
PHYSICAL REVIEW B, VOLUME 65, 195421
Instability and decomposition on the surface of strained alloy films

Zhi-Feng Huang* and Rashmi C. Desai†

Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
~Received 12 October 2001; published 20 May 2002!

A continuum dynamical model is developed to determine the morphological and compositional instabilities
on the free surface of heteroepitaxial alloy films in the absence of growth. We use a linear stability analysis to
study the early nonequilibrium processes of surface evolution, and calculate the stability conditions and dia-
grams for different cases of material parameters. There are two key considerations in our treatment: the
coupling between top free surface of the film and the bulk phase underneath, and the dependence of both
Young’s and shear elastic moduli on local composition. The combination and interplay of different elastic
effects caused by lattice misfit between film and substrate~misfit strain!, composition dependence of film
lattice parameter~compositional strain!, and of film elastic constants lead to complicated and rich stability
results, in particular the joint stability or instability for morphological and compositional profiles, the asym-
metry between tensile and compressive layers, as well as the possible stabilization and suppression of surface
decomposition even below the effective critical temperature. We also compare our results with the observations
of some postdeposition annealing experiments.
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I. INTRODUCTION

Instability is one of the most important phenomena
strained heteroepitaxial growth, where a thin film of differe
material is epitaxially deposited on a substrate and the m
match of lattice constants between film and substrate lead
strain in the grown film. In addition to the formation of misfi
dislocations and other defects, the strain can be relie
through the process of morphological instability, duri
which the growth mode of the film is changed from laye
by-layer to three-dimensional island but the film still rema
coherent with its substrate. This dislocation-free morpholo
cal instability occurs in a wide range of heteroepitaxial s
tems, and has been well investigated both theoretically1–4

and experimentally5,6 for single-component materials .
In recent years, more attention has been paid to the m

component strained layers, in particular the binary@e.g.,
Si12xGex ~Refs. 7–11!# and pseudobinary@e.g., In12xGaxAs
~Refs. 12–17!# alloys. Since the materials are composed
different kinds of atoms that may not be fully miscible, th
compositional inhomogeneities are expected to develop
certain growth conditions. This alloy segregation instabil
couples with the morphological instability, resulting in th
simultaneous modulations of the surface profile and a
composition during the epitaxial growth.8,15–17Another im-
portant phenomenon of the heteroepitaxial alloy films is
asymmetry of the stability for compressive and tensile laye
For Si12xGex , films grown under compression were o
served to be less stable than those under tension,7 while for
In12xGaxAs the situation is more complicated: Wheth
compressive or tensile films are more stable seems to de
on the material’s growth rate.13–15 Compared with single-
component films, there is an extra effect on alloy strain d
to composition dependence of the film lattice constant.18,19

The combination of this compositional strain and the fil
substrate misfit strain highly influences the stability beh
iors of alloy films.20,21

Some theoretical investigations have been carried ou
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order to understand the morphological instability of strain
multicomponent films, and most of them focused on t
properties and behaviors of growing layers with deposit
flux.20–26 However, the studies of the static film withou
deposition27,24 are much fewer, although the stability of ep
taxial films in the absence of growth is also important fro
both the theoretical and experimental points of view. Us
the treatment of thermodynamics, Glas27 has demonstrated
that any strained alloy with a static free surface is unsta
due to the interplay of morphological and compositional
stabilities. Furthermore, as also pointed out by Glas, this
sult is valid provided all the evolution mechanisms are p
sible, and when the physically relevant mechanism
considered, the unstable state derived thermodynamic
may not be kinetically accessible. This has been verified
the nonequilibrium and dynamical analysis of Le´onard and
Desai,24 where the stability properties of both the nongro
ing ~static! and growing strained alloy films were dete
mined. Stabilization in nongrowing film was found to b
possible for some parameter values, showing the significa
of kinetic evolution process.

In this paper we apply a nonequilibrium, continuu
model in order to study the morphological instability an
surface decomposition of binary or pseudobinary strain
nongrowing alloy films, i.e., films without deposition. Th
system is assumed to be elastically isotropic and follow
conserved dynamics of phase separation and surface d
sion. Compared with the model of Le´onard and Desai24 and
other previous work, here we have two crucial considerati
which lead to significantly different stability results. Firs
due to the fact that the surface phase and bulk phase
strained film are intimately coupled with each other, we ta
into account the total free energy of the system, not just
surface state and energy as used before.24 Second, the film
elastic moduli~both the Young’s modulusE and shear modu-
lus m) are considered to be composition dependent, wh
deeply affects the stability properties. Presenting the lin
analysis on early evolution of surface profile and compo
©2002 The American Physical Society21-1
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tion, we derive the stability conditions for nongrowing film
as well as stability diagrams for various material parame
appropriate to realistic systems.

In Sec. II, we describe the continuum model with co
served dynamics and present the mechanical equilibr
equation for the elasticity of this film system. The line
stability analysis is carried out in Sec. III, resulting in th
characteristic equation for perturbation growth rate. The
sults related to the stability conditions and diagrams
shown in Sec. IV, and the discussion and conclusions
presented in Sec. V.

