperaturel and they are only expected to occur at high tem-
the missing rows. For steps parallel to the missing rogs ( peratures near the phase transition of th¢lA0) surface. At
~0 and ¢~ ) this is a good approximation, but for steps lower temperatures, almost all fluctuations are parallel to the

perpendicular to the missing rows)& /2 and ¢~ 37/2) 20-22 3s jllustrated in Fig. ®).

(20

F. Parallel fluctuation approximation

missing-row(MR) direction?
the model breaks down, because such steps simply canndbe reason for this is that the formation energy dbail-
fluctuate in thg001] direction. In this model, the expression step segment, perpendicular to the MR's, is higyg
for the free energy per unit length of an infinitely lofl)) =200 meV The formation energy of a single perpendicu-
step with an angleb to the missing rows has been shown to lar fluctuation is 2 times this amount, 400 meV. The forma-

belB,lQ
|sin | V2|cosd|
1 111( @) = €001 oa €T 4
|sing|

+In2($)~ Beroon]l 5 g5

+M 2 cosh Begoony) ~ [2( ) + 1i( ¢>]) }
2 sinf( Bepgoa))
V2|cos|
XT,
where8=1/(kT) and

17

_ cosh Begoon) t( ) + Vi+ sinkP( Beqoor) t( )

29) 171(¢)

(18
with

() =|tan( $)|/2\2, (19)

and a is the lattice constant of A4.08 A). The first two

tion energy of a parallel fluctuation is the sum of the forma-
tion energiesess; of a (331)-step segment and;;; of a
(111)-step segment, which is as low as 19 nt&% There-
fore a model that considers only steps with parallel fluctua-
tions should provide a much better approximation to the step
free energy. We will call this the parallel fluctuation approxi-
mation. It is good for steps perpendicular to the MR& (

~ /2 and ¢~ 37/2), but it makes less sense for steps par-
allel to the MR’s (¢~0 and¢~ 7), because the latter steps
can only contain perpendicular fluctuations.

The solid-on-solid modefe.g., Eq.(7) of Ref. 17, in
combination with Egs(6) and(9), immediately produces the
step free energy per unit length in the parallel fluctuation
approximation:

€111~ €331 In z($) /2| cosd|
coS¢p+
J2a Ba

2 cosiB( €3zt €111)/2)—[2(p) + 1/z(p)]
2 sinh( B( €331+ €111)/2)

|sin |
JFf[oouf

fi(é)=

|sin¢|
X

2pa’ (21)

terms in Eq.(17) represent the ground-state energy of thewith
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cosH B( esg1+ €11)/2]t( ) + 1+ SN[ B €331+ €111)/2]t%(p)

2(¢)= 1+109) (22
|
and for a narrow range of step orientations arOl[rjd_LO] indi-
B cated with the solid lines. On this scale, the inner contours of
t(¢)=212|cot( ). 23 the parallel and perpendicular fluctuation free-energy curves

This result can also be obtained from E#7) by an appro-  coincide for all temperatures with the corresponding curve of
priate scale transformation and replacement of step segmefite Ising model, and the same holds for the island shapes. In
energies for the ground state of the step and for the fluctuareality, both solid-on-solid-approximations coincide with the

tions. exact Ising expression for the step free energy only at 0 K, as
there is no entropy in play. However, because both approxi-

V. EQUILIBRIUM ISLAND SHAPE mations do not considell possible step configuratioriBig.
] ) o 7), they both overestimate all free-energy values at all non-

In this section we employ the three descriptions of the,g;q temperatures. This means, that for eaghTj combi-

step free energy(¢) on Au(110) to predict the equilibrium  ha4ion  theloweststep free energy predicted by the two ap-
shapes of two different types of islands on this surface

o . : roximations is closest to theue step free energy of the
namely, the asymmetric islands, introduced in Secs. Il an$5

. ; ing model.
lll, and a symmetric-type island that can be formed by more The previous argument is not entirely correct, because
complex step combinations.

