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Electron spin relaxation by nuclei in semiconductor quantum dots
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We have studied theoretically electron spin relaxation in semiconductor quantum dots via interaction with
nuclear spins. The relaxation is shown to be determined by three processes:~i! the precession of the electron
spin in the hyperfine field of the frozen fluctuation of the nuclear spins;~ii ! the precession of the nuclear spins
in the hyperfine field of the electron; and~iii ! the precession of the nuclear spin in the dipole field of its nuclear
neighbors. In external magnetic fields the relaxation of electron spins directed along the magnetic field is
suppressed. Electron spins directed transverse to the magnetic field relax completely in a time on the order of
the precession period of its spin in the field of the frozen fluctuation of the nuclear spins. Comparison with
experiment shows that the hyperfine interaction with nuclei may be the dominant mechanism of electron spin
relaxation in quantum dots.
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I. INTRODUCTION

The long electron spin dephasing time~hundred nanosec
onds! recently reported1 suggests using the spin of an ele
tron localized in a quantum dot~QD! as the realization of a
quantum bit, and electron doped quantum dots as the b
material for implementing a solid state based quant
computer.2 Room temperature operation, which is usually
primary requirement in microelectronics, is of secondary i
portance for quantum computers relative to that of findin
material for their physical realization. Rather, operating n
at low temperature, where the localized electron has a l
spin coherence time, is an essential condition for quan
computing and spin memory storage. The dominant elec
spin relaxation mechanism in bulk is connected with
spin-orbit interaction of carriers~see Ref. 3!, but is strongly
suppressed for localized carriers.4 Spin relaxation due to the
electron hole exchange interaction plays an important
during the time of nonequilibrium carrier relaxation,5–7 but
does not effect localized electron spin relaxation afterwa
Dephasing of the electron in QD ground states via two p
non real transitions to, or virtual transitions through, exci
states~Urbach or Raman two phonon processes8! is also
suppressed at low temperatures.9 As a result electron spin
relaxation via interaction with nuclei becomes the domin
relaxation mechanism for localized electrons at low tempe
tures.

The interaction of localized electrons with nuclei w
studied early on for electrons localized at donors in b
~see, for example, Refs. 10,11!. There, the electron interact
with a large number of nuclei and feels the hyperfine m
netic field of the nuclei located in the region where the el
tron is localized; this is also true for QD localized electron
However, the correlation time of the electron-nucleus int
action of donor localized electrons is limited by the time
shallow donor ionization, and tunnel jumps between the
nors,tc . Usually this time is much shorter than the period
the electron spin precession,v f

21 , in the hyperfine field of
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the nuclei. For quantum computation and spin storage, h
ever, it is important to have a large value oftc , and we are
interested in the opposite limit:v ftc@1. This is realized in
QD’s at sufficiently low temperatures.

In this paper we consider the electron spin relaxation
its interaction with the spins of the nuclei in QD’s in th
absence and the presence of an external magnetic field.
process is facilitated by the disparity of the characteris
time scales of the three processes that determine the re
ation: the period of the electron precession in the frozen fl
tuation of the hyperfine field of the nuclei, the period of t
nuclear spin precession in the hyperfine field of the electr
and the nuclear spin relaxation time in the dipole-dipole fi
of its nuclear neighbors. Estimates of these time scales
be made for the case of GaAs, whose hyperfine constants
well known. For QD’s containing 105 nuclei they are found
to be ;1 ns, ;1 ms, and;100ms, respectively. Therefore
as a first step, we can describe the electron spin relaxatio
a precession in the quasistationary frozen fluctuation of
hyperfine field of the nuclear spins. We can then examine
additional electron spin relaxation arising from the slow
varying nuclear hyperfine fields. The nuclear dipole-dipo
interaction does not conserve the total nuclear spin; the t
time scale provides a natural limit on the coherence of
electron-nuclei spin system. However, many other relaxa
mechanisms are important at this long time scale, there
we will not consider the effect of the nuclear dipole-dipo
interactions on the electron spin relaxation. A spin dephas
time (T2* ) calculated for an ensemble of QD’s is in a goo
agreement with avaliable experimental data.