II. MODEL AND ELASTICITY FORMULATION

We consider a strained alloy system composed of a se
infinite substrate occupying the regionz,0 and aA12XBX
binary or pseudobinary alloy film in the region 0,z
,h(x,y), whereh(x,y) represents the surface height va
able. The film-substrate interface located atz50 is assumed
to be planar and remain coherent without generating
misfit dislocation. In this heteroepitaxial system, the mis
strain caused by the difference between the lattice cons
of the film af and that of the substrateas is characterized by
e5(af2as)/as . Thus,e.0 or ,0 implies a strained film
under compression or tension, respectively. To describe
composition profile of the film, we use a continuous varia
f(r ,t) which is defined only forz>0 and is proportional to
the local difference in the concentrations of two constituen
Corresponding to an alloy compositionX, its average value
f̄ is equal to 2X21. Here we focus on the symmetric mix
ture, i.e.,X51/2 alloy, for which the spinodal decompositio
theory can be well applied, and then we havef̄50 in what
follows. Due to the atomic size difference betweenA andB
species, the film lattice parameteraf is composition depen
dent and the solute expansion coefficienth5] ln af /]f
~Refs. 18,19! is defined to measure the compositional stra

Assume that the thin film has been grown under ultrah
vacuum condition, e.g., in a molecular-beam epitaxy~MBE!
system, and then the evaporation and recondensation on
surface are negligible. Furthermore, we also neglect the
terdiffusion between film and substrate as well as the di
sion and compositional relaxation in the bulk film, since t
bulk atomic mobility is much smaller than the mobility at th
surface in typical epitaxial growth. Thus, the dynamics
morphological and compositional evolution is dominated
the surface diffusion and surface decomposition proces
and should be conserved.

For the evolution of surface profile, the surface diffusi
mechanism leads to

]h

]t
5GhAg¹s

2dF
dh

, ~1!

while to measure the time-dependence of concentration
at the surfacef@x,y,h(x,y),t#5fs(x,y,t), we apply the
conserved dynamics

]f

]t
5Gf¹2

dF
df

. ~2!
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Note that in Eq.~2! there are two ways to study the surfa
composition fluctuations. The first one24 is evaluating the
free energyF at the surface and then calculating the fun
tional differentiation with respect to surface compositi
field fs , that is, only considering the surface state. Here
take into account the intimate coupling between surface s
and bulk state and use the other way:26 Apply the total free
energyF of the whole system to calculate the compositi
dynamics and then evaluate it at the surface, as has b
done in the previous study of surface critical phenomena
spin fluctuations.28

In Eqs. ~1! and ~2!, ¹s
2 is the surface Laplacian,g51

1u¹hu2 represents the determinant of the surface metric,
the kinetic coefficients are denoted as29 Gh5DsNs /kBTNv

2

and Gf5Ghd21 with d the effective diffusion thickness o
surface layer. HereDs is the surface diffusivity,kB is the
Boltzmann constant,Ns andNv are the number densities o
atoms per unit surface area and per unit volume, respectiv
andT is the temperature. The total free energy functionaF
consists of three contributions

F5Fs1FGL1Fel . ~3!

The first contributionFs is the surface energy, which plays
stabilizing role and can be represented by a drumhead m
without pinning term:

Fs@h#5gE d2rAg. ~4!

Hereg is the surface tension, and for simplicity we assum
to be isotropic and composition independent. The sec
term in right-hand side of Eq.~3! determines the phase be
haviors of binary compounds and is the Ginzburg-Land
functional

FGL@f,h#5E
2`

h

d3r F2
r 8

2
f21

u

4
f41

c

2
u¹fu2G , ~5!

where the parameters18 r 85kB(Tc2T)Nv , u is a tempera-
ture independent positive constant, andc5kBTcNva0

2/2, with
Tc the critical temperature of the binary alloy anda0 the
effective interaction distance. For the bulk alloy witho
elastic strain, whenT.Tc the equilibrium state is homoge
neous withf50, while for T,Tc we have the coexistenc
of two phasesf56Ar 8/u. The last termu¹fu2 in Eq. ~5!
represents the gradient energy that penalizes the sharp
positional changes, and is important for stability analys
The lack of it leads to a nonphysical divergence for sh
wavelength mode.20,22

The last contribution in Eq.~3! is the elastic free energy
functional Fel , and is crucial for this stress-driven system
From linear elasticity theory, it can be expressed as

Fel@f,u,h#5
1

2E2`

h

d3rSi jkl s i j skl , ~6!

wheres i j is the stress tensor andSi jkl is the elastic compli-
ance tensor with the form Si jkl 5d ikd j l (11n)/E
2d i j dkln/E for isotropic systems~subscripts i, j, k, or
1-2
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l 5x, y, z). Generally, the elastic constants~Young’s modu-
lus E, shear modulusm, and Poisson ration) are dependen
of the local composition, and here we consider this dep
dence to first order, that is,

E5E0~11E1* f!,

m5m0~11m1* f!, ~7!

andn5E/2m21. In this paper we take the system as be
elastically isotropic, and neglect the difference in the aver
elastic constants (E0 , m0, andn05E0/2m021) between film
and substrate. This is appropriate for systems with subs
and film having similar elastic constants.

To determine the elastic energy~6!, we need to get the
solution for the displacement vectoru which satisfies me-
chanical equilibrium

] js i j 50 ~8!

in the whole film/substrate system. According to Hook
law for isotropic system, the linear stress tensor is expres
as

s i j 52mF n

122n
ull d i j 1ui j 2

11n

122n
~e1hf!d i j G , ~9!

with the presence of misfit straine and composition strain
hf, where the linear strain tensorui j is given by

ui j 5~] iuj1] jui !/2. ~10!