there is, apart from the allowed directions of fluctuations,
one additional difference between the Ising model and the
solid-on-solid models: the Ising model includes the possibil-
The temperature-dependent contour of the asymmetric vaty of forming extra clusters of adatoms on the lower terrace
cancy islands can be seen in Fig. 10, for each of the threand clusters of vacancies inside the higher terrace, which is
approximations to the step free-energy. The thin lines are theot permitted in the solid-on-solid models. The step free en-
free energy curves and the thick lines are the island contourgrgy is defined as the difference between the free energies of
The dotted lines represent the Ising model and the paralled surface with and without a step. When a step is introduced,
fluctuation approximation, which cannot be distinguished orthe contribution to the free energy of the adatom and vacancy
this scale for temperatures up to at least 400 K. At 600 K, thelusters is lowered, since the clusters at the position of the
Ising free energy and island contour are described better bstep are forbidden. This increases the Ising step free energy
the results from the perpendicular fluctuation approximationglightly. The surprising consequence is that the results for the

A. Free energy of asymmetric islands

0K 200K 400K 600K

25¢

1 [1&
25+ _ LB : : : — 1
10 0 10 5 0 5 505 505

FIG. 10. Wulff constructions for the Ising model and the parallel fluctuation approximédotied curves and the perpendicular
fluctuation approximatiorisolid curves, for different temperatures. The thin curves are the step free-energies and the thick curves are the
equilibrium island shapes. On this scale, the step free energy of the Ising model coincides with the combined inner contour of the free energy
curves for the two solid-on-solid approximations. Similarly, the Ising island shape follows the inner contour of the two other island shapes.
For all three models the shape is perfectly symmetric at all temperatures. The dots are the results of Monte Carlo calculations of the step free
energy. The energies are indicated as meV/A. Used step segment energigg;a®7 meV, e33=15.3 meV, andejgo;;=200 meV
(Refs. 11 and 16 The directions of th¢110] and[001] steps are indicated by the arrows.
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parallel fluctuation approximation are identical to those forzero. At that temperature, the surface can créhtd) steps
the Ising model for th¢001] step orientation, while the re- without raising its free energy. As a consequence, the surface
sults for the perpendicular approximation are identical togoes through the so-called roughening transition, which is of

those for the Ising model for both types p110]-steps. the Kosterlitz-Thouless typ€.1t may seem that a prolifera-
These identities hold for all temperaturésdowever, for all  tion of (111 steps is impossible without the generation of an
other directions, the free energy of the Ising model is lowerequally high density of331) steps. This would mean that the
than the free energies of both solid-on-solid islands, including(11l) steps with a negative free energy,
approximationg® would be (metgstable, because the sum of thELD- and
Parallel fluctuations exist already at low temperatures, dué331)-step free energies is positive. However, alternative step
to their low creation energy. Therefore, the free energy of &onfigurations are possible, which have offl{1) steps, and
[001] step, which can, to first approximatiomo “over- completely avoid331) stepst! Therefore, a Wulff construc-
hangs,” i.e., no perpendicular fluctuations on top of paralleftion with a Wulff point lying outside the equilibrium island
excursiony, only contain parallel fluctuations, is approxi- Shape, such as proposed by van Beijeren and Ndftel
mated best by the parallel fluctuation model, rather than by?0t occur on this surface. In reality, another phase transition
the perpendicular fluctuation model, which just gives the crels thought to take place close to, but possibly below the
ation energy for this step direction. Because perpendiculaioughening transition. When the free energy of domain
fluctuations occur only at high temperatures, due to theiPoundaries in the MRR becomes zero, the MRR vanishes.
high creation energy, the free energy dfiaL0] step, which This is called the deconstruction transition, first found by

can, to first approximation, only contain perpendicular quc-WOIf etal.in a low-energy electron diffractio(LEED) ex-

