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Simplified bond-hyperpolarizability model of second harmonic generation

G. D. Powell, J.-F. Wang, and D. E. Aspnes*
Department of Physics, North Carolina State University, Raleigh, North Carolina 27695-8202

~Received 19 November 2001; published 17 May 2002!

We show that the anisotropies of second-harmonic-generation~SHG! intensities of vicinal ~111! and
(001)Si-SiO2 interfaces can be described accurately as dipole radiation originating from the anharmonic
motion of bond charges strictly along bond directions. This simplified bond-hyperpolarizability model not only
substantially simplifies the description of SHG, but also provides a microscopically physical and mathemati-
cally more efficient picture of the process than those found in standard phenomenological treatments employ-
ing tensor or Fourier coefficients. Using this approach we obtain an analytic solution for the expected response
of ~111! terraces, and by comparing to data show that the effective angles of incidence and observation for the
(111)Si-SiO2 interface are not those measured in the laboratory but correspond to those refracted at the air-
SiO2 interface. For~111! vicinal interfaces at 765 nm SHG absorption is found to occur mainly for the step
bond. The success of this formulation indicates that in many, if not most, cases the description of SHG may be
simpler than that of the linear-optical response.

DOI: 10.1103/PhysRevB.65.205320 PACS number~s!: 42.65.An, 42.65.Ky, 78.68.1m
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I. INTRODUCTION

The development of the femtosecond~fs! laser has gener
ated a significant resurgence of interest in the use
nonlinear-optical~NLO! phenomena as a means of studyi
bulk materials, thin films, interfaces, and surfaces.1,2 NLO
phenomena possess richer selection rules than their lin
optic equivalent, and are therefore intrinsically more pow
ful as diagnostic tools.1–3 In addition, the microscopic sym
metry of surfaces and interfaces is lower than that of b
material, which can provide an additional means of isolat
contributions from these regions. For example, with the
ception of the bulk quadrupole contribution, which is re
tively small for the situations discussed here, seco
harmonic generation~SHG! is forbidden in the bulk of
materials such as Si that possess inversion symmetry, an
amorphous materials such as SiO2 where the bonds are ori
ented in essentially random directions. Thus SHG of o
dized or nitrided Si wafers originates almost entirely from
interface region no more than several atomic layers th
where there is a regular repeating geometry of the bonds
the bonds are asymmetric. As a result SHG has becom
widely used probe for studying the interfaces of this tech
logically important materials system.1,2,4–12

However, NLO spectra remain difficult to acquire relati
to their linear-optical counterparts, so with few exception12

SHG data have been limited to relatively narrow spec
ranges. In addition, first-principles theoretical descriptions
NLO phenomena in general and SHG in particular are hig
arcane, and being based on one-electron energy-band th
are not well adapted to providing direct physical insight
pecially at the level of interface bonding.13 As a result em-
phasis has been placed on acquiring dependences of
intensities on sample azimuths at a single wavelength or
row range of wavelengths, and representing these de
dences either simply as polar plots14 or more usually as
listings of Fourier coefficients.5–12 While this approach
is at least consistent with general phenomenolog
treatments,15–17 it also does not provide much insight, esp
0163-1829/2002/65~20!/205320~8!/$20.00 65 2053
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cially at the level of the individual bonds.
Here, we take a more basic approach for describing

particular SHG of materials and interfaces, not necessa
with the objective of outlining an exact, first-principles m
croscopic formulation but with the goal of providing
framework in which NLO spectra in general and SHG sp
tra in particular can be represented and analyzed at the b
level in simple terms. This framework also accomplishes
secondary objective of representing these data in term
parameters that can be calculated from first principles,
thus also provides a convenient interface between exp
ment and theory. Specifically, we assume that the sys
consists of charges localized in bonds, then follow a thr
step procedure. First, we recognize that the applied fi
causes a displacement of charge~dipole! at each bond site
which varies anharmonically with time under the action
the applied field and appropriate restoring and dissipa
forces. We summarize the nonlinear part of this motion
terms of complex hyperpolarizabilities that can be obtain
in principle by solving the standard equation of motion,
discussed for example by Shen.3 Next, we make the simpli-
fying assumption that for SHG the only relevant anharmo
motion for SHG is that along the bond axis, as discussed
the next paragraphs. Finally, we calculate the far-field int
sity as the square of the superposition of fields radiated
these charges in the dipole approximation. For present
poses we also assume that the relevant bond directions
those of the underlying bulk crystalline material. We sho
that this simplified bond-hyperpolarizability model~SBHM!
leads to an excellent description of SHG signals from b
~111! and (001)Si-SiO2 interfaces, and in addition to bein
mathematically more efficient than previous approaches p
vides new physical insight at the microscopic level, not on
of the interfaces under investigation but also of the phys
of SHG itself.