The paper is organized as follows. The hyperfine inter
tion of an electron with the nuclei and the hyperfine nucle
magnetic fields acting on the electron are considered in S
II. The electron spin relaxation times in the absence and
the presence of an external magnetic field are calculate
Secs. III and IV, respectively. In Sec. V we compare o
theoretical results with experimental data.
©2002 The American Physical Society09-1
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II. HYPERFINE INTERACTION OF A LOCALIZED
ELECTRON WITH NUCLEI: THE FROZEN

FLUCTUATION OF THE NUCLEAR HYPERFINE FIELD
IN QUANTUM DOTS

The electron spin relaxation due to the nuclear spins
determined by their hyperfine Fermi contact interaction. T
Hamiltonian of this interaction can be written12

Ĥcont5
16p

3
mB(

j

m j

I j
~Ŝ"Î j !d~r2Rj !, ~1!

wheremB is the Bohr magneton,Ŝ and r are the spin and
position of the electron,m j , Î j , and Rj are the magnetic
moment, spin, and position of thej th nucleus, and the sum
goes over all the nuclei in the lattice. For localized electro
the distance between their energy levels is much larger
the energy of the hyperfine interaction with the nuclei. As
result this spin-spin interaction can be described by
Hamiltonian

Ĥhf5
v0

2 (
j

Aj uc~Rj !u2~ Î z
j ŝz1 Î x

j ŝx1 Î y
j ŝy!, ~2!

which is obtained from first order perturbation theory. He
v0 is the volume of the unit cell,c(Rj ) is the electron enve
lope wave function at thej th nucleus,Î a andŝa are the spin
projections on the coordinate axesa5x,y,z, and Aj

5(16pmBm j /3I j )uuc(Rj )u2, where uc(Rj ) is the electron
Bloch function at the nucleus. In GaAs, the sum ofAj over
all the nuclei in the unit cellA5( jA

j'90 meV.13 We can
neglect the interaction of holes with the nuclei because
hole Bloch functions vanish at the nuclear positions. In
dition, we neglect, for now, the nuclear dipole-dipole inte
actions, which do not conserve the total spin of the electr
nuclear system. They become important only at times lon
than 1024 s.

The effective nuclear hyperfine magnetic fieldBN , acting
on a localized electron spin can be obtained from Eq.~2!

taking the expectation of the HamiltonianĤhf over the en-
semble of nuclear wave functions. It is the sum of contrib
tions from a large number of nuclei

BN5
n0

mBge
K (

j
Aj uc~Rj !u2Î j L

N

, ~3!

where ^•••&N denotes a quantum mechanical average o
the ensemble of nuclear wave functions andge is the elec-
trong factor. We should note that the precession frequenc
the electron in the hyperfine field of all the nuclei is mu
greater then the precession frequency of a nucleus in
hyperfine field of the electron. That is, the electron see
snapshot of the ‘‘frozen fluctuation’’ of the nuclear field. Th
magnitude and direction of this field are randomly distr
uted, and described by a Gaussian probability density di
bution function

W~BN!5
1

p3/2DB
3

expF2
~BN!2

DB
2 G , ~4!
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where DB is the dispersion of the nuclear hyperfine fie
distribution

DB
25

2

3
^~BN!2&5

2

3(j
I j~ I j11!~aj !

2, ~5!

where

aj5~v0 /mBge!A
j uc~Rj !u2 ~6!

is the magnetic field of a single nuclear spin acting on
electron, and we assumed that the nuclear spin directions
independent of each other. All nuclei in GaAs have the sa
spin I j5I 53/2. Replacing the sum over unit cells by a
integration we obtain

DB
25

2I ~ I 11!
3

( j ~Aj !2

~mBge!
2

v0

VL
5

16I ~ I 11!
3NL

( j ~Aj !2

~mBge!
2 ,

~7!

where the sum in this equation goes over only those nucle
a unit cell,

VL5S E d3rc4~r! D 21

andNL58VL /v0 ~8!

is the number of nuclei in the volumeVL that effectively
determine the electron precession frequency. In GaAs,
sum ( j (A

j )2'1.231023 meV2. The volumeVL is on the
order of the volume of the electron localization.

III. ELECTRON SPIN RELAXATION IN ZERO EXTERNAL
MAGNETIC FIELD

A. Electron spin dephasing in the frozen fluctuations
of the nuclear field

Let us consider an ensemble of identical QD’s in whi
we simultaneously~at time t50) create electrons all havin
the same spin orientation.~They can be created, for exampl
by circularly polarized light.! The nuclear spins in the QD’s
of this ensemble are randomly oriented, the nuclear hyper
fields in the dots differ from one another and, therefore, h
a different effect on the initial electron spinS0 in each dot.
We will consider the time dependence of the ensemble a
age electron spin relaxation for times small relative to
period of the nuclear precession in the hyperfine field of
electron. Each electron spin will be moving in the froz
fluctuation of the nuclear hyperfine magnetic fieldBN @see
Eq. ~3!# in its own QD. These fields, however, are random
distributed among the dots of the ensemble. Therefore, e
though each electron spin will precess in a coherent fash
in the frozen hyperfine field of its own dot, the ensemb
average spin polarization will decrease.