tuations, is almost equal to its creation energy and can ther eriment on A110.™ Bak predicted that the deconstruction

fore be described by either of the two solid-on-solid modelg> of the Ising typé,” after which Campuzanet al. were the

for temperatures that are not too high. When perpendiculafllrSt to report experimental evidence for the Ising character

fluctuations become important, the parallel fluctuation ap_of the transitior® The first detailed theoretical description of

imation fails for th his is th the transition for the specific case of a MR reconstructed
proximation fails for the[110] steps. However, this is the g, 206 sych as AlL0), was given by Villain and Vilfar®

case only at very high temperatures. As can be seen foRy, g terplay between the two phase transitions, noticed al-
Fig. 10, f is indeed th_e bgtter description of the step freeready in Ref. 30, was worked out by Vilfan and Villdfrand
energy for most step directions at all temperatures. Only fope, Njjs32 Spresseret al. found the two transitions to occur
steps almost parallel to thd 10] direction,f, yields a bet- on Au110) at separate temperatures in a thermal energy
ter approximation. As a consequence, the island shape pretom scatterind TEAS) experiment® A similar conclusion
dicted by the perpendicular approximation lies outside theyas reached in medium-energy ion scatte(ié|S) experi-

one predicted by the parallel approximation, except for smalments by Romahnet al3* Mazzeo et al*>® and Barbier
portions on the[110] sides of the shape that lie on the et al2® also found separate transitions in Monte Carlo simu-
inside. When the temperature is raised, these portions idation studies. Sturmagt al. have attempted to observe the
crease. This can be seen from the shapes at 600 K in Fig. 18vo transitions with STM?*

The figure also shows results of Monte CafdC) calcula- If the deconstruction transition takes place at a lower tem-
tions of the free energgsee the Appendix In the MC simu-  perature, separate from the roughening transition, the rough-
lation, both parallel and perpendicular fluctuations were al€ning transition takes place on a deconstructed surface, the
lowed. The difference between the model used for the MGo-called disordered flat pha¥eThe models, treated in the
calculations and the Ising model is that the MC simulationpresent paper, are only valid for the X2) reconstructed

did not allow for step configurations with adatom clusters onAu(110 surface, i.e., not for the disordered flat phase. They
the lower terrace or vacancies in the higher terrace. Neveshould therefore be expected to yield bad estimates for the
theless, even for high temperatures, the MC results coincideoughening temperature.

nicely with the free energy from the Ising model, which

shows that such clusters have a negligible effect on the step
free energies. C. Symmetric islands

The symmetric shape with botf111) and (331) steps,
described in the previous section and illustrated in Figs. 4
and 10, is only observed for relatively small vacancy islands

The contour shapes of the islands in Fig. 10 are, for alltypically below 80 nri). All structures on A@110) with
temperatures, totally symmetric with respect to the same331) steps appear to be metastablalthough (331)-step
symmetry axis at a distance=(es3;— €117)/\/2 from the  segments occur in combination witth11)-step segments as
Waulff point. At O K the island shape is rectangular. For anyfluctuations in[001] steps, extended331) steps are only
nonzero temperature, there are no straight steps, steps beifoguind in experiments, when created artificially by low dose
rough at all finite temperatures. When the temperature is insputtering of the AL10) surface. All larger adatom and va-
creased, the contour shape initially becomes shorter, whileancy islands adopt alternative configurations, witi1)
the width staygnearly constant. At 600 K, also a change in steps on both sides. The resulting problem with the phase of
the width can be seen. When the temperature is increaséde missing-row reconstructiofsee Fig. 2 is eliminated by
even further, the step free energy of 1tid1) step becomes introducing networks of stepS A pattern of crossing steps is

B. Temperature dependence of asymmetric islands
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FIG. 11. (a) WuIff construction of a metastable vacancy island <
in Au(110 for T=400 K, according to the Ising model. The stable
equilibrium shape of islands on ALLO), with only (111)-type steps,
can be obtained by mirroring th&11) side(thick line) of the asym-
metric Wulff construction in theévertical) [ 110] axis through the
Waulff point. (b) Wulff construction of the stable equilibrium shape
of adatom and vacancy islands for=400 K. The aspect ratio is
defined ad/b and 2, is the sharp angle of the almond-shaped 251

island. The energies are expressed in meV/A. The directions of the 5 0 5
[110] and[001] steps are indicated by the arrows.