The boundary conditions are needed to solve the above
chanical equilibrium equation. At the free surface of the fil
i.e., atz5h(x,y), we have

s i j
f nj50 ~11!

due to the negligible pressure on the film surface. Herenj is
the unit vector normal to the surface. Since the film-subst
interface atz50 remains coherent, we get the continuo
conditions for both stress and displacement tensors

s i j
f 5s i j

s and ui
f5ui

s , ~12!

where superscriptsf and s refer to the film and substrate
respectively. Finally, the strains far from the interface, that
for z→2`, are expected to decay to zero:

ui
s→0 and ui j

s →0. ~13!

III. LINEAR STABILITY ANALYSIS

In order to determine the stability properties of this no
growing strained alloy system, we apply the linear analy
on evolution equations~1! and ~2! with the use of formulas
~3!–~13!. For a general variablej, which could be displace
mentui , composition fieldf, or height variableh, its Fou-
rier expansion yields
19542
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q

ĵ~q,z,t !ei (qxx1qyy), ~14!

with small perturbationsĵ around the basic statej̄ which

corresponds to a planar film with fixed thicknessh05h̄ and

uniform compositionf̄50. Note that in Eq.~14! when j

denotes the height variableh, ĵ is in fact ĥ(q,t). The basic-

state solution20,24 for the film leads toūx
f 5ūy

f 50, ūz
f5ūz

with ū5ūzz
f 5e(11n0)/(12n0), s̄xx

f 5s̄yy
f 5s̄522m0ū,

and other stress and strain tensors (ūi j
f , s̄ i j

f ) to be zero. For

the substrate, the basic state is unstrained and thenūi
s50 and

ūi j
s 5s̄ i j

s 50 (i , j 5x, y, z).
The mechanical equilibrium equation~8! with boundary

conditions ~11!–~13! can be solved to first orderO(ĥ,f̂)
using the above expansion~14!. Here we use the detaile
solutions given by Le´onard and Desai,24 where a crucial step
is to introduce a new variableW with

¹2W5f, ~15!

or equivalently, (]z
22q2)Ŵ5f̂ with q25qx

21qy
2 . After sub-

stituting the solutions in the free energy functional~3!–~6!
and then in the dynamical equations~1! and ~2!, we can
obtain the linearized evolution equations for morphologi

and compositional perturbationsĥ and f̂ to determine the
stability of the system.

What we are interested in is the behavior of perturbatio
for the stressed film without deposition. The fluctuations
alloy composition mainly occur at the surfacez5h(x,y) due
to the surface relaxation process, and should attenuate a
the vertical directionz as the surface/bulk coupling weaken
with the increasing distance from the surface and the b
mobility is very small. Thus, the bulk compositional pertu

bation f̂b caused by the free surface disturbance is hypo
esized to decay as

f̂b5f̂se
2k(h02z), ~16!

with the correspondingŴ5f̂se
2k(h02z)/(k22q2). This ex-

ponential form is for the early evolution regime and simil
to that used in previous work.24,27 The parameterk in Eq.
~16! is equal to 1/b, with b the vertical length scale of com
positional perturbation caused by free surface. Due to
negligible atomic mobility in the bulk and guided by the fa
that the vertical morphological perturbation is very sm
compared with the lateral variation, one can assumeb!l,
where l;1/q is the typical lateral wavelength of surfac
modulation. Therefore, for the range ofq that corresponds to
typical surface structure, we have
1-3
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ZHI-FENG HUANG AND RASHMI C. DESAI PHYSICAL REVIEW B65 195421
k@q ~17!

in Eq. ~16!.
Using the solutions of mechanical equilibrium equati

and the assumptions~16! and ~17!, we have derived the dy
namical equations forĥ andf̂s . To first order of the pertur-
bations, they are~in nondimensional form!

]ĥ* /]t5~e* 2k32g* k4!ĥ*

2
k2

11n0
Fe* h* 1

2E1* 2~11n0!m1*

2~12n0!
e* 2G f̂s* ,

~18!

and

]f̂s* /]t5
k3

12n0
$~122n0!e* h*

1@2E1* 2~11n0!m1* #e* 2%ĥ*

2k2F k2611
8E1* 25~11n0!m1*

2~12n0
2!

e* h* G f̂s* ,

~19!

where the ‘‘6 ’’ sign corresponds to the cases in which t
alloy is above~‘‘ 1 ’’ ! or below ~‘‘ 2 ’’ ! the effective critical
temperatureTc

eff defined by

Tc
eff5Tc2

2E0

12n0

h2

kBNv
, ~20!

which is the same as the spinodal temperature of alloys w
coherency stress derived by Cahn.18

Here we have rescaled the variables and paramete
make the equations nondimensional, using a character
length scale

l 05S ur u
c D 21/2

, ~21!

which is the typical width of domain interfaces, and tim
scale

t05S Gf

r 2

c D 21

, ~22!

with

r 5r 822E0h2/~12n0!5kB~Tc
eff2T!Nv , ~23!

as well as the transformations
19542
th
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k5ql0 ,

t5t/t0 ,

ĥ* 5h/ l 0 ,

f̂s* 5f̂s ,

g* 5
l 0

c
g,

e* 5F2E0

ur u S 11n0

12n0
D G1/2

e,

h* 5F2E0

ur u S 11n0

12n0
D G1/2

h. ~24!