Bond models have long been used to describe opt
properties, so we make some comments to place the pre
work in perspective. Our description of SHG intensity orig
nating from dipole radiation is reminiscent of the extinctio
©2002 The American Physical Society20-1
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theorem of Ewald and Oseen in linear optics,18–20 which
dates from 1912 and 1915 and will be discussed in m
detail below. Early NLO work21–23 was directed toward de
scribing phenomenologically the dc or low-frequency no
linear susceptibility of bulk materials. This was given a mo
detailed theoretical foundation and extended to surface
centrosymmetric materials by later workers, most nota
Liebsch and Schaich24 for metals, and Schaich an
Mendoza25 and Wijerset al.26 for covalent materials. In par
ticular, Wijerset al. calculate explicitly the far-field intensity
as a superposition of radiation from individual~anharmonic!
dipoles. Pattersonet al.27 also performed cluster calculation
to evaluate the nonlinear susceptibility of As-terminated
and Ge surfaces within a force model. However, the ab
treatments do not make the distinguishing assumption of
present work and thus are led to expressions that are s
ciently complex to require final descriptions in terms of Fo
rier coefficients or phenomenological tensor coefficients.

The assumption that the only relevant charge motion
that along the bond axis is equivalent to assuming that
bonds are rotationally symmetric, since symmetric moti
even if anharmonic, can give rise only to odd orders of n
linearity. The calculations of Pattersonet al.27 show that the
assumption of cylindrical symmetry for individual bonds
not necessarily a good approximation, but we justify its u
because the restricted-motion assumption does provid
highly accurate representation of SHG data with a minim
number of parameters, implying either substantial simplifi
tions or outright cancellations in representations involv
effective bonds. A bond-polarizability model that also i
cludes the assumption of cylindrical symmetry for individu
bonds was recently presented by Mendoza a
co-workers.28,29However, Mendozaet al. describe SHG as a
product of the linear polarizabilities, for which the transver
polarizability must be considered even though the assu
tion of cylindrical symmetry means that its contribution mu
vanish in the final expression for SHG. Hence these work
overlooked the essential simplification that results from t
assumption.

In short, the SBHM~1! incorporates at the most bas
level the intrinsic symmetry of a given system,~2! allows
NLO phenomena to be described with only a very sm
number of bonds~four for the tetrahedrally bonded semico
ductors and their interfaces of interest here!, ~3! yields physi-
cal insight by providing a direct connection between the
served response and the microscopic physical propertie
the individual bonds,~4! is sufficiently simple to allow ana
lytic expressions to be derived, which we show leads to
ther physical insights, and~5! provides a convenient an
simple interface between theory and experiment. For N
phenomena that originate from a region no more than a
atomic layers thick a formulation on the basis of bond pro
erties is clearly more natural, and desirable, than a ba
structure approach where the wave functions are exten
over the entire crystal and the necessary localization ca
achieved only by the coherent superposition of ma
waves.13 In the configurations investigated here four bon
are used but two of the four are effectively equivalent,
ducing the number of complex hyperpolarizabilities requir
20532
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to three. We treat these phenomenologically as fitting par
eters, although they could be calculated from first principl

II. THEORY

A. Basic formulation

Consistent with our assumption that the only releva
charge motion is that along the bond axis, we conside
simple one-dimensional force model as discussed by Sh3

We let the direction of thej th bond in a unit cell or other
appropriate set of bonds be defined by the unit vectorb̂j . We
suppose an applied fieldE¢ e2 ivt, noting that the fieldE¢ j at
the j th bond site may be different fromE¢ owing to contri-
butions from other induced dipoles in the area~local-field
effect!. However, for simplicity we assume here thatEj

5E. Then the motion of the chargeqj along b̂j can be de-
scribed by the equation of motion

F5qjE¢ •b̂je
2 ivt2k1~x2x0!2k2~x2x0!22bdx/dt

5md2x/dt2, ~1!

wherex is the position of the charge,x0 is its equilibrium
position, k1 and k2 are the harmonic~Hooke’s Law! and
anharmonic spring constants, respectively, andb is a fric-
tional coefficient representing losses. Assuming thatx can be
written

x5x01Dx1e2 ivt1Dx2e2 i2vt, ~2!