FIG. 12. Comparison of sing, f, , fj and MC calculations for
) ) ) ) almond-shaped islands at=600 K. The energies are expressed in
formed with one family of curved steps forming the right- meV/A. The directions of th¢110] and[001] steps are indicated

hand S|de§ of islands and a mirrored .fam|ly of mtersectmgOy the arrows. On the sca!e ‘?f th.e left parfgl;,, and f; (dotted
steps forming the left-hand sides. In this way, all steps are Ofne) coincide, whilef, (solid) is higher for almost all angles. As
the low-energy(111) type, while the creation of domain can pe seen from the magnified insets, only for a small range of
_boundf_slrles n the MRR is avoided. A second solution XISt ientations around tr[éLTO]-step direction i, lower thanf. In
in configurations with four steps, two upward and two down-yhe |ower magnified inset, free-energy values obtained with the
ward, which all erlld in the same two points, which are calledging model are indicated with square dots. On this scale, the free-
termination sites This results in, e.g., double-height is- energy values obtained with the Ising model cannot be distin-
|ar!d571¥Vhere the upper and lower levels “touch” in two guished from the inner contour of the free energies of the two
points: ) solid-on-solid modelsf, has a minimum for steps alofig 10] and

The contour shape of vacancy and adatom islands 08 maximum cusp for steps alop@01], while f; has maximacusps
Au(110 with (111) steps on both sides can easily be derivediy poth directions. The dots are the results of Monte Carlo simula-
from Eg. (10), (20), or (21) via a slightly modified Wulff  tions of the free energy. In the upper magnified inset it can be seen
construction. The polar-step free-energy plot is made Symthat the Monte Carlo points always almost coincide with the Ising
metric in this case, by forcing it to consist of the free energymodel and the lower of the two solid-on-solid free energy values.
of (111)-like steps on both sides. Therefore, we can find theThe fact that most of the values obtained from the MC simulation
shape by mirroring the right part of the step free energy plotre slightly higher is a consequence of the finite length of the steps

and island shape of Fig. (4 in the vertical[110] axis [N the simulation.

through the Wulff point[Fig. 11(b)]. The formulas for the . . .

step free energy of the almonds in the Ising model and in th&f the contour shapgFig. 11(b)], were fitted. It was possible
perpendicular and parallel fluctuation approximations carf© obtain values for all step free energies, because the sum
therefore easily be obtained from the asymmetric island fre¢ssit €11=19+1 meV had been measured independently
energies, Eqs(10), (20), and (21), by replacing all cogp  In Ref. 23. The results for the step segment energies are
terms with|cos¢|. The result has a peculiar, sharp-cornered,€111=3.7+0.5 meV, €33,=15.3*1.1 meV, and €[y
almondlike shape, which was also predicted in Ref. 19 from~200=60 meV. These are the values used for all Wulff
the Wulff construction within the perpendicular fluctuation constructions in this paper.

approximation[Eq. (20)] and which is indeed observed on  Figure 12 compareds,q, |, f,, and Monte Carlo
Au(110.** In Ref. 15, the energies of the different step seg-Simulation results for. a!mond—shaped islandsTat600 K. '
Ments,ess;, €111, @ndepooy;, have been determined from fits As for _the asym_metrlc islands in Sec. V A, the e_xact Ising
of the Wulff construction in Fig. 1(b) to the observed shapes shape is approximated best fjyover almost the entire range

at a range of temperatures. In particular, the anglef step orientations. There is only a small range around the
2¢o( €331, €111, €[001], T) Of the sharp corner of the observed [110]-step direction, for whichf, provides the better ap-
almonds [Fig. 11(b)] and the island aspect ratio proximation tof 4. Itis exactly this range that determines
A(€331,€111,€[001], T) =1/b, with | the length andb the width  the width b of the almond[see Fig. 1b)] via the Wulff
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0K 200K 400K 600K