The equation of motion of the spinS in a fixed magnetic
field B is given by

S~ t !5~S0•n!n1$S02~S0•n!n%cosvt

1@$S02~S0•n!n%3n#sinvt, ~9!
9-2
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ELECTRON SPIN RELAXATION BY NUCLEI IN . . . PHYSICAL REVIEW B65 205309
whereS0 is the initial spin,n5B/B is a unit vector in the
direction of the magnetic field, andv5mBgeB/\ is the Lar-
mor frequency of the electron precession in this field. T
equation also describes the coherent electron spin prece
in a single QD due to the magnetic fieldBN of the frozen
fluctuation of the nuclei (n5BN /BN , andv5mBgeBN /\!.
Averaging Eq.~9! over the magnetic field distribution of Eq
~4!, we obtain the time dependence of the ensemble avera
electron spin polarization

^S~ t !&5
S0

3 H 112F122S t

TD
D 2GexpF2S t

TD
D 2G J . ~10!

The same time dependence describes the electron spin p
ization of a single quantum dot averaged over a large num
of measurements. Here

TD5
\

mBgeDB
5\A 3NL

16(
j

I j~ I j11!~Aj !2

~11!

is the ensemble dephasing time which arises from the
dom electron precession frequencies in the randomly dis
uted frozen fluctuation of the nuclear hyperfine field in t
dots. This time is on the order of 1 ns for GaAs quantum d
with 105 nuclei. The spin dephasing time is proportional
AVL. One can see that the average electron polarization
laxes to 10% of its original value after a time equal to t
dephasing time and then increases to a steady state val
33% of its initial polarization.

B. Electron spin dephasing as a result of variations
of the nuclear field direction

A localized electron interacts with a large number of n
clei NL@1. The interaction of the electron spin with a sing
nucleus isANL times weaker than its interaction with th
effective magnetic field of the frozen nuclear fluctuatio
Changing the direction of a single nuclear spin only wea
perturbs the electron spin motion. The precession of the e
tron in the macroscopic fluctuation of the nuclear spins
ANL times faster than the precession of a nucleus in
hyperfine field of an electron, i.e., the nuclear precess
periodTN;TDANL. Since an electron in a QD precesses
rapidly around the nuclear magnetic fieldBN , the nuclei only
see the long time average of the hyperfine field of the e
tron, which is directed alongBN . Note, that components o
the nuclear field perpendicular toBN cancel each other out
Now, however, each nucleus, in turn, precesses about
direction with a different precession rate that is proportio
to the square of the electron wave function at their respec
nuclear positions. This variation in the precession rates le
to a nonvanishing slow time varying change in the froz
fluctuation of the hyperfine magnetic field of the nucl
DBN;( j@Aj uc(Rj )u2#2^ Î j3BN&N , that is perpendicular to
BN . These random changes in the nuclear magnetic fi
result in an additional relaxation of the electron spin pol
ization.
20530
e
ion

ed

lar-
er

n-
b-

ts

e-

of

-

.
y
c-
s
e
n
o

c-

is
l
e

ds
n
,

ld
-

Equation~10! describes the time dependence of the el
tron spin relaxation in the frozen fluctuation of the nucle
hyperfine fields for times much less thanTN . To include the
effect of the time dependent changes in the nuclear fields
need to examine the ensemble average of Eq.~9! at a much
later time than is considered in Eq.~10!. Consider the en-
semble average of Eq.~9!, but now at times for which the
nuclear fields are time dependent. In addition, we aver
this quantity over a time interval large compared to the
riod of the electron precession but small compared to
time at which the ensemble average is taken. This leads

^S~ t !&5^n~ t !@n~ t !•S~ t !#&5K BN~ t !@BN~ t !•S~ t !#

BN
2 ~ t !

L .

~12!

In this equation@BN(t)•S(t)# is the energy of the electron
nucleus spin system, which does not depend on time an
equal to@BN(0)•S(0)#. Nor doesBN

2 change its value, be
causedBN /dt'BN . As a result,

^S~ t !&5K BN~ t !@BN~0!•S~0!#

BN
2 ~0!

L . ~13!

The rotational symmetry of the Hamiltonian Eq.~2! leads to

^BN~ t !aBN~0!b&5da,b^BN~ t !xBN~0!x&

5~da,b/3!^@BN~ t !•BN~0!#&
.

This allows us to write Eq. 13 as

^S~ t !&5K @BN~ t !•BN~0!#

BN
2 ~0!

L S~0!

3
. ~14!

We see again that^S(t)& is directed alongS(0), which is the
only physically defined direction in the ensemble. This eq
tion describes the time dependence of the electron spin
laxation at times large compared toTD and is limited only by
the characteristic time scale of the dipole-dipole interactio
One can see that at timesTD,t,TN Eq. ~14! gives the same
result as Eq.~10!.