it follows that to lowest order the linearp1 j and first-order
nonlinearp2 j parts of the induced dipolep¢ j5qjDx¢ j corre-
sponding to thej th charge are given in this model by

p1 j5qjDx15
qj

2E¢ •b̂j

k12mv22 ibv
5a1 j~ b̂j•E¢ !, ~3a!

p2 j5qjDx25
qjk2Dx1

2

k124mv22 ib2v
5a2 j~ b̂j•E¢ !2, ~3b!

wherea1 j anda2 j are the microscopic~first-order! polariz-
ability and ~second-order! hyperpolarizability, respectively
of the j th bond. Since the displacementDx2 is assumed to be
along the bond axis, we can write the associated polariza
per unit volumeP¢ as the sum of the individual polarization
which with the above assumptions becomes to within a s
ing factor

P¢5
1

V (
j

p¢ j5
1

V (
j

~a1 j b̂j b̂j !•E¢ 1
1

V (
j

~a2 j b̂j b̂j b̂j !••E¢ E¢

~4a!

5x1•E¢ 1x2••E¢ E¢ , ~4b!

where V is the volume andx1 and x2 are the linear and
second-order-nonlinear susceptibility tensors, respectively
the system. Thus in this model the different orders of susc
tibilities can be defined in intrinsic terms as sums of dyad
triadic, etc. products of the bonds, with the influence of t
0-2
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SIMPLIFIED BOND-HYPERPOLARIZABILITY MODEL . . . PHYSICAL REVIEW B 65 205320
applied fields and the description of the observed radia
both represented as external operators. Extensions to h
orders are obvious.

For SHG we are not interested in the susceptibility tens
x1 andx2 directly, but instead in the far-field radiated inte
sity. Using the assumption that the bond charges radiat
dipoles, we can express the radiation observed in the far-
regime by the fieldE¢ f f , where

E¢ f f k25
eikr

r F(
j

pj2 k̂S k̂•(
j

pj D G ~5a!

5k2
eikr

r
@ I2 k̂• k̂#(

j
pj , ~5b!

whereI is the unit tensor andk5kk̂ is the unit vector in the
direction of the observer. By Eqs.~4! and ~5b!, x2 and the
observed SHG intensity are connected by the sum o
bonds, which is common to both expressions. For this rea
SHG can be described in terms of a bulk susceptibility e
though in our case the sum over bonds is used for a diffe
purpose.

B. Bulk nonlinear susceptibility of tetrahedral semiconductors

As an example we consider the bulk polarization respo
of the cubic group IV and III-V semiconductors having fo
tetrahedral bonds per unit cell. In the bulk these bonds ar
equivalent except for direction, whencea j5a for all j.
However, for the second-order calculation~but not the first!
it is important that the directions be all defined consisten
for example, pointing from an atom of typeA toward an
atom of typeB, since it follows from Eq.~4a! that for even
susceptibilities a reversal of the direction of thej th bond is
equivalent to a change of sign ofa j . Accordingly, placing an
atom of typeA at the origin of a standard face-centered-cu
coordinate system we have the four unit vectors

b̂15~ x̂1 ŷ1 ẑ!/), ~6a!

b̂25~ x̂2 ŷ2 ẑ!/), ~6b!

b̂35~2 x̂1 ŷ2 ẑ!/), ~6c!

b̂45~2 x̂2 ŷ1 ẑ!/). ~6d!

It follows immediately that a1S j b̂j b̂j54a1I /3, and
a2S j b̂j b̂j b̂j5(8)a2/3)x̂ŷẑ, wherea1 anda2 are the linear
polarizability and first-order nonlinear hyperpolarizabilit
respectively, parallel to the bonds. The former result is p
haps the simplest proof that the tetragonally bonded cu
semiconductors are optically isotropic even when the mic
scopic polarizable species themselves are completely an
tropic. The latter result exhibits the tensor character expe
for x2 from the bulk of these materials. For crystals wi
inversion symmetrya250, so SHG does not occur.
20532
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C. Interface response: Analytic solutions for SHG intensities
for singular „111… and „001… Si interfaces