257

FIG. 13. Polar free-energy plots for the Ising
model and the parallel fluctuation approximation
(dotted curvek the perpendicular fluctuation ap-
proximation(solid curveg, and from MC calcu-
lations (dotg, of (111)-like steps on A@10) for
different temperatures, together with the equilib-
rium almond island shapdthick curves$. As the
temperature rises, the aspect ratio initially de-
creases, then increases again, and finally diverges
when f(¢=0) decreases to zero. The energies
are expressed in meV/A. The directions of the

[110] and[001] steps are indicated by the ar-
rows.

25+ 4+ —L—21 —t "
10 0 10 50 5 505 50 5

construction. It is less straightforward to see which portion In general, at nonzero temperatures, equilibrium island
of the free-energy plot determines the lengti the almond. shapes are continuously differentiable. For example, the
Via the WuIff construction, the end points of the almond symmetric islands on Ad10) of Fig. 10 are rectangular only
shape correspond to the value of the free energy at the a&t 0 K, but as soon as entropy comes into play, the corners
mond anglep, [see Fig. 11b)]. For temperatures below 625 become rounded. However, the equilibrium shape of Fig.
K, when ¢ is at least a few degreefy(¢,) is smaller than  11(b) doeshave sharp corners. This is a peculiar conse-
f, (¢0), and the length, obtained from the Ising model, is quence of the presence of a domain boundary in the sur-
described most accurately lfy. For very high temperatures rounding terrace, at each of those points. On both sides of the
(>625 K), however, when the island width decreases drasdomain boundary the steps can assume their most favorable
tically, the angleg, also decreases arid , which is smaller ~ orientation, independent of each other. When we compare
than f; for small angles, describes the length of the islandssteps at angles- ¢ and — ¢ to the[001] direction, the step
most accurately. The temperature dependence of the almoneth more(111)- than(331)-step segments has a lowéree)
shapes will be treated further in Sec. V E. energy than the other one with mo{@31)- than (111)-step
segments. Therefore, at any nonzero temperature, the steps
on both sides of the domain boundary will adopt an angle at
which they have morg€111)- than (331)-step segments on
average. As a result, the steps will meet each other under a
Under normal circumstances, a polar-step free-energy plaionzero angle at the domain boundary.
cannot contain cusps fof >0.38-4! However, in Fig. 12
there are several cusps. For thelO]-step direction,f, _
shows the typical minimuntno cusp for a step in a low- E. Temperature dependence_ of the symmetric Wulff
index direction. By contrasf, has a cusp-type maximum in construction
this direction. The reason for this is that in the parallel fluc- The temperature dependence of the almond shape can be
tuation model th¢ 110] step cannot make any fluctuations. seen in Fig. 13, together with the three models for the free
Thereforef (4#=0) is not a function of temperature, and it is energy. Thin lines are the free-energy curves and thick lines
identical to the formation energy2e;;,/a. For the same the island contours. The dotted lines represent the Ising
reasonf, has a cusp-type maximum for th@01] step direc- model and the parallel fluctuation approximation, and the
tion, at a temperature-independent value gy /2a. Also f| solid lines correspond to the perpendicular fluctuation ap-
has a Cusp_type maximum for trﬁgo_’u_step direction, but prOleatlon. As In Flg 10, the inner contour of the curves
unlike the previous cusps, this maximum is a function offor the parallel and perpendicular fluctuation approximations
temperature. At first sight this may seem impossible, becauseoincides with the Ising model on this scale. At zero tem-
[001] stepscanfluctuate in this model. The reason why there Perature, the three models coincide, and the island shape is
is a cusp-type maximum is that the almond-shaped island ikectangular. Because the formation energy of perpendicular
not bounded by a single closed step, like the usual island, bdtuctuations is very high, the free energy of steps in the
rather by two different111) steps. The cusplike maxima for [110] direction hardly changes when the temperature is
the[001]-step direction of the polar-step free-energy plot areraised. The parallel fluctuations, however, set in at a much
the points where the free-energy curves for the tdibl) lower temperature, and therefofe,;,, and f; immediately
steps meet. The free energy of the Ising model shows exactlyegin to decrease for all nonzeth As a consequence, the
the same shape as the parallel fluctuation model around thigctangle immediately changes into an almond and then be-
cusp. comes progressively shorter. As a result, the aspect ratio de-