The variation of the nuclear magnetic field direction in t
time dependent correlation, in Eq.~14!, is limited by the
conservation of the total spin angular momentum of
electron-nucleus spin systemF̂5Ŝ1( j Î

j . The conservation
of F̂ at times shorter than the nuclear dipole-dipole rela
ation time follows from the fact thatF̂ commutes with the
Hamiltonian of the electron-nucleus spin system Eq.~2!. The
total nuclear spin is, then, effectively conserved sinceIS

5( j I j5F2S'F becauseF@S.14 The latter follows from
the fact that the dispersion ofIS increases with the number o
nuclei in each QD and the average value ofuISu@1.

If the electron wave function were constant in the loc
ization region and zero outside~the so called ‘‘box
model’’15! the nuclear magnetic fieldBN would be propor-
tional to the total nuclei spinIS and would also be con
served. From Eq.~14! the nuclear spin precession would n
9-3
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then lead to any additional spin relaxation in this model, a
^S(t)&5S0/3. However, in real QD’s the amplitude of th
electron wave function at the nuclei in the localization reg
does depend on their position. The nuclear field is
uniquely determined by the value and direction of the to
nuclear spin; a distribution of values ofBN are possible for
the same value ofIS . The total nuclear spinIS can be dis-
tributed in different ways among the nuclei as a result
their interaction with the electron.

The determination of the correlation Eq.~14! at all times
is beyond the scope of this paper. We will evaluate it only
the limit t@TN , where theBN(t) are randomly distributed
The joint distribution function of the nuclear fields and to
nuclear spin can be written as the product of the total nuc
spin distribution function and the conditional probability di
tribution of nuclear fields given a certain value of the to
nuclear spin:

W~BN ,IS!5WI~ IS!w~BNuIS!. ~15!

Both of these latter distributions have a Gaussian form16

WI~ IS!5
1

p3/2D I
3

expF2
~ IS!2

D I
2 G ~16!

and

w~BNuIS!5
1

p3/2DB8
3

expF2
~BN2^a&IS!2

DB8
2 G , ~17!

whereD I
252NI(I 11)/3 is the dispersion of the total nucle

spin distribution andN is the number of nuclei which are i
statistical equilibrium with the localized electron~see the
Appendix!. This number is approximately equal to the num
ber of nuclei in the dot. The conditional distribution of th
random hyperfine fields, given a valueIS for the total nuclear
spin is shifted from zero to the field due to the weighted to
nuclei spin, ^a&IS , where ^a&5(( j

Naj )/N5A/(mBgeN).
The dispersion of this distributionDB8

25DB
22^a&2D I

2 , is de-
termined by integrating Eq.~17! with distribution Eq.~16!
over all IS and comparing it with Eq.~4!. Clearly DB8

2

,DB
2 , because the latter also includes the dispersion of

random distribution of the total nuclear spin.
In general, to calculate the correlation between the dir

tion of the hyperfine nuclear field at two timesn0
5BN(0)/BN(0) andn(t)5BN(t)/BN(t) @see Eq.~14!#, we
have to find the angular distribution of the magnetic fie
BN(t) given a certain value both of the total nuclear spinI
and the magnetic field magnitudeBN5uBNu. This conditional
distribution function is written

F~nuBN ,I !5
exp@2~BNn2^a&I !2/DB8

2#

E dV~n!exp@2~BNn2^a&I !2/DB8
2#

.

~18!

Using distributions of Eqs.~4!,~16!,~18! we find the correla-
tion Eq. ~14!
20530
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5E ~n•n0!F~nuBN ,I !w~BNuI !WI~ I !d3BNdV~n!d3I .

~19!

This gives us the long time (t@TN) electron spin polariza-
tion @Eq. ~14!#. Straightforward calculation gives

g~x!5
2

px3E
0

`

dyE
0

`

dz
@2y cosh~2y!2sinh~2y!#2

yzsinh~2y!

3expF2S 11
1

x2D z22S y

zD
2G , ~20!

where

x5
^a&2D I

2

DB8
2

5
^a&2

^a2&2^a&2 ~21!

is the relative dispersion of the hyperfine magnetic field
the localized electron acting on nuclei and^a2&5DB

2/D I
2 . If

all the nuclei in the unit cell have the same hyperfine co
stantx5NL /(N2NL).