We consider next SHG signals from simple interfac
specifically those SHG intensities that are expected to a
from interfaces formed on singular~111! and~001! surfaces.
In the former case there are two classes of interface bond
single bond perpendicular to the interface plane, and th
equivalent bonds between the interface-plane atoms
those in the plane below as shown on the left side of Fig
Calculations are done most efficiently in a coordinate sys
where one of the bonds and thez axis are both normal to the
interface and where one of the three equivalent bonds lie
the xz plane. In this case we assign to the vertical~up! bond
a complex hyperpolarizabilityau and to the back~down!
bonds a hyperpolarizabilityad . In fact for vicinal interfaces,
one of the three down bonds will become inequivalent to
other two, including both step and terrace contributions.
recognize this inequivalency by defining in Fig. 1 and belo
a step bond to perform this function, although in deriving t
analytic result we take it to be equivalent to the other tw
While some differences in orientation can be expected w
respect to the bulk-bond directions, for simplicity and on t
basis of a likely result of statistical averaging we assume
the bond vectors at the interface are the same as those i
bulk. In this case the four interface bonds are described
the following.

Up bond:

b̂15 ẑ, ~7a!

step bond:

b̂25
A8

3
x̂2

1

3
ẑ, ~7b!

back bonds:

b̂352
&

3
x̂1

A6

3
ŷ2

1

3
ẑ, ~7c!

b̂452
&

3
x̂2

A6

3
ŷ2

1

3
ẑ. ~7d!

Note that, as in the bulk of III-V materials, we are using t
convention that all bonds, including the lower three, po
away from the Si atom in the outermost plane.

The two normal modes,s and p polarization, of the in-
coming and outgoing beams lead to four observational co

FIG. 1. Schematic of the bonds used in the calculations.
0-3
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binations conventionally labeledp-p, p-s, s-p, ands-s, where
the first and second letters refer to the polarizations of
incident and emerging beams, respectively. Assuming an
coming angle of incidenceu i , the incoming s- and
p-polarized beams are given byE¢ s5Esŷ and E¢ p
5Ep(2 x̂ cosui 1ẑsinui), respectively. Assuming an obse
vation angleuo , the k vector of the outgoing wave is give
by k̂52 x̂ sinuo1ẑcosuo. Using these values with the abov
expressions for the bond directions and Eqs.~4a! and ~5b!,
we obtain the following relations for the radiated field in t
far-field region in terms of unit input field.

For thep-p case:

E¢ f f5@ x̂ cosuo1 ẑsinuo#@au sin2 u i sinuo

1ad~cos3 b sin2 u i sinuo

1 3
4 sinb sin 2b~cos2 u i sinuo2sin 2u i cosuo!

1 3
4 sin3 b cos2 u i cosuo cos 3f!#, ~8a!

for the p-s case:

E¢ f f5 ŷ 3
4 ad sin3 b cos2 u i sin 3f, ~8b!

for the s-p case:

E¢ f f5@ x̂ cosuo1 ẑsinuo#@ 3
4 ad~2sin3 b cosuo cos 3f

1sinb sin 2b sinuo!#, ~8c!

for the s-scase:

E¢ f f52 ŷ 3
4 ad sin3 b sin 3f, ~8d!

where b5109.47° is the bond angle, andf is measured
from the xz plane. To calculate the intensity we take t
absolute square of these fields.

For the singular, that is, single-domain~001! interface the
equivalent bonds occur in pairs, as shown on the right sid
Fig. 1, and thus the~001! result cannot be obtained simply a
a rotation of the~111! result above. In principle this could b
done if we assume that a second step bond is incorpor
into the formalism, but we proceed by a different route. Co
sidering first a single-domain interface we use a coordin
system where the upper and lower bonds lie in thexzandyz
planes, respectively, and have complex hyperpolarizabili
au and a l , respectively. Again, taking the bonds to be t
same as those in the bulk the upperb̂1,2 and lowerb̂3,4 bond
vectors can be written

b̂1,256A2

3
x̂1A1

3
ẑ, ~9a,b!

b̂3,456A2

3
ŷ1A1

3
ẑ. ~9c,d!

Here, we choose directions that make thez-axis projections
of all bonds positive~all bonds pointing toward the interface!
because we will also use the resulting equations to desc
macroscopically double-domain~001! interfaces. Performing
the same calculation as before yields, in simplest mathem
20532
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For thep-p case:

E¢ f f5@ x̂ cosuo1 ẑsinuo#@~au1a l !~2 cos3 b sin2 u i sinuo

2 1
2 sinb sin 2b~sin 2u i cosuo2cos2 u i sinuo!!

2 1
2 ~au2a l !sinb sin 2b~sin 2u i cosuo

2cos2 u i sinuo!cos 2f#, ~10a!

for the p-s case:

E¢ f f52 ŷ
1

2
~au2a l !sinb sin 2b sin 2u i sin 2f,

~10b!

for the s-p case:

E¢ f f5@x¢ cosuo1 ẑsinuo# 1
2 sinb sin 2b sinuo@~au1a l !

