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Relationship between the modified embedded-atom method and Stillinger-Weber potentials
in calculating the structure of silicon
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We show that the Stillinger-Weber~SW! potential is a special case of the modified embedded-atom method
~MEAM ! potential, by deriving the appropriate functional forms and parameter values for the MEAM poten-
tial. The electron density and pair potential functions have physically plausible forms. The embedding function
is quadratic in the electron density and yields an antibonding contribution under all circumstances. Using these
results SW silicon can be conveniently extended to silicon-metal systems within one theoretical framework and
one computational scheme. The properties of SW silicon and silicon modeled by the native MEAM represen-
tation are compared.

DOI: 10.1103/PhysRevB.65.195207 PACS number~s!: 61.43.Bn, 61.50.Ah, 83.10.Rs
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I. INTRODUCTION

Computational modeling of materials at an atomic leve
increasingly concerned with large and complex systems,
ten containing different atomic species. In spite of the curr
progress ofab initio calculations, classical simulations usin
semiempirical potentials are still needed when systems
more than a few hundred atoms are studied. Traditionally
development of potentials for metals and semiconductors
taken place separately and in different formats, which is
surprising because of the difference in their bonding natu
Many metals can be well described by potentials that do
take into account angle-dependent terms, whereas for s
conductors this is impossible. Over the last decade
embedded-atom method1 ~EAM! has been among the mo
popular modeling schemes for metals, while the Tersoff2 and
especially the Stillinger-Weber3 ~SW! potentials are the mos
commonly used for silicon.

The question can be raised, however, whether these
tential classes are truly different. Already in 1989 Brenn
showed that the Tersoff potential is identical to the EA
potential for a reasonable choice of functions a
parameters.4 However, the angular dependence of the Ters
potential had to be omitted in this comparison, which lim
the scope of the discovered identity considerably. Metals
semiconductors still could not be combined in one compu
tional scheme. Shortly thereafter Baskes developed the
version of the modified embedded-atom method5 ~MEAM !,
which adds angular terms havings, p, d, andf symmetries to
the EAM. Not only is the MEAM computationally efficient
its framework is also sufficiently flexible to handle simp
metals, transition metals with their weak yet significant a
gular interactions,andsemiconductors. Several authors ha
exploited these possibilities; examples can be found in R
6–10.

In this paper we show that the introduction of the MEA
potential has by no means left the SW potential in an isola
position. Without invoking approximations we show that t
SW potential is not different from the MEAM potential, bu
rather a special case of it. More specifically, we derive
forms of the MEAM functions and the values of the MEAM
0163-1829/2002/65~19!/195207~5!/$20.00 65 1952
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parameters that cause the MEAM potential to behave exa
like the SW potential. This makes it possible to combi
‘‘Stillinger-Weber silicon’’ with metallic elements in atomis
tic simulations, from which various types of research—f
example, that on silicides, Al-Si alloys, and some meta
glasses—will benefit greatly. As mentioned above, silic
also has a ‘‘native’’ representation in terms of the MEA
formalism, which allows an integrated study of metal-silic
systems as well. However, there already exists a large b
of data on silicon modeled with the SW potential; to be a
to extend these to silicon combined with metals would
very useful, even more so because the native MEAM rep
sentation of silicon is less extensively tested. Casting the
potential into the MEAM format also has theoretical imp
cations, since it will become clear how the SW interacti
can be interpreted in terms of the MEAM concepts such
local electron density and embedding energy. Moreover,
additional freedom of the MEAM formalism offers logica
ways to refine the SW potential within a well-defined the
retical framework. This may be useful, since various sho
comings of the SW potential have been identified; see, e
Ref. 11. Conversely, the parameters of the native MEA
representation may be brought closer to those of the
version in order to change those properties of silicon that
predicted better by the SW model than by the native mod
a comparison of some important silicon properties is given
the end of this paper. Finally, the present results allow us
of the MEAM potentials to switch easily to SW silicon or t
study more complex systems that are formulated in term
the SW potential, such as the silicon-oxygen system, wh
charge transfer should be taken into account.12 Recently Le-
nosky et al. have published a quite elaborate MEAM-lik
potential for silicon.13 In their work they briefly mention tha
the SW potential is a special case of their potential mode14

but they do not pursue the issues addressed here. Carls15

has shown that the SW potential is a special case of
Biswas-Hamman potential.16

II. THEORY

A. Stillinger-Weber potential

The SW potential expresses the energy as a sum of
and triplet contributions,3
©2002 The American Physical Society07-1
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E5(
i

(
j , i

v2~r i j !1(
i

(
j , i

(
k, j

v3~ i , j ,k!, ~1!

with

v2~r i j !5A~B~r i j /s!2p2~r i j /s!2q!e(r i j /s2a)21
, ~2!

v3~ i , j ,k!5hjik1hi jk1hik j , ~3!

hjik5leg(r i j /s2a)211g(r ik /s2a)21S cosu j ik1
1

3D 2

. ~4!