In the early time regime of the perturbation’s evolutio
the growth rates of morphological and compositional pert
bations, i.e., sh and sf , are defined throughĥ*
5ĥ0exp(sht) and f̂s* 5f̂0exp(sft), respectively. In genera
cases~e.g., bothe* and h* are nonzero! two dynamical
equations~18! and ~19! couple with each other, which lead
to the joint stability or instability of surface morphology an
composition, that is,sh5sf5s. Therefore, from Eqs.~18!
and ~19! we can obtain the characteristic equation for t
perturbation growth rates:

~s1g* k42e* 2k3!Fs1k2S k2611
8E1* 25~11n0!m1*

2~12n0
2!

3e* h* D G1
k5

2~11n0!~12n0!2
$~122n0!e* h*

1@2E1* 2~11n0!m1* #e* 2%$2~12n0!e* h*

1@2E1* 2~11n0!m1* #e* 2%50, ~25!

where the ‘‘1 ’’ ~‘‘ 2 ’’ ! sign corresponds toT.Tc
eff (T

,Tc
eff). The real part ofs determines the stability propertie

of the system: For Re(s).0, the film is jointly unstable to
morphological instability and alloy decomposition instabili
at the surface, while if Re(s),0 is fulfilled for all the wave
numbersk, both the morphological and compositional mod
lations are suppressed. When Re(s).0 and Im(s)Þ0, the
instability is oscillatory. In the following calculations, w
first ~Sec. IV A and IV B! focus on the real part ofs for each
of the solutions of Eq.~25!, and use the largest one~with
respect to all evolution modesk) to determine the regions o
instability. Within the unstable region, the imaginary part
then computed~Sec. IV C! to determine the regions of osci
latory instability.

Note that in Eq.~25!, quantitiesk, g* , e* , h* depend on
temperature via the coefficientr @see Eqs.~23!, ~21!, and
~24!#. The temperature dependence of the system’s stab
can be made explicit by rewriting Eq.~25! in a dimensionfull
manner, which is
1-4
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FVt01
c3/2

ur u5/2S gq422E0

11n0

12n0
e2q3D GFVt01

c

r 2
q2

3S 2r 1cq21
E0

~12n0!2
@8E1* 25~11n0!n1* #eh D G

1
c5/2

ur u9/2

2E0
2~11n0!

~12n0!4
q5$~122n0!eh

1@2E1* 2~11n0!m1* #e2%$2~12n0!eh

1@2E1* 2~11n0!m1* #e2%50. ~26!

Thus, in this characteristic equation for the perturbat
growth rates (5Vt0), the temperature dependence ent
only through the quantityr which is linearly dependent onT
as given by Eq.~23!. Even though the characteristic tim
scalet0 depends on temperature@Eq. ~22!#, this dependence
does not have any effect on stability boundaries.

IV. RESULTS

From Eqs.~18!–~25!, the stability property of the straine
film depends on material parameterse* , h* , E1* , m1* , g* ,
andn0. In the following we give the results of film stability
for the cases of composition independent and depen
elastic constants, as well as different conditions of misfit a
compositional strains.

A. Composition-independent elastic moduli„E1*Äµ1*Ä0…

When ignoring the dependence of elastic constants on
local composition, we haveE5E0 , m5m0, andn5n0 from
Eq. ~7!, and the derived evolution equations for perturbatio
ĥ* and f̂s* as well as the characteristic equation fors are
the same as Eqs.~18!, ~19! and ~25! after settingE1* 5m1*
50. Whene* 5h* 50, that is, neither misfit strain nor com
positional strain exists in the film, the dynamical equatio
for ĥ* and f̂s* decouple, with different perturbation growt
rate

sh52g* k4,

sf5H 2k42k2, if T.Tc
eff ,

2k41k2, if T,Tc
eff ~27!

which recovers the results obtained by Le´onard and Desai.24

Thus, the surface morphology is always stable and the c
positional stability is similar to that of bulk alloy: ForT
.Tc

eff (5Tc , when h50) the system is stable, while fo
T,Tc

eff spinodal decomposition occurs for long waveleng
(k,1). For the case of zero misfit but nonzero solute exp
sion coefficient, i.e.,e* 50 andh* Þ0, the dispersion rela
tions are the same as Eq.~27!. Note that the compositiona
perturbation ratesf obtained here is different from that o
the previous work@see Eq.~44! in Ref. 24#.

Whene* Þ0 andh* 50, corresponding to nonzero misfi
stress but zero solute stress, our results yield
19542
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sh5e* 2k32g* k4,

sf5H 2k42k2, if T.Tc ,

2k41k2, if T,Tc ,
~28!

where the Asaro-Tiller-Grinfeld instability for morphology1,2

is recovered, as also shown in the model of Le´onard and
Desai.

For more general case ofe* Þ0 andh* Þ0, that is, the
strains generated by both the lattice mismatch and comp
tional nonuniformity are nonzero and coupled, we have
quadratic equation for the common perturbation growth r
s

s21a1s1a050, ~29!

with the rootss5(2a16Aa1
224a0)/2 and coefficients

a15g* k42e* 2k31k2~k261!,

a05k2~k261!~g* k42e* 2k3!1
122n0

12n0
2

e* 2h* 2k5.

~30!

Usually the Poisson ration0 lies in the range from 1/4 to 1/3
Consequently, forT,Tc

eff @bottom sign ‘‘2 ’’ in Eq. ~30!#, we
havea1,0 anda0.0 when the wavenumber is very sma
i.e., k!1, corresponding to the solution Re(s).0. Then the
instabilities of surface morphological and compositional p
files are expected to appear simultaneously below the ef
tive critical temperature.