2~au2a l !cos 2f#, ~10c!

and for thes-scase:

E¢ f f50, ~10d!

whereau and a l are the hyperpolarizabilities of the uppe
and lower bonds, respectively. The intensity is calculated
taking the absolute square.

Real on-axis~001! Si interfaces are not singular but con
sist of statistically equal areas of two inequivalent doma
that are rotated by 90° with respect to each other. A mac
scopic beam averages over many such domains, the
sampling statistically equal areas of both. The effect of su
a macroscopic average in Eqs.~10! is to replace bothau and
a l with their average value (au1a l)/2. The result is that the
azimuthal dependences vanish, consistent with gro
theoretical arguments. The effective equivalency of all fo
bonds in this case is the reason why we chose this direc
convention for the~001! interface. For vicinal interfaces th
situation is more complicated, since the lower bonds ass
ated with the step atoms become inequivalent, as also i
cated in Fig. 1.

In least-squares comparisons of the predictions of
SBHM to data on vicinal samples, we evaluate the SBH
numerically, tilting the bonds appropriately and assuming
both nominal~111! and ~001! orientations the most genera
case of independent complex hyperpolarizabilities for
four bonds. This provides a cross check on the data
calculations, since the back and up bonds are expected t
equivalent for vicinal samples in the two cases.

D. Comparison with experiment: Vicinal „111… Si

We assess the validity of the model by applying it to t
data reported in Ref. 8 by Lu¨pke, Bottomley, and van Drie
on an oxidized vicinal~111! Si wafer. These data are appro
priate because all four combinations of polarizations are
ported. Also, the data are given as a table of Fourier coe
cients of the field~Table 6 of Ref. 8!, thereby allowing these
data to be reconstructed numerically as either fields or as
as-measured quantities, the intensities. These data are
malized to the amplitude of the 3f Fourier coefficients of the
fields, so the intrinsic relative-intensity information amon
the different polarization configurations is lost and compa
0-4
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FIG. 2. Comparisons between the SHG data of Lu¨pkeet al. ~points, Ref. 8! and azimuthal dependences calculated with the SBHM~lines!
for a 5° vicinal~111! Si-SiO2 interface. Upper left: Result of least-squares fitting thep-p data. Remaining panels: Dependences predicted
p-s, s-p, ands-susing parameters determined forp-p.
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sons must be done on the basis of lineshapes alone. Ex
mental conditions were as follows: wavelengthl5765 nm,
nominal miscut angle55° toward the@112̄# direction, nomi-
nal angle of incidence545°, and nominal angle o
observation545°. Using their Fourier coefficients we hav
reconstructed their data as intensities, normalizing th
equivalently in our case to the 6f coefficients.

We first determine the~complex! bond hyperpolarizabili-
ties by least-squares fitting the azimuthal variation of
SHG intensity predicted by the model to thep-p data. This
will also determine whether the SBHM adequately spans
necessary mathematical space, i.e., whether it implicitly c
tains the Fourier coefficients needed to represent the da
given in Ref. 8. This will provide the first critical test of th
model. The second critical test follows by examining t
resulting parameters to see whether they are physically
sonable. The third critical test will be to examine whether
parameters determined for thep-p configuration can predic
the azimuthal dependences observed for the SHG inten
for the p-s, s-p, ands-sconfigurations.

However, it is first necessary to decide which angles
incidence and observation should be used in Eqs.~4a! and
~5b!. One possibility is the 45° angle used in the laborato
The others are the values determined by refraction at
outer surface of the SiO2 overlayer as calculated by Snell
law, noting that the refractive indices of SiO2 at l5765 and
382.5 nm are slightly different. Specifically, these indices
n0x51.454 and 1.472, respectively. In the second case, g
the 45° laboratory angles, we would expect the interfa
angles to be 29.1° and 28.7°, respectively. In practice
20532
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difference is too small to be relevant, and if this is the on
factor we can assume the angles of incidence and obse
tion to be equal. We make this assumption, but check it
using the value of the incidence and observation angle a
least-squares fitting parameter along with the vicinal an
and the complex polarizabilities of the four bonds.