In these equationsr i j is the distance between atomsi and j,
and it is implied thatr i j and r ik are smaller thanas. If not,
the corresponding termv2(r i j ) or hjik vanishes. The angle
u j ik is the triplet angle subtended at atomi. The quantitys
sets the length scale and has a fixed value of 2.0951 Å.
values of the seven parametersA,B,p,q,a,l,g were given
by Stillinger and Weber3 and are listed in Table I.

B. Modified embedded-atom method potential

The MEAM potential expresses the energy as a sum
pair and ~environment-dependent! single-atom
contributions,5,17

E5(
i

(
j Þ i

1

2
f~r i j !1(

i
F~r i !, ~5!

in which f is the pair potential,F the embedding energ
function, andr i the electron density at the position of atomi.
This electron density is a function of the electron densit
contributed by the atoms surroundingi. In the original work
on MEAM,5 r i was expressed as

r i5S (
l 50

3

t ( l )~r i
( l )!2D 1/2

, ~6!

in which the parameterst ( l ), l 51 –3, are weight factors
(t (0)51) and the quantitiesr i

( l ) are partial electron densities
In later work,18 r i is expressed as

TABLE I. Parameters of the Stillinger-Weber potential~Ref. 3!
and the native MEAM representation of Si~Ref. 17!. The original
values ofA andl have been multiplied by 1.0676 so that the c
hesive energy of Si becomes 4.63 eV instead of 4.34 eV~Ref. 11!.
The fixed lengths is included for convenience.

Stillinger-Weber Native MEAM

A ~eV! 16.319 t (1) 2.05 b (3) 5.5
B 0.60222 t (2) 4.47 r e (Å) 2.350
p 4 t (3) 21.8 AE 1.00
q 0 f e 0.1705 Ec ~eV! 4.63
a(Å) 3.7712 b (0) 4.4 a 4.893
l ~eV! 48.615 b (1) 5.5 r s (Å) 2.945
g(Å) 2.5141 b (2) 5.5 r c (Å) 3.540
s(Å) 2.0951
19520
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r i5
2r i

(0)

11expF2(
l 51

3

t ( l )~r i
( l )/r i

(0)!2G , ~7!

which avoids the possibility of an imaginaryr i in case of
negativet ( l ) values. The partial electron densities are giv
by19

~r i
( l )!25(

j Þ i
(
kÞ i

f ( l )~r i j ! f ( l )~r ik!L ( l )~cosu j ik !, ~8!

where the functionsL ( l ), l 50 –3, are the~unnormalized!
Legendre polynomials,L (0)(z)51, L (1)(z)5z, L (2)(z)5z2

2 1
3 , andL (3)(z)5z32 3

5 z. The form of Eq.~8! differs from
the one given in Ref. 5, because it is more convenient for
present analysis; mathematically, they are equivalent.
functions f ( l ), l 50 –3, express the partial electron dens
contributions from the atoms surroundingi,

f ( l )~r i j !5 f ee
2b( l )(r i j /r e21), ~9!

wherer e is the equilibrium nearest-neighbor distance in t
perfect crystal andf e and the numbersb ( l ), l 5023, are
parameters. In this work we have used a smooth cubic cu
polynomial betweenr s52.945 Å andr c53.540 Å to limit
the electron range. The embedding function is

F~r i !5AEEcS r i

rX~r e!
D lnS r i

rX~r e!
D , ~10!

with AE a parameter,Ec the cohesion energy of the equilib
rium crystal, andrX(r e) the electron density at the site of a
atom in the equilibrium crystal. This form ofF shows that in
monatomic systems the value off e is irrelevant, since it can-
cels out of the density ratio. Here we will usef e50.1705 for
reasons explained below. The pair potentialf is constructed
in such a way that the energy of an atom in the perf
crystal varies with the nearest-neighbor distanceR exactly as
the universal relation proposed by Roseet al.20 When only
nearest-neighbor interactions are considered, as is the
for silicon, the pair potential then becomes

f~R!522
Ec

Z F @11h10.05h3#e2h

1AES rX~R!

rX~r e!
D lnS rX~R!

rX~r e!
D G , ~11!

with Z the coordination number andh a parameter given by

h5aS R

r e
21D , ~12!

where a5(9VeB/Ec)
1/2, with Ve the equilibrium atomic

volume andB the bulk modulus. We will refer to Eqs.~9!–
~12! as the ‘‘native’’ MEAM representation. The 14 param
eter values for Si~Ref. 17! are given in Table I.
7-2
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C. Relation between the two potentials

In order to show that the SW energy of Eq.~1! can be
written in the form of Eq.~5!, we start by separating the pa
terms (j 5k) and triplet terms (j Þk) of Eq. ~8!,

~r i
( l )!252 (

j ,k,Ti

f ( l )~r i j ! f ( l )~r ik!L ( l )~cosu j ik !