D. Cusps in the free-energy plots: Sharp corners
in the equilibrium shape
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820 tanced from the Wulff point, if the free energf/(¢) satisfies

£ 181 f(7— ¢)=1(¢)+2d cos(p) for every anglesp.

§16_ We have calculated the step free energy with the two-

_§ dimensional Ising model, where fluctuations of steps are al-

g 14 lowed both parallel and perpendicular to the missing-row

% 121 direction, and we have considered two approximations to the
step free energy, based on a one-dimensional solid-on-solid

0 T T T T T
400 500 600 700 model. One model considers only step fluctuations perpen-
TK) dicular to the MR’s, while the other allows only step fluctua-

FIG. 14. Aspect ratio vs temperature for the almond shapes oHOﬂS perpendicular to the MR's. Due to the low formation

Au(110. The aspect ratio first decreases and then goes to infinity &t1€rdY Of parallel fluctuationsy provides the best approxi-
the roughening transition. mation to the step free energy for most step orientations.

Only steps very close to the perfect MR orientation are better

creases somewhat. Above 500 K, the effecfasf1] fluctua- ~ described by, . _ _

tions becomes noticeable, and the width of the almonds The second, stable type of island that we considered, has
decreases. The aspect ratio diverges whegp, (and f,) only (111)-type steps. For these islands, the Wulff construc-
becomes zero, for steps in t[ﬂaTO] direction. This behavior t|?nh|s ?y|||”nmetr|c. lt.'s obtalneq by_ using Qr;]Iy thELY) parth

of the aspect ratio is different from that of islands on a® .t e full construction a}nd mirroring It with respect .tOt e
simple rectangular surface, where the step free energies in &S paraliel to the MR direction, through the Wulff point. As

L ; . & function of temperature, the aspect ratio of these almond-
directions vanish simultaneously. Usually, when the step fre haped islands first decreases, before it diverges at the rough-
energy vanishes for one of the main directions, the step freg 1aP ' 9 9

€ning temperature.

energy for the other main direction also has to vanish, be- Monte Carlo calculations of the step free energy were

cause its step fluctuations, which consist of excursions anngerformed in which both parallel and perpendicular fluctua-
the first main direction, involve no additional free energy. On_. ’ both p - Perp
tions were allowed, like in the Ising model. At each tempera-

the MRR surface, first th€l11)-step free energy vanishes.
. o ture the MC results accurately reproduce the results of the
The[OOl]—?tep]free energy rem]:a ns p(ljsiltlve,hbeé:auie ﬂL:thual_sing model and follow the inn):ar crc))ntour of the two energy
tions in a[001] step consist of equal lengths {@11) an . .
: curves,f; andf, , obtained analytically for the parallel and
(331 steps. The free energy of th@01] step vanishes only or end|i‘cular ﬁuctuation a rogimati())/ns P
when these fluctuations cost zero free energy, that is, whele™P PP '

the free energy of @111 step is equal to minus the free
energy of a331) step. The divergence of the aspect ratio, at ACKNOWLEDGMENTS
the temperature at which tl&11)-step free energy vanishes,

corresponds to a roughening transition of {i&0] surface. an voor Fundamenteel Onderzoek der MatelEOM) and