For T.Tc
eff , the stability properties are more complicate

and we present the analytic results as follows. Ifg* 2.g*
11 @i.e., g* .(11A5)/2], the stability condition for this
strained film is

e* 2,2~11g* !1/2 and h* 2.h0*
2, ~31!

with h0*
25(12n0

2)/(122n0). Otherwise, if g* 2,g* 11
@i.e., 0,g* ,(11A5)/2], the system is stable when

e* 2,2g* and h* 2.h0*
2 ~32!

or

2g* ,e* 2,2~11g* !1/2 and

h* 2.h0*
2F12

e* 2~9g* 222e* 4!22~e* 423g* 2!3/2

27g* 2e* 2 G .

~33!

Therefore, in this stress-driven epitaxial system the insta
ity of both morphology and composition could also occ
above the strained spinodal temperatureTc

eff and for large
misfit e* or small solute coefficienth* . This result is very
different from the bulk alloy where only below the critica
temperature, can the spinodal decomposition be present.
instability is due to the coupling of morphological and com
positional undulations, as pointed out by Glas27 from the
thermodynamic point of view.
1-5



.

e
e

sfi
e

th

te
ca

ee

a
.,
n

r
t
t

to

n

:

ck
-

av

ZHI-FENG HUANG AND RASHMI C. DESAI PHYSICAL REVIEW B65 195421
The corresponding stability boundary in thee* -h* space
is shown forn051/4 and different values ofg* in Fig. 1
~thick lines!. The stability boundary forg* 55 corresponds
to the case ofg* 2.g* 11 and then is determined by Eq
~31!, while for g* 50.5 the conditions~32! and ~33! are
used. The stabilizing effect of surface energy can be s
directly from the figure, where the stable region is enlarg
with the increasing value of surface tensiong* . The stability
diagram here is symmetric with respect to the sign of mi
e* since we have assumed the composition independenc
elastic moduli in Fig. 1.

B. Composition-dependent elastic moduli„E1*Å0, µ1*Å0…

More interesting and richer results are obtained for
cases of composition-dependent elastic constants withE1*
Þ0 andm1* Þ0, where the coupling of misfit strain, solu
strain and composition dependence of elastic moduli
highly affect the behaviors of perturbation growth.

For the lattice matched films, that is,e* 50 with h* ar-
bitrary, the morphological and compositional degrees of fr
dom decouple, as obtained from dynamical equations~18!
and~19!. The perturbation growth ratessh andsf also obey
Eq. ~27!, corresponding to the stability properties the same
that ofE1* 5m1* 50. However, when lattice misfit exists, i.e
e* Þ0, the composition dependence of elastic consta
leads to substantially different results. In the absence
atomic size difference (h* 50), the dynamical equations fo
ĥ* and f̂s* remain coupled, which is qualitatively differen
from the case shown in Eq.~28! for composition independen

FIG. 1. Stability diagram for nongrowing strained alloy film
with E1* 5m1* 50, temperatureT.Tc

eff , and n051/4. Region
marked by ‘‘S’’ is the stable region. Long dashed and solid thi
lines denote the stability boundaries forg* 50.5 and 5, respec
tively. In the unstable region, the domain marked as ‘‘US’’ corre-
sponds to steady instability and that marked as ‘‘US& O’’ corre-
sponds to steady or oscillatory instabilities depending on the w
numberk. The boundaries between ‘‘US’’ and ‘‘ US& O’’ regions are
indicated by dashed (g* 50.5) and dotted (g* 55) thin curves.
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elastic moduli. The coupled perturbation growth rates is
then governed by a quadratic equation of the form similar
Eq. ~29!

s21a1s1a050,

but with different coefficienta0:

a15g* k42e* 2k31k2~k261!,

a05k2~k261!~g* k42e* 2k3!

1
@2E1* 2~11n0!m1* #2

2~11n0!~12n0!2
e* 4k5. ~34!

When T,Tc
eff , it is easy to show that Re(s).0 for k!1

and then the system is unstable, while forT.Tc
eff the film

can be stable for certain values of misfite* , as specified in
the following stability conditions. Ifg* 2.g* 11, the stabil-
ity occurs for

x21,e* 2,2~11g* !1/2, ~35!

with

x5
@2E1* 2~11n0!m1* #2

2~11n0!~12n0!2
; ~36!

while for g* 2,g* 11, there are two regions of stability. I
the first one,

x21,e* 2,2g* , ~37!

is fulfilled. In the other, four conditions have to be fulfilled

~ i! 2g* ,e* 2,2~11g* !1/2, ~38!

~ ii ! g* .
4

9
x21, ~39!

~ iii ! g* .
e* 2

3~3xe* 2/221!1/2
, ~40!

and

~ iv!
2

3
x21,e* 2,

8

9
x21,

or

e* 2.
8

9
x21,

and g* 2.
e* 4

2 F S x

2D 1/2S 9

2
xe* 224D 3/2

e*

23S 3

2
xe* 221D 2

11G ,
or

e
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e* 2.
8

9
x21,

and g* 2,
e* 4

2 F2S x

2D 1/2S 9

2
xe* 224D 3/2

e*

23S 3

2
xe* 221D 2

11G . ~41!

The stability diagram ofue* u vs g* corresponding to Eqs
~35!–~40! is plotted in Fig. 2, where the parametersn0

51/4, E1* 520.4, andm1* 520.1 are chosen. One can s
from the diagram that in the absence of compositional st
but with the composition dependence of elastic constants
system above the effective critical temperature can be st
lized for intermediate magnitudes of misfite* and large
enough effective surface tensiong* .