1(
j Þ i

@ f ( l )~r i j !#
2L ( l )~1!, ~13!

in which the notationj ,k,Ti refers to all atom pairsj ,k that
form unique triplets with atomi. Combining this with Eq.~6!
leads to

r i
25~r i

T!21~r i
P!2, ~14!

where the triplet and pair contributions are given by

~r i
T!25 (

j ,k,Ti
H (

l 50

3

2t ( l ) f ( l )~r i j ! f ( l )~r ik!L ( l )~cosu j ik !J ,

~15!

~r i
P!25(

j Þ i
H (

l 50

3

t ( l )@ f ( l )~r i j !#
2L ( l )~1!J . ~16!

When we next takef ( l )(r i j ) as

f ( l )~r i j !5eg(r i j /s2a)21
~17!

for all l, and we choose the parameterst ( l ) as

t (0)51, t (1)5
3

2
, t (2)5

9

4
, t (3)50, ~18!

Eq. ~15! becomes

~r i
T!25

9

2l (
j ,k,Ti

hjik . ~19!

In the triple summation in Eq.~1! only unique triplets are
counted; however, each triplet contributes three ene
terms, each of which can be attributed to a different atom
the triplet:hjik to atomi, hi jk to atomj, andhik j to atomk.
Therefore,

(
i

(
j , i

(
k, j

v3~ i , j ,k!5
2

9
l(

i
~r i

T!2. ~20!

Furthermore, evaluation of Eq.~16!, using Eq.~18! yields

~r i
P!254(

j Þ i
@ f ~r i j !#

2, ~21!

where we have dropped the superscript~l! from f. With these
results we can finally write Eq.~1! as

E5(
i

(
j Þ i

1

2 Fv2~r i j !2
16

9
l@ f ~r i j !#

2G1(
i

2

9
lr i

2 .

~22!
19520
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This shows that the MEAM potential is identical to the S
potential if the embedding function is taken as

F~r i !5
2

9
lr i

2 ~23!

and the pair potential as

f~r i j !5v2~r i j !2
16

9
l@ f ~r i j !#

2. ~24!

The electron densitiesr i at the atomic positions should b
calculated according to Eq.~6!, using the parameter values o
Eq. ~18!, and f (r i j ) should be computed according to E
~17!. These are the main results of this paper.

III. DISCUSSION

The two different models of silicon—SW-MEAM and na
tive MEAM—can now be compared in terms of electro
density, embedding energy, and pair potential. The na
MEAM model was evaluated using Eq.~7!, since for silicon
Eq. ~6! yields imaginary electron densities in the calculati
of the pair potential at small interatomic separations.

Figure 1 shows the electron density functionsf ( l )(r ). The
value f e50.1705 was chosen so that the electron densitie
the SW and native models have the same value at the e
librium Si-Si distancer e , which facilitates comparison. Not
that the density is expressed as a dimensionless number
seen that abover e the two models behave similarly and th
electron densities vanish at about the same distance. At
tances smaller thanr e the native model displays a fast in
creasing electron density while the SW model exhibits
slower increase. This difference will be felt by other el
ments if they are part of the system and should be acc
modated by a mixed pair potential different from the nati
MEAM version.

Figure 2 shows the two embedding functions. In the n
tive model the embedding energy in the equilibrium crys
is zero, which means that the cohesion is entirely due to

FIG. 1. Electronic density functionsf ( l )(r ) for the SW-MEAM
and native MEAM models. The circle marks the conditions in t
equilibrium silicon crystal.
7-3
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pair potential. This is somewhat at variance with the phys
picture of embedding, which was originally regarded as
bonding mechanism. In the SW model the embedding ene
in the equilibrium crystal is even antibonding (15.02 eV).
In fact, it is antibonding for every electron density. This po
is not as significant as it seems. It is well known that in t
EAM one can arbitrarily reestablish the bonding characte
the embedding function by subtracting an appropriate te
linear in the electron density. This is because adding a
responding term to the pair potential leaves the total ene
unchanged.21 Although in the MEAM this is formally not
possible, since the electron density no longer has the form
a pair potential, a similar reformulation ofF followed by a
new parameter fit is nevertheless equally likely to succe
Perhaps it is best to take the idea of embedding not
literally. This conclusion agrees with van Beurden a
Kramer,22 who argue thatr i should be interpreted as th
effective coordination number of atomi, rather than as the
local electron density, andF as a bond order correction func
tion. Mishinet al.23 practically abandon all physical interpre
tation and consider the functions as mere fitting functio
Apart from this matter concerning the sign ofF the two
embedding curves have similar shapes, and have deriva
of comparable magnitudes.