Figure 14 is a graph of the aspect ratio as a function of_ % : p faati
temperature, obtained from the Ising model. The vertical ”ne{f‘oc];lrn\?\?ei?rlllgc; :sgglzjtlf%r?ge:gce)ek:ﬂ\lsyg)r landse Organisatie

is the asymptote at the roughening transition. Because the
model does not consider the deconstruction transition, these

results cannot be trusted at temperatures close to and above =~ APPENDIX: MONTE CARLO SIMULATION
the deconstruction temperatufg, which is believed to lie

This work is part of the research program of the “Stich-

333942 43 We used a Monte Carlo simulation for calculating the step
between 654 K and 765 R#33%42%For the same reason, freq energy as a function of temperature and orientation, al-
the value of the roughening temperatureTef=673 K, ob- |5ying all steps to have excursions parallel and perpendicu-
tained here from the Ising model, should only be considereg,; i5'the MR direction. An example of such a step is shown

as a coarse estimate of the true roughening temperature gf rig 7(a). It consists of step segments in all four directions.
Au(110), which is thought to be about 50 K above the de-|n the simulations, such configurations were generated for

construction temperaturé. long step sections, typically a few hundred lattice constants,
for each orientation, according to the Metropolis algoritfm.
VI. SUMMARY To calculate the free energy of the step, it is enough to count

In summary, we have considered the theory of equilibriurt'® NUMber of occurrencesg, of just one of the possible
shapes for two types ofvacancy islands on the (k2) energy stateg;, for which the number of different configu-
missing-row reconstructed ALLO) surface. The first type, rationsCg, is known. The total free enerdy of the step is
which is metastable, can only be created artificially. It has anhen
asymmetric internal structure, with(831)-type step on one
side and a111)-type step on the other. Although the Wulff F=E+ kTIn(NEi)—kTIn(CEi)— KTIN(Nio), (AL)
point does not coincide with the center of the island, the
island shape observed in experiments is symmetric, whiclwvhereN,,; is the total number of step configurations gener-
shows that(331) and (111) kinks are equal in energy. We ated in the simulation. It is straightforward to calculate the
have shown that an asymmetric polar-step free-energy pldbtal number of configurations with-step segments to the
can indeed produce an island with a symmetry axis at a disight, zero-step segments to the leftistep segments upward,
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and d-step segments downward. First choopeplaces zero step segments to the laftstep segments upward, add
[1<p<min(d,r+1) if d>0 andu=0; 1<sp<min(dr) if d  step segments downward is

>0 andu>0; p=0 if d=0] between the horizontal step

segments where the step goes downward. These places can

min(d,r)
i r+1\(d—1\(r—p+
be chosen in c= > ( )( B )( p U). (A2)
p=0 P p—1 u
(r+1>
p

The simulation allows for both perpendicular and parallel
fluctuations, but the step configurations which are counted all
Jlave the same fluctuation direction. It is now possible to
predict which step formation energy will occur most fre-
quently and can best be counted during the simulation. The
number of times that a configuration with energyoccurs

ways. We have to distribute theedownward step segments
over these places in such a way that on every place there i
at least one downward step segment. There are

(d_l) during the simulation is proportional to
p—1
possibilities to distribute them, except for the cgsed=0. Ng,xCge™ 5/ T, (A3)

Finally, there arer +1—p places left for the upward step

segments, which gives In this way it becomes possible to efficiently calculate the

free energy of long step sections, of, e.g., 600 lattice con-
(f— p+ U) stants. This is important, because a step of finite length has a
u free energy per unit length, which is higher than that for an
infinitely long step with the same overall orientation, which
possibilities, except for the case-p+1=u=0. So the total introduces a modest finite-size effect, as is visible in the
number of configurations with step segments to the right, lower inset of Fig. 12.
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