For the most general casee* Þ0, h* Þ0 and E1* Þ0,
m1* Þ0, corresponding to the lattice mismatched and com
sitionally stressed film with composition-dependent elas
constants, the coupled dynamical equations are describe
Eqs. ~18! and ~19!, with joint perturbation growth rates
given by Eq.~25!. The characteristic equation~25! is in fact
quadratic, with coefficients

a15g* k42e* 2k31k2@k2611be* h* #,

a05k2~g* k42e* 2k3!@k2611be* h* #

1
k5

2~11n0!~12n0!2
@~122n0!e* h* 1ae* 2#

3@2~12n0!e* h* 1ae* 2#, ~42!

with the parameters

FIG. 2. Stability diagram forh* 50 nongrowing strained alloy
film, with T.Tc

eff , n051/4, E1* 520.4, andm1* 520.1. Stable and
unstable regions are marked as ‘‘S’’ and ‘‘ U,’’ respectively.
19542
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a52E1* 2~11n0!m1* ,

b5
8E1* 25~11n0!m1*

2~12n0
2!

. ~43!

The stability conditions can be derived by studying the r
part of the solutionss5(2a16Aa1

224a0)/2, and we
present the analytic results below for bothT.Tc

eff and T
,Tc

eff .
The stable epitaxial film should first fulfill

be* h* 61.0, ~44!

and then similar to the other cases, the conditions forg* 2

.g* 11 or g* 2,g* 11 are different. Forg* 2.g* 11, the
stability conditions are

e* 4,4~g* 11!~be* h* 61! ~45!

and

D,0,

or

D.0 and h* .
2re* 1D1/2

4~12n0!~122n0!
,

or

D.0 and h* ,
2re* 2D1/2

4~12n0!~122n0!
, ~46!

where

r522E1* 1~11n0!~22n0!m1* ,

D5@r228~12n0!~122n0!a2#

3e* 2616~11n0!~12n0!3~122n0!. ~47!

On the other hand, forg* 2,g* 11 the system is stable onl
when the following conditions are fulfilled:

e* 4,4g* 2~be* h* 61!, ~48!

as well as all the conditions in Eq.~46!, or

4g* 2~be* h* 61!,e* 4,4~g* 11!~be* h* 61!

and
1-7
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F122n0

12n0
2

h* 21
r

2~11n0!~12n0!2
e* h*

1
a2

2~11n0!~12n0!2
e* 271Ge* 2

1
e* 2

27g* 2
@9g* 2~be* h* 61!22e* 4#

2
2

27g* 2
@e* 423g* 2~be* h* 61!#3/2.0.

~49!

Note that in Eqs.~42!, ~44!, ~45!, ~47!–~49!, the top sign
applies when the temperatureT is above the effective critica
temperatureTc

eff , and the bottom sign corresponds toT
,Tc

eff .
The stability diagrams can be calculated according to

above results~44!–~49!. Here we use two sets of paramete
~1 and 2! to plot the stability diagrams ofT.Tc

eff and T
,Tc

eff , as shown in Figs. 3–6. For the first set~set 1, used in
Figs. 3 and 5!, where all the material parameters~e.g.,Tc , g,
af , Nv , and elastic constants! are chosen to qualitatively
represent the SiGe alloy, we haven051/4 andg* 55 ob-
tained from Eq.~24!, and assume thatE1* 520.4, m1* 5
20.1. The second set 2 is expected to qualitatively repre
the InGaAs alloy and applies to Figs. 4 and 6, where
choosen051/3, g* 53.5, E1* 520.25, andm1* 520.5.

Compared to symmetric diagram Fig. 1 forE1* 5m1* 50,
Figs. 3–6 exhibit the asymmetry for compressive and ten
layers, i.e., the stability depends on the sign of misfite* ,
which is one of the major consequence of local composit
dependence of elastic constants. In Figs. 3 and 5, co
sponding to parameters of set 1~similar to the case of SiGe!,

FIG. 3. Stability diagram for nongrowing strained alloy film
with T.Tc

eff . Parameters of set 1 are chosen:E1* 520.4, m1* 5
20.1, n051/4, andg* 55. Stable and unstable regions are mark
in a manner similar to that in Fig. 1.
19542
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the stabilization mainly occurs under tensile strain (e* ,0)
and the stable regions increase with larger value ofh* , while
for compressive films the instability cannot be suppressed
most of the parameter values, especially forT,Tc

eff . In con-
trast, the InGaAs-like parameters of set 2 lead to oppo
asymmetry: Larger part of stable region is found in posit
misfit e* , and layers subject to tensile strain exhibit le
stability, as shown in Figs. 4 and 6.

The other important effect of composition-dependent el
tic moduli is on the system below effective critical temper
ture Tc

eff . For all the other cases described above, includ
the ones forE1* Þ0 andm1* Þ0 but with one ofe* andh*
equal to zero, the compositional profiles forT,Tc

eff are un-
stable, in agreement with the usual expectation that
strained alloy near 50–50 mixture should exhibit decom

FIG. 4. Stability diagram forT.Tc
eff strained alloy film in the

absence of growth, with set 2 parametersE1* 520.25, m1* 5
20.5, n051/3, andg* 53.5. Regions with different stability prop
erties are marked as in Figs. 1 and 3.