The results of the fitting procedure are shown in the up
left panel of Fig. 2. The fit is essentially exact, with a r
sidual ofd50.0039. Thus the SBHM not only has the ne
essary mathematical breadth to represent the data, pa
the first test, but also does it in a mathematically more e
cient manner: excluding normalization, the SBHM repres
tation requires only three hyperpolarizability parameters,
opposed to the four Fourier coefficients listed in Ref. 8. T
parameters obtained are 29.5° for the angles of incidence
observation, 1.12° for the vicinal angle, and 1.771 i0.17,
2.761 i1.43, 2.192 i0.00, and 2.19 for the hyperpolarizabil
ties of the up, step, and two nominally equivalent ba
bonds, respectively. The imaginary part of the hyperpola
ability of one of the back bonds is arbitrarily set equal
zero, since the absolute phase cannot be determined fro
intensity. The low value of the residual essentially makes
uncertainties in the determined parameters meaningless
we list them anyway: 0.04° for the vicinal angle, 0.01° f
the angles of incidence and observation, 0.02 for the hyp
polarizability of the up bond, and about 0.005 for the hyp
polarizabilities of the remaining bonds. We note that the
hyperpolarizabilities scale with the data, hence the
of arbitrary units for the SHG intensity means that t
obtained hyperpolarizabilities have relative value on
0-5
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G. D. POWELL, J.-F. WANG, AND D. E. ASPNES PHYSICAL REVIEW B65 205320
The hyperpolarizabilities appear to be reasonable. In
ticular the hyperpolarizabilities determined for the two ba
bonds are essentially identical, as expected. It is interes
to note that the step bond exhibits the greatest phase d
ence, which is perhaps not surprising since the~effective!
step bond is expected to exhibit the greatest difference w
respect to bulk properties. However, absorption is expec
to be a strong function of energy, and the absorption t
occurs at 765 nm may not be representative of that wh
occurs at other energies. When theoretical calculations
come available the prediction of a large absorption for
step bond, small absorption for the up bond, and essent
no absorption for the back bonds will provide another criti
test of the model. The angles of incidence and observa
are consistent with refraction at the Si-SiO2 interface, but
this agreement should not be taken too seriously at this p
since we find that thep-p fitting results are rather insensitiv
to this parameter. The only significant discrepancy betw
expected and obtained parameters occurs with the vic
angle, for which we have no immediate explanation.

We now assess whether the hyperpolarizabilities de
mined for thep-p configuration predict the results observ
for the remaining three configurations. These are also sh
in Fig. 2. As can be seen, the SBHM provides a very go
representation of the reconstructed intensities if they
scaled by the least-squares-determined values 1.40, 1.93
2.26, respectively. The need for, and physical meaning
these scaling factors can be understood with referenc
Eqs. ~8!. Although Eqs.~8! were derived on the basis of
singular sample and the data are for a nominally 5° vici
sample, we expect that the main effect of a miscut will be
generate additional harmonics, and that the primary~3f and
6f! components of the singular interface will be affect
only to second order.

Equations~8! show that the amplitudes of the 6f coeffi-
cients of all four configurations share the common fac
@3ad sin3 b/4# and differ only in that thep-p, p-s, s-p, ands-s
coefficients are multiplied in addition by cos2 ui cosu0,
cos2 ui , cosu0, and 1, respectively. Thus if we again ma
the reasonable assumption that the angle of incidence eq
the angle of observation the scaling coefficients given in
previous paragraph should equal 1, 1/cos2 u, 1/cos4 u, and
1/cos6 u, respectively, relative to their values for thep-p data.

The best-fit scaling parameters yieldu values of 32.5°,
32.0°, and 29.2° for thep-s, s-p, ands-s configurations, re-
spectively. These values are not only mutually consistent
are also in excellent agreement with the values of 29.1°
28.7° calculated for refraction at the air-SiO2 interface using
the refractive indices of 1.454 and 1.472 for SiO2 at 765 and
382.5 nm, respectively. From this we can also conclude
for this oxidized~111!Si interface the SHG signal originate
mainly from the SiO2 side. Since we can account for th
scaling parameters, the SBHM reproduces thep-s, s-p, and
s-s anisotropies from the same four parameters determ
for the p-p configuration, in contrast to the seven addition
Fourier coefficients that are needed to describe the assoc
fields in Ref. 8.

The absolute square of Eq.~8c! shows that a fifth test is
also possible from the relative amplitudes of the 3f and 6f
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coefficients of the azimuthal dependence for thes-pconfigu-
ration. Assuming that the coefficientsb andc of the 3f and
6f terms have the same phase, it is possible to show

( 1
2 )tanb cotuo5c/b51.00/0.354. Using the bond angleb

5109.47° we finduo526.6°, again in good agreement wit
the above. Thus taking advantage of the capability of
SBHM to lead to an analytic solution, we obtain direct i
formation not only about the bond hyperpolarizabiliti
themselves but also about the basic physical origin of in
face SHG.