In Fig. 1, we showg as function of̂ a2&/^a&2'NL /N. In
the limit of largex, where the number of nuclei contributin
to the fieldBN is close to the number of nuclei whose tot
nuclear spin is conserved,g(x)'1. This case is realized in
the ‘‘box model’’ and also at short timest,TN . The number
of nuclei that are included in the electron-nucleus spin s
tem of the Hamiltonian Eq.~2!, and whose total spin is con
served, increases with time, which in turn decreasesg. How-
ever, this only holds fort,Td-d the dipole-dipole nuclear
spin relaxation time in the dipole field of its neighbors. F
spherical QD’s with 105 nuclei confined in an infinite poten
tial barrier ~note thatNL'Ntot/2.8, whereNtot is the total
number of nuclei in the QD!, our approach is valid for the
time interval 10TN,t,100TN ~see the Appendix!. The cal-
culation in this model shows that the number of nuclei th

FIG. 1. The dependence of the ensemble averaged electron
polarization on the ratio of dispersion of the electron hyperfine fi
acting on the nuclei to its ensemble averaged value.
9-4
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ELECTRON SPIN RELAXATION BY NUCLEI IN . . . PHYSICAL REVIEW B65 205309
need be included att;Td2d is ;2.1NL (g'0.4) and does
not reach its maximum valueN'2.8NL . It is important to
note that nonvanishing average spin polarization at timt
@TN(gÞ0) means that there is a significant probability th
an ensemble of electron-nucleus spin systems retains its
tial spin state.

IV. SPIN DECOHERENCE IN A STRONG EXTERNAL
MAGNETIC FIELD

A strong external magnetic fieldB (B@BN) significantly
changes the process of electron spin relaxation. In this la
field the Zeeman splitting of the electron spin levels is lar
than their inhomogeneous broadening in the hyper
nuclear magnetic field. The total magnetic field acting on
electron is now effectively directed along the external m
netic field. The nuclear hyperfine fields only perturb the p
cession frequency of the electron spin about the exte
magnetic field direction.

Consider, now, the effect of a strong external magne
field on the electron spin polarization. The motion of the s
in the total magnetic field is again described by Eq.~9!
where, now,n5(B1BN)/uB1BNu. Averaging Eq.~9! over
the ensemble, using the distribution of nuclear magn
fields in Eq.~4!, we obtain

^S~ t !&5Ri~ t !~S0•b!b1R'
0 ~ t !@S02~S0•b!b#

1R'
1 ~ t !$@S02~S0•b#b!3b%, ~22!

where

Ri~ t !5Ri
`1DRi~ t !,

R'
0 ~ t !5R'

`1DR'
0 ~ t !,

andb5B/B is a unit vector along the external magnetic fie

Ri
`5K @B1~BN•b!#2

uB1BNu2 L 5122R'
` ~23!

and

R'
`5

1

2 K BN
2 2~BN•b!2

uB1BLu2 L
5

1

2Ap
E

2`

`

dzE
0

`

dy
yexp~2z22y!

~b1z!21y
~24!

is the value of̂ S(t)& in the long time limit t@TD , andb
5B/DB . The time-dependent components are given by

DRi~ t !5
1

Ap
E

2`

`

dzE
0

`

dy
yexp~2z22y!

~b1z!21y

3cosFA~b1z!21y
t

TD
G ,

DR'
0 ~ t !5E~ t !2

DRi~ t !

2
, ~25!
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where

E~ t !5expF2S t

2TD
D 2GFcosS bt

TD
D2

t

2bTD
sinS bt

TD
D G

~26!

and

R'
1 ~ t !5

1

Ap
E

2`

`

dzE
0

`

dy
@~b1z!31zy#exp~2z22y!

@~b1z!21y#3/2

3sinFA~b1z!21y
t

TD
G . ~27!

Equation ~22! simplifies considerably for strong magnet
fields. Calculation of the coefficients in Eqs.~23!–~25! in the
limit b@1 gives

^S~ t !&'H 12
12cos~vBt !

b2 expF2S t

2TD
D 2G J ~S0•b!b

1H Fcos~vBt !1
12cos~vBt !

2b2 G@S02~S0•b!b#

1sin~vBt !$@S02~S0•b!b#3b%J expF2S t

2TD
D 2G .
~28!

One can see that in strong magnetic fields,B@DB the com-
ponent of spin alongB is conserved, while its two transvers
components precess with a frequencyvB5mBgeB/\, and
decay as a result of the inhomogeneous broadening of
levels in the random magnetic field of the nuclei, resp
tively. The dephasing arises from the dispersion of
nuclear field along the external magnetic field, which lea
to an inhomogeneous dispersion of the electron preces
frequency. The perpendicular components of the nuc
magnetic field change the direction of the precession axis
a small angle of;BN /B and lead to a dephasing rate that
(BN /B)2 smaller than that due to the dispersion of t
nuclear field along the external field. This result is consist
with the small ratio of the lifetime broadening to the secu
broadening describing the transverse relaxation timeT2 in
strong magnetic fields~see, e.g., Ref. 17!.

