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Crystal-field levels and magnetic susceptibility in PuO2
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Ground-state electronic structure and crystal-field levels of PuO2 have been calculated by means of a
symmetry constrainedlocal density approximation to density-functional theory in terms of total energy differ-
ences. The calculatedG1 ~ground state! to G4 ~first excited state! excitation energy of 99 meV is in reasonable
agreement with the measured value 123 meV from inelastic-neutron-scattering experiments. The measured
magnetic susceptibility has been analyzed and its discrepancy with neutron-scattering results is partially re-
moved by the introduction of antiferromagnetic exchange enhancement.
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I. INTRODUCTION

The first approximation to the ground state of the 5f elec-
trons in PuO2 is a 5f 4 configuration which, in the Russell
Saunders coupling scheme, hasJ54 with a g factor of 3/5.
In a cubic symmetry the ninefoldJ54 multiplet should split
into G1(1), G3(2), G4(3), and G5(3) crystal field levels
~values in parenthesis denote level degeneracy!. The ob-
served temperature independent magnetic susceptibility1 sug-
gests that the ground state is the nonmagneticG1(1) singlet.
Interpretation1