E. Comparison with experiment: „001… Si

A thorough analysis of SHG signals obtained in thes-p
configuration for singular and vicinal~001! Si samples, in-
cluding those for a clean single-domain surface, has b
given by Lüpke et al.7 These data clearly show the fourfol
rotationally symmetric bulk quadrupole contribution for th
singular surface and various lower-order contributions
vicinal surfaces. As mentioned above, owing to the ar
fractions of the two domains of a singular~001! Si sample
being statistically equal, the lowest-order NLO contributi
on a macroscopic scale is of the form cos(4f), which re-
quires a fourth-rank tensor for its description and can the
fore only be observed for nonlinearities at and above TH
Thus no interface contribution is expected in SHG for sing
lar Si-SiO2 samples. However, SHG signals can be obtain
on vicinal ~001! c-Si samples miscut by at least several d
grees toward one of the nearest~111! axes.7 Since Lüpke
et al. report SHG anisotropy data for only thes-p configura-
tion and since we believe that a critical test of the SBH
requires such data for more than one configuration, we
quired SHG anisotropy data on vicinal samples oxidized
described above for bothp-p andp-sconfigurations. The data
and fitting results are illustrated in Fig. 3. The angles
incidence and observation were 45° and the wavelength
830 nm. Thep-s data were multiplied by a factor of 4 to
compensate for the different pulse durations and intens
that resulted as a consequence from the need to use diffe
experimental conditions for thep-p andp-s data.

It is clear that, as with the~111! interface, the SBHM
gives a good representation of the data. Here, the value
the least-squares fitting parameters are 12° for the angle
incidence and observation, 7.28° for the vicinal angle, a
1051i30, 1971i55, 1331 i0, and 131 for the hyperpolariz
abilities of the four bonds, again in arbitrary units, where t
phase of the last bond was arbitrarily set equal to zero.
values here are good to within64. The step bond consis
tently shows the highest polarizability and absorption. T
p-s anisotropy is found to be particularly sensitive to t
angles of incidence and observation, and we estimate tha
12° value is determined here to within 3°.

These results are interesting for several reasons. Firs
with the ~111! interface, the SBHM is found to be capable
providing a good mathematical representation of the d
Second, the vicinal angle is recovered to within 2°. Third,
with the ~111! interface two bonds are expected and fou
within experimental uncertainty to be equivalent. Fourth,
angles of incidence and observation are consistent w
0-6
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Snell’s law with a refractive index of 3.4, which indicate
that the SHG signal here is originating predominantly fro
the Si side of the interface. This difference with respect
the ~111! data is probably not unreasonable since the ou
most Si atoms on the~001! terrace are bonded to at least tw
O atoms, as opposed to the~111! terrace atoms where onl
one O atom is involved.

This argument clearly needs refinement, since the ass
ment of the observed anisotropy to terraces is obviously
oversimplification. In fact on the basis of macroscopic sy
metry it may be more reasonable to assign the signal ent
to steps. Nevertheless our linear-anisotropy~reflectance-
difference/anisotropy! data on a series of annealed vicin
(001)Si-SiO2 interfaces show a step phase transition tha
similar to that observed for clean surfaces in ultrah
vacuum.30 This is probably driven by a similar mechanis
although, given the strength of the Si-O bond, it must be
that maximizes the density of Si-O bonds rather than m
mizes the density of dangling bonds. Although various
thors now appear to agree on the~terrace! reconstruction that
takes place at the singular~001! Si-SiO2 interface,31,32 to our
knowledge no equivalent theoretical calculations are av
able for steps. If macroscopic terrace symmetry were o
ridden one would expect contributions from both terrac
and steps. We are attempting to address the relative s
terrace contribution as well as other issues experiment
and will discuss this elsewhere.