FIG. 5. Stability diagram for nongrowing strained alloy film
with T,Tc

eff and composition-dependent elastic moduli. The para
eters are of set 1 as described in Fig. 3.
1-8
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sition and phase segregation below the coherent spin
temperatureTc

eff . However, the coupling of all the factors o
misfit strain, solute strain and composition-dependent mo
causes different and new effects. As shown in Figs. 5 an
when all the variablese* , h* , E1* , andm1* are nonzero, the
film below Tc

eff can also be stable for certain range of para
eters. That is, it is possible to suppress the surface decom
sition even forT,Tc

eff due to the coupling effects in thi
heteroepitaxial system.

C. Oscillatory instability †Im „s…Å0‡

When the system corresponds to the unstable param
region of stability diagram, that is, Re(s).0, the imaginary
part of s determines whether the onset of this instability
steady@ Im(s)50# or oscillatory @ Im(s)Þ0#. The occur-
rence of oscillatory instability has been found in the study
directional solidification for stressed solid32 and the growing
process of alloy thin films,20 and been attributed to the pha
difference between surface morphology and composi
field, induced by nonlocal elastic stresses.

We calculate the imaginary part of perturbation grow
rates through characteristic Eq.~25!. If for a certain wave
numberk, we have both Re(s).0 and Im(s)Þ0, oscilla-
tory instability may occur. The results fore* Þ0, h* Þ0,
andT.Tc

eff , corresponding to the parameters range of m
experiments on strained films, are shown in Figs. 1, 3, an
with the thin dashed or dotted boundary curves. For the c
of composition independent elastic moduli, as shown in F
1, the oscillatory unstable regions are symmetric with resp
to misfit and more regular. Large solute coefficienth*
favours the occurrence of oscillatory instability, and if mis
e* is large enough, the oscillatory instability is obtain
when h* exceeds a fixed valueh0* 5@(12n0

2)/(1
22n0)#1/2, which can be derived analytically. When the ela
tic constants are composition dependent, i.e.,E1* Þ0 and
m1* Þ0, the oscillatory regions are asymmetric and irregu
~see Figs. 3 and 4!. Note that in these parameter regions

FIG. 6. Stability diagram for nongrowing strained alloy film
with T,Tc

eff as well as the set 2 parameters as described in Fig
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oscillatory instability, steady instability can also exist~but
for different modek), and the competition between these tw
kinds of unstable modes determines the surface pro
When oscillatory modes dominate or coexist with stea
modes, the surface disturbance is expected to propagate
erally, with the phenomenon that one side of the surfa
bump will grow faster than the other side.32

V. DISCUSSION AND CONCLUSIONS

Our calculations above have shown that the stability pr
lem of free alloy film surface under both morphological a
compositional strains is essentially a nonequilibrium and
namical problem even for static films, i.e., in the absence
growth. Although in the sense of thermodynamics and eq
librium, it has been demonstrated that the instability can
pear in any stressed alloy with a free surface,27 the physically
based choice of nonequilibrium evolution dynamics leads
different conclusion that the system can be stabilized for c
tain values of parameters. As shown in Figs. 1–6, the jo
instability can be suppressed by large enough compositio
strain (h* ), which has also been found for growing films
the film-vapor local equilibrium model of Guyer an
Voorhees20 as well as in the dynamical model of Spenc
et al.22 with unequal atomic mobilities for different alloy
constituents.

In the previous work20,22,24this stabilization of composi-
tional stresses would be overcome by larger magnitude
misfit e* , while in our results similar phenomenon occurs f
e* values far from zero, but the other parts of stability d
grams are more complicated. In Fig. 4~with the parameters
of set 2 andT.Tc

eff) and Figs. 5 and 6 forT,Tc
eff , when the

magnitude of misfite* is close to the minimum of the sta
bility boundary and is made smaller, then higher value ofh*
~related to larger compositional strain! is needed to suppres
the instability, and for parameters of set 1 withT.Tc

eff ~Fig.
3! the stable regions are much more irregular, due to
combination of misfit and compositional strains as well
composition-dependent elastic moduli. Even for the case
composition-independent moduli, the results here~shown in
Fig. 1! are different from before. For sufficiently largeh, the
nonphysical short wavelength divergence20,22 is avoided due
to the inclusion of gradient energy and the return
instability24 is not found here due to the consideration
coupling between surface and bulk phases.

The introduction of composition dependence of all
elastic constants, which makes the effective elastic effe
nonlocal, leads to the presence of asymmetry in the stab
of films under compression or tension. Some experime
have tested this misfit sign dependence. Although these
servations are all for the growing films, they can still b
helpful to check our theoretical results for films witho
deposition. Our calculations using parameters similar to t
of SiGe ~shown in Figs. 3 and 5! exhibit the preference o
stability for tensile layers, consistent with the experimen
findings of Xieet al.7 Various experiments13–15indicated that
the way of asymmetry for InGaAs alloys depends on
materials deposition rate, while our results in Figs. 4 an
with a specific selection of parameters~set 2! suggest that the

4.
1-9
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ZHI-FENG HUANG AND RASHMI C. DESAI PHYSICAL REVIEW B65 195421
compressive layers are more stable for nongrowing film.
The simultaneous interaction of misfit strain, solute str

and composition-dependent elastic constants makes the
bility possible even forT,Tc

eff , which is not possible in the
absence of any one of them. The corresponding diagrams
shown in Figs. 5 and 6. This phenomenon is very differ
from what we expect, since in usual bulk strained alloy t
spinodal decomposition always occurs belowTc

eff .18 The re-
lated experiments are lacking since most of the epitaxial
periments are carried out above the effective critical te
peratureTc

eff .
Note that although in the above analysis, we have dis

guished the stability results and diagrams into two tempe
ture regimesT.Tc

eff andT,Tc
eff , in each regime the stability

properties are still temperature dependent. This can be
from our theoretical diagrams~Figs. 1–6! as well as the
charateristic equation~25! for perturbation growth rate
where the system stability is shown to depend on the
caled parameterse* , h* , andg* , which in fact are all pro-
portional tour u21/2 with r linearly dependent on temperatu
T @see Eqs.~24! and ~23!#. This temperature dependence
stability property can also be obtained from Eq.~26! that has
dimensionfull form.