Figure 2 shows the time dependence of the various c
ponents of̂ S(t)& which occur in Eq.~22!. Both longitudinal
and transverse components of the electron spin polariza
tend to a steady state value after several oscillations.
number of oscillations grows with increasing magnetic fie
Increasing the magnetic field also changes the steady
value of the longitudinal componentRi(`) ~from 1/3 to 1!
and the transverse componentR'

0 (`) ~from 1/3 to 0!, while
the steady state value ofR'

1 (`) is zero for all values ofB. In
a strong magnetic field when the nuclear spin relaxat
mechanism of the longitudinal spin polarization is su
pressed phonons can again play an important role~see Ref.
18!.

The important characteristic measured in steady state
periments, such as Hanle effect measurements~e.g., see Ref.
3!, is the average electron polarization for its lifetim
9-5
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(1/t)*^S(t)&exp(2t/t)dt, wheret is the lifetime of the lo-
calized electrons. Comparison with Eq.~22! shows that this
average polarization is characterized by

r i~b,t!5
1

tE0

`

Ri~ t !exp~2t/t!dt,

r'
0,1~b,t!5

1

tE0

`

R'
0,1~ t !exp~2t/t!dt. ~29!

The dependence of these respective terms on the mag
field is shown in Fig. 3 for different values of the electro
lifetime.

Equation~22!, as is Eq.~10!, is derived assuming a tim
independent frozen fluctuation of the nuclear field acting
the electrons. In zero external magnetic field, this no lon
holds at longer times such that we must take into account
nuclear spin precession in the inhomogeneous hyperfine
of the electron. Nuclear spins precessing at different ra
about the average electron spin direction create a time
pendent hyperfine field with components perpendicular to
original direction of the frozen fluctuation. As a result th
average electron spin projection follows the new direction
the slowly varying nuclei field. The characteristic time of th
slow process is determined by the dispersion of the nuc
spin precession frequency in the inhomogeneous field of
electron TN

21'(mBge /\)A^a2&2^a&2;(mBge /\)A^a2&.
This second regime of spin relaxation begins whent>TN .

In a strong external magnetic fieldB@DB , the average
electron spin is directed along this strong field, independ
of the nuclear hyperfine fields (BN!B). Although the nuclei
precess with different frequencies in the inhomogene

FIG. 2. The time dependence of the longitudinal~a! and trans-
verse@~b! and ~c!# components of the ensemble averaged elect
spin polarization calculated for different magnetic fields. The cur
are calculated forb50,1,2,3,5, respectively.
20530
tic

n
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e
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s
e-
e

f

ar
e

nt

s

electron field, the electron is effected only by the compon
of the nuclear field along the external field. As a result t
nuclear magnetic field acting on the electron spin is froz
for times much longer thanTN . Thus a frozen fluctuation
model of the nuclear hyperfine field is valid when describi
the dephasing dynamics of the electron spin polarization
an ensemble of quantum dots in strong magnetic fields.
we mentioned above this consideration is limited by a l
enough temperature and the time scale of the nuclear dip
dipole interaction.

In each QD, the motion of the electron spin in the hyp
fine field of the frozen fluctuation of the nuclei is cohere
The dephasing is a result of inhomogeneous broadenin
the electron spin levels in the ensemble of quantum d
This makes it possible to recover the transverse electron
polarization using the spin echo technique,12 which also can
be used for quantum computation.19

V. DISCUSSION

We have determined the time dependence of the elec
spin relaxation rate arising from its interaction with nucle
spins for an ensemble of QD’s, or equivalently, averag
over a large number of successive measurements of a s
dot. This gives us the value ofT2* usually measured in en
semble experiments.

The electron spin relaxation time was studied in thr
types of QD’s: GaAs natural quantum dots, which are isla
like dots formed by a fluctuation of the GaAs quantum w
thickness,20 self-organized InAs QD’s,21 and nanocrystal
CdSe QD’s.22 We can estimate the value ofTD for each of
these dots. In GaAs natural QD’s, using values ofAj from
Ref. 13 and Eq.~6!, and taking the dot to contain 105 nuclei,
Eq. ~11! givesTD;1.0 ns. The values ofAj are not experi-
mentally determined for InAs. Assuming that compound io

n
s

FIG. 3. The magnetic field dependence of the longitudinal~a!
and transverse@~b! and~c!# components of the steady state electr
spin polarization. Calculations are done for electron lifetim
t/TD50, 0.2, 0.4, 0.8, 1.4, 3.5, and 10.
9-6
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icity does not significantly vary among the semiconduct
GaAs, InSb and InAs,13,23we take the hyperfine constantsAj

for As and In ions from Ref. 13 and 24:AAs
j 547 meV and

AIn
j 556 meV, respectively. The large value of the In nucle

spin, I 59/2, strongly effects the magnitude of the hyperfi
interaction in InAs, and shortens the spin dephasing time
estimate this time we need to know the number of nucle
the electron localization volume. In the self organized QD
where the electron wave function strongly depends on
QD shape and barrier height, we used the geometrical
ume of the dot to determine the number of nucleiNL in Eq.
~7!. The QD’s studied in Ref. 21 contain 1000-4000 nucle25