The pair potentials are displayed in Fig. 3. The oscillat
in the native pair potential abover 53 Å is the result of the
implicit requirement that the universal relation of Roseet al.
should be obeyed for a silicon crystal that is expanded w
out limits. Here this requirement is dropped for large exp
sions, and the pair potential is smoothly brought to zero
tween r s52.945 Å andr c53.540 Å, in accordance with
the electron density functions. When this is done, the t
pair potentials look very much the same. The SW pair
tential is deeper by a factor'1.9; this is because it has t
compensate for the antibonding contribution of the emb
ding energy. Interestingly, the two curves have their mi
mum at very nearly the same value ofr (1.94 Å). This is

FIG. 2. Embedding functionsF(r) for the SW-MEAM and na-
tive MEAM models. Close tor50 the native embedding functio
has been smoothed to remove the singularity in its derivative.
circles mark the conditions in the equilibrium silicon crystal.
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entirely due to the term2 16
9 l@ f (r i j )#2 in the SW-MEAM

pair potential; the original SW pair potentialv2(r i j ) is quite
different and has its minimum in the higher of the two circl
shown in Fig. 3.

TABLE II. Selected properties of silicon: elastic constantsC11,
C12, C44, thermal expansion coefficientaT ~at 300 K!, unrelaxed
and relaxed vacancy formation energiesEu

v andEr
v , dimer cohesion

energyE2 and bond lengthr 2, equilateral trimer cohesion energ
E3 and bond lengthr 3, surface energyg (100)231 of the 231 recon-
structed ~100! surface, and sputter yieldY500 during prolonged
bombardment of a Si~100! surface by a 500 eV Ar1 beam imping-
ing at 45°. Unless indicated otherwise, Stillinger-Weber and na
MEAM results are from this work. Results from quantum calcu
tions of various types~QC! are indicated by an asterisk.

Property
Stillinger-

Weber
Native
MEAM

Experimental,
QC*

C11 ~GPa! 162 178 166a

C12 ~GPa! 82 57 64a

C44 ~GPa! 60 93 80a

aT (1026 K21) 4.3 12.6 2.6b

Eu
v ~eV! 4.63 4.47 4.12*c

Er
v ~eV! 2.82 4.16 3.73*c

E2 ~eV! 2.32 5.15 3.24a

r 2 (Å) 2.35 2.42 2.25a

E3 ~eV! 4.74 8.00 7.6*a

r 3 (Å) 2.56 2.68 2.26*a

g (100)231 (Jm22) 1.54 1.38 1.7*a

Y500 (Si/Ar1) 1.7d 3.5d 1.7e

aReference 11.
bReference 24.
cReference 13.
dReference 25.
eReference 26.

e

FIG. 3. Pair potentialsf(r ) for the SW-MEAM and native
MEAM models. The black dots indicate the shorter-range version
the native pair potential, which is used in practice. The curve
beled v2 is the original SW pair potential. The circles mark th
conditions in the equilibrium silicon crystal.
7-4
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All of this is reassuring. The MEAM representation of th
SW potential leads to physically plausible forms of t
MEAM functions. This indicates that the MEAM offers
natural framework in which SW silicon can be combin
with metallic elements. Nevertheless, the differences
tween the SW and native MEAM representations themse
are too large to step over lightly. They suggest that the pr
erties of silicon may well be quite different in the two mo
els. Table II, which collects property values calculated w
the two potentials and compares them with experimental
ues~and results from quantum calculations!, shows that this
is indeed the case. Both the SW and the native MEAM m
els have their shortcomings. Going over Table II from top
bottom, from conditions close to the equilibrium crystal
conditions far from equilibrium, one notices that the S
model is particularly poor in predicting the sign ofC12
2C44 ~the elastic Cauchy discrepancy! and the values of the
relaxed vacancy formation energy and the dimer and trim
cohesion energies, and that the native MEAM notably fails
predicting the thermal expansion coefficient, the dimer
ag
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ur

ng
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ergy, the trimer bond length, and the sputter yield. This i
situation that clearly calls for improvement. It is not the i
tention of this paper to indicate how the SW and nat
MEAM parameters should be modified to remove the sho
comings in their predictions; this has to be postponed t
future paper. Rather, with the results in this work we ha
shown that such modifications can be conveniently carr
out in one common theoretical framework.
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