III. DISCUSSION

Although with the exception of Ref. 26, radiating-dipo
models appear to not have been used previously in the

FIG. 3. Result of least-squares fitting for a 9° vicinal Si-SiO2

interface.
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text of NLO, the concept of observed intensities originati
as radiation from dipoles driven by incident waves goes b
in linear optics at least as far as the work of Ewald a
Oseen, in 1912 and 1915, respectively.18,19 The ~largely for-
gotten! Ewald-Oseen extinction theorem describes spec
reflection as the result of the coherent superposition of ra
tion from dipoles in the medium driven by the incident wav
which is assumed to penetrate the substrate uniformly~no
absorption!. The dipoles in the bulk generate a radiated wa
there that completely cancels the incident wave~thus the
term ‘‘extinction’’!, and a polarization wave that obey
Snell’s law. The reflected beam itself therefore originates
tirely from the outermost layer of dipoles. An immedia
consequence is a direct physical interpretation of the van
ing of the reflectance forp-polarized light incident at Brew-
ster’s angle: the observer is simply viewing the radiati
interface dipoles head-on.

The only recent treatments that are related are thos
Wijers et al.26 and that of Sipe.33 The latter presented a for
malism for representing SHG intensities in terms of a pol
ization layer together with the use of standard boundary c
ditions for relating the electric fields of the incident an
transmitted waves. While this approach leads to a ma
ematical connection between the polarization of the la
and the emitted wave, it does not connect the observed S
intensity to the microscopic properties of the layer.

Using a more general representation that included a
tional bonds, allowed different hyperpolarizabilities for ea
bond, and allowed hyperpolarizability contributions bo
along and orthogonal to a bond, Pattersonet al. performed a
cluster calculation to estimate both linear and nonlinear
storing forces and therefore the second-order nonlinear
ceptibility of As- and Ga-terminated Si surfaces.27 The re-
sults indicated that the orthogonal contributions at the le
of the individual bonds could be important in SHG, althou
in our case such contributions would be included in the
fective hyperpolarizabilities of the four tetrahedral bond
The results obtained by Pattersonet al. were in reasonable
agreement with experiment, supporting the general treatm
of SHG in terms of anharmonically polarizable bonds.

We comment finally on the evidence for SHG absorpti
in anisotropy data. It is easy to show in the SBHM by ar
trarily setting all imaginary parts of the hyperpolarizabilitie
to zero that SHG absorption can be recognized by the fai
of certain features in the azimuthal dependences of thes-p,
p-s, and s-s configurations to reach zero or nearly zero f
intermediate azimuth angles. Examples include the lo
minima at 50°, 155°, 205°, and 310° in thep-p data of Fig. 2,
and those at 60°, 120°, 240°, and 300° in thes-pdata of Fig.
3. These features should be valuable for determining S
absorption processes at Si-dielectric interfaces. Also,
relative imaginary values of the hyperpolarizabilities of t
vicinal (001)Si-SiO2 interface at 830 nm are found to b
substantially smaller than those for the (111)Si-SiO2 inter-
face at 765 nm. Whether this is due to different reconstr
tions or the fact that these data were obtained at differ
wavelengths highlights the diagnostic possibilities that w
exist when it becomes possible to obtain SHG data o
extended spectral ranges.
0-7
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IV. CONCLUSIONS

We have shown that a simplified bond-hyperpolarizabil
model~SBHM! provides a relatively straightforward and a
parently fairly complete way of representing SHG anisotro
data in terms of parameters that have direct physical sig
cance on the microscopic scale, in contrast to the tenso
Fourier coefficients of previous phenomenological a
proaches. Even in the absence of first-principles theore
estimates of the relevant bond hyperpolarizabilities,
SBHM allows us to extract some of the previously inacc
sible physics of SHG at interfaces, specifically providing
rect evidence of SHG absorption and allowing us to de
mine the effective angles of incidence and observati
These in turn indicate the part of the interface from whi
the SHG signals originate.

In our present treatment we have analyzed data that h
been obtained at only two wavelengths. Extension to S
spectra would be extremely interesting, not only as a me
of obtaining greater insight concerning the energy dep
dence and therefore the origin of the observed SHG abs
tion, but also for additionally critically assessing the SBH
model. In particular, an assessment of the effective angle
incidence and observation as a function of wavelength wo
U
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v
i

.

-

i.
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provide additional insight into the specific interface regi
responsible for the SHG signal.

Finally, the assumption that the only relevant charge m
tion occurs along the bond axis for covalent materials can
be made for any odd-order susceptibility, including line
optics and third-order susceptibility as well as higher-ord
effects such as bulk quadrupole generation in centrosymm
ric materials. However, we showed in Sec. II that maxima
anisotropic bonds still lead within this formulation to ex
pected macroscopic symmetries for the bulk responses
tetrahedrally bonded semiconductors, isotropic for linear
tics and of the formx i jk for SHG. Our focus in the presen
work is on SHG. Whether this consistency is retained
higher orders of nonlinearity remains to be established,
will be the topic of future investigations.
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