This leads to electron spin relaxation times on the orde
50–100 ps, which is close to the value ofgT2* measured in
these dots. The hyperfine interaction constants in CdSe
also not experimentally determined. In this material only
fraction of the nuclei (25% of the Cd ions! have a magnetic
moment and these have spinI 51/2. As a result, the electro
spin interaction with the nuclei in these QD’s is weak. W
shall take for the hyperfine constant in CdSe half that
Cd111,26 assuming completely covalent bonding in this m
terial. This leads toACd

j 512 meV. Taking the CdSe lattice
constanta0'4.2 Å ~Ref. 27! we calculateNL53500 for the
ground 1S electron state in spherical nanocrystals with a
dius 28 Å. Only 1/8 of these nuclei contribute to dephasi
This leads toTD'1.6 ns, which is consistent with the expe
mental measurementT2* 52.5 ns.22

In conclusion, we developed a theory of electron s
relaxation in QD’s arising from their hyperfine interactio
with the QD nuclei. The relaxation is determined by thr
physical processes:~i! the precession of the electron spin
the hyperfine field of the frozen fluctuation of the nucle
spins,~ii ! the precession of the nuclear spins in the hyperfi
field of the electron, and~iii ! the precession of a nuclear sp
in the dipole field of its neighbors. These processes h
three disparate characteristic times. For GaAs QD’s with5

nuclei, they are;1 ns,;300 ns, and;100 ms, respec-
tively. The last of these times is so long that many oth
electron spin relaxation mechanisms can be more impor
on this time scale. An external magnetic field suppresses
relaxation of the spin component along the magnetic fie
The transverse components of the electron spin polariza
relax completely in a time on the order of the electron p
cession period in the field of the frozen nuclear fluctuati
Comparison with experimental data shows that the hyper
interaction with nuclei is the dominant mechanism of ele
tron spin relaxation in QD’s.
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APPENDIX: THE NUMBER OF NUCLEI INTERACTING
WITH A LOCALIZED ELECTRON IN A QD

The number of nucleiN ‘‘interacting’’ with a localized
electron and forming an electron-nuclear system in therm
20530
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dynamic equilibrium is generally a time-dependent quant
Formally, the electron interacts at all times with all tho
nuclei of the crystal lattice sites where its wave function
nonzero. However, the strength of this interaction decrea
with the distance from the QD center as the square of
electron wave function, and the random magnetic fieldBN ,
which determines the electron spin precession is determ
only by the relatively small number of nucleiNL in the ‘‘ef-
fective’’ volume of the electron localizationVL @see Eq.~8!#.
This volume~or alternativelyNL) completely determines the
electron spin relaxation at short timest,TN during which
nuclear spins, and, therefore, the corresponding fieldBN do
not change their directions.

The precession of the nuclear spins in the hyperfine fi
of the electron causes time-dependent changes inBN . This
time-dependentBN(t) in each dot is determined by a macr
scopic number of initial conditions. The correlatio
^BN(t)BN(0)& @see Eq.~14!# is now an important character
istic of an ensemble of quantum dots. The ensemble of
calized electrons completely loses its memory of the ini
spin polarization if this correlation is zero. Althoug
^BN(t)BN(0)& can be calculated for any timet, in principle,
in the long time limitt@TN , when the values ofBN(t) are
randomly distributed, one can find this correlation using s
tistical physics techniques.

Let us separate the nuclei interacting with a localiz
electron during a timet into two groups:~1! those nuclei
whose spin rotates through an anglev i t>1 and ~2! those
whose spin rotates through an anglev i t<1, wherev i is the
precession frequency of the nuclear spin in the hyper
field of the localized electron. The second group can be c
sidered as nuclei that ‘‘do not interact’’ with the electron. F
times t@TN the first group automatically includes theNL
nuclei that determine the fieldBN . The number of nuclei
N(t) ‘‘interacting’’ with the electron, and thus belong to th
first group, increases with time and determinesBN(t), whose
variation is restricted by conservation of the total spin of t
electron-nuclear spin system. Randomness of the distribu
of the N(t) nuclear spins limited by the conservation ofBN
and IS is the one major assumption of this statistical mod

FIG. 4. Time dependence of the ratio of the number of nuc
N(t) ‘‘interacting’’ with an electron, in a spherical QD with an
infinite potential barrier, toNL and the relative errordN(t).
9-7
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For nuclei that interact strongly through the ‘‘indirec
hyperfine interaction, i.e., nuclei whose spins rotate thro
an anglev i t@1 in the electron hyperfine field, this assum
tion is justified. The error in the statistical approach is co
nected with the border nuclei for whichv i t;1. These nuclei
strongly interact with the electron, but, on the other ha
they still ‘‘remember’’ their initial direction att50. The
number of such nuclei is on the order ofDN't]N/]t. As a
result the relative error of our estimate isdN5DN(t)/N(t)
'(t/N)]N/]t.