It is interesting to compare our theoretical results for
stability with the observations of isothermal annealing e
periments on strained films. Experiments on SiGe/Si po
deposition system8,30,31 have exhibited a morphologica
evolution procedure from an initial planar film surface to
rough surface profile with ripples or islands during anne
ing. Also, along with this morphological modulation, the G
segregation has been found on the surface of SiGe layer
Walther et al.,8 which corresponds to the coupling of com
positional and morphological instabilities studied here. T
temperature effect on the stability of Si0.5Ge0.5 strained films
has been investigated by Chenet al.30 They observed that the
evolution to unstable surface morphology only occurs ab
:

e

-
r

t

,
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an annealing temperature, and attributed this sharp temp
ture dependence to the existence of an energy barrier.
theoretical results~for the case ofT.Tc

eff , e.g., stability dia-
gram such as Fig. 3!, obtained from the surface diffusio
mechanism, can explain this temperature dependent phen
enon without the introduction of an energy barrier. For sm
temperatureT ~but still aboveTc

eff , as in real experiments!,
we have smallur u @see Eq.~23!# and then largeg* ~resulting
in the large stable region of the stability diagram! and large
h* , which are apt to suppress the instability. WhenT in-
creases, the value ofe* becomes smaller, and more impo
tantly, g* andh* also decrease, rendering the system clo
to the unstable region of the stability diagram. Thus, one
reach a transition temperature above which the annea
system is unstable, as found in the experiments.

In summary, we have developed a continuum mode
study the nonequilibrium evolution processes of strained
loy films in the absence of growth. With the consideration
coupling between surface and bulk states as well as the c
position dependence of elastic moduli~both E andm), new
and more complicated stability results and diagrams h
been obtained using linear stability analysis. In general c
joint stability or instability is found due to the coupling be
tween morphological and compositional perturbations. M
importantly, the interplay of morphological and compo
tional strains as well as the composition-dependent ela
constants leads to the stability dependence on the sig
film-substrate misfit, and the possibility of stabilization ev
for films belowTc

eff . Here we only study the early film evo
lution, and the nonlinear effects should be considered
later regimes and for the determination of detailed surf
morphologies and patterns.

ACKNOWLEDGMENTS

This work was supported by the NSERC of Canada.
ev.

G.

wth

s.

nd

.

*Electronic address: zfh@physics.utoronto.ca
†Electronic address: desai@physics.utoronto.ca; URL http
www.physics.utoronto.ca/people/faculty/desai.html
1R. J. Asaro and W. A. Tiller, Metall. Trans.3, 1789~1972!.
2M. A. Grinfeld, Sov. Phys. Dokl.31, 831 ~1987!.
3D. J. Srolovitz, Acta Metall.37, 621 ~1989!.
4B. J. Spencer, P. W. Voorhees, and S. H. Davis, Phys. Rev. L

67, 3696~1991!; J. Appl. Phys.73, 4955~1993!.
5F. K. LeGoues, M. Copel, and R. M. Tromp, Phys. Rev. B42,

11 690~1990!.
6D. J. Eaglesham and M. Cerullo, Phys. Rev. Lett.64, 1943

~1990!.
7Y. H. Xie, G. H. Gilmer, C. Roland, P. J. Silverman, S. K. Bu

ratto, J. Y. Cheng, E. A. Fitzgerald, A. R. Kortan, S. Schupple
M. A. Marcus, and P. H. Citrin, Phys. Rev. Lett.73, 3006
~1994!.

8T. Walther, C. J. Humphreys, and A. G. Cullis, Appl. Phys. Let
71, 809 ~1997!.

9D. D. Perović, B. Bahierathan, H. Lafontaine, D. C. Houghton
and D. W. McComb, Physica A239, 11 ~1997!.

10P. Sutter and M. G. Lagally, Phys. Rev. Lett.84, 4637~2000!.
//

tt.

,

.

11R. M. Tromp, F. M. Ross, and M. C. Reuter, Phys. Rev. Lett.84,
4641 ~2000!.

12C. W. Snyder, B. G. Orr, D. Kessler, and L. M. Sander, Phys. R
Lett. 66, 3032~1991!.

13M. Gendry, G. Grenet, Y. Robach, P. Krapf, L. Porte, and
Hollinger, Phys. Rev. B56, 9271~1995!.

14J. E. Guyer, S. A. Barnett, and P. W. Voorhees, J. Cryst. Gro
217, 1 ~2000!.

15T. Okada, G. C. Weatherly, and D. W. McComb, J. Appl. Phy
81, 2185~1997!.
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24F. Léonard and R. C. Desai, Phys. Rev. B57, 4805~1998!.
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