The time dependence ofN(t)/NL and dN in spherical
a

v
d

Le

e

ia

v.

i

20530
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,

QD’s with an infinite barrier is shown in Fig. 4. The time
measured in the unit ofTN

0 ;(32/p)(\/A)(a3/v0), the
nuclear precession time at the center of the QD, wherea is
the QD radius. In GaAs QD’s with 105 nuclei, this time is on
the order of microseconds. One sees thatN,NL for t
,10TN

0 . In this time perioddN>1 and our statistical ap
proach is not valid. HoweverN(t) increases anddN(t) de-
creases rapidly with time, anddN;0.25 att'20TN

0 . After
this time the nuclei which give the main contribution to th
magnetic fieldBN acting on the electron are in statistic
equilibrium. This allows us to use Eq.~20!.
D.

.D.

ys.
1J.K. Kikkawa and D.D. Awschalom, Phys. Rev. Lett.80, 4313
~1998!; Nature~London! 397, 139 ~1999!.

2D. Loss and D.P. DiVincenzo, Phys. Rev. A57, 120 ~1998!.
3Optical Orientation, edited by B. Meier and B. P. Zakharcheny

~North Holland, Amsterdam, 1984!, Ch. III.
4A. Khaetskii and Yu.V. Nazarov, Phys. Rev. B61, 12 639~2000!.
5R.I. Dzhioev, B.P. Zakharchenya, E.L. Ivchenko, V.L. Korene

Yu.G. Kusraev, N.N. Ledentsov, V.M. Ustinov, A.E. Zhukov, an
A.F. Tsatsl’nikov, JETP Lett.65, 804 ~1997!.

6H. Nickolaus, H.J. Wunsche, and F. Henneberger, Phys. Rev.
81, 2586~1998!.

7M.Z. Maialle, Phys. Rev. B61, 10 877~2000!.
8A. Abragam and B. Bleaney,Electron Paramagnetic Resonanc

of Transition Atoms~Oxford University Press, London, 1970!.
9T. Takagahara, Phys. Rev. B62, 16 840~2000!.

10G. Lampel, Phys. Rev. Lett.20, 491 ~1968!.
11Optical Orientation, edited by B. Meier and B. P. Zakharchen

~North Holland, Amsterdam, 1984!, Ch. II, VI, X.
12A. Abragam, Principles of Nuclear Magnetism~Clarendon,

Oxford, 1996!, p. 172.
13D. Paget, G. Lampel, B. Sapoval, and V.I. Safarov, Phys. Re

15, 5780~1977!.
14Spin conservation can be destroyed by nuclear dipole-dipole

teraction effects or by spin diffusion.
,

tt.

B

n-

15S.M. Raybchenko and U.G. Semenov, Sov. Phys. JETP84, 1412
~1983!.

16L. D. Landau and E. M. Lifshitz,Statistical Physics~Pergamon,
Oxford, 1976!.

17C. P. Slichter, Principles of Magnetic Resonance, 2nd ed.
~Springer-Verlag, Berlin, 1980!, pp. 180-182.

18S.I. Erlingsson, Yu.V. Nazarov, and V.I. Fal’ko, Phys. Rev. B64,
195306~2001!.

19N. Gershenfeld and I.L. Chuang, Science275, 50 ~1997!.
20D. Gammon, E.S. Snow, B.V. Shanabrook, D.S. Katzer, and

Park, Phys. Rev. Lett.76, 3005~1996!.
21R. Epstein, D.T. Fuchs, W.V. Schoenfeld, P.M. Petroff, and D

Awschalom, Appl. Phys. Lett.76, 733 ~2001!.
22J.A. Gupta, D.D. Awschalom, X. Peng, and A.P. Alivisatos, Ph

Rev. B59, R10 421~1999!.
23J. C. Phillips,Bonds and Bands in Semiconductors~Academic,

New York, 1973!.
24M. Gueron, Phys. Rev. A135, A200 ~1964!.
25P. M. Petroff~private communication!.
26CdSe, A.K. Kohn and D.J. Miller, At. Data Nucl. Data Tables33,

235 ~1985!.
27A. G. Milnes and D. L. Feucht,Heterojunctions and Metal-

Semiconductor Junctions~Academic, New York, 1972!.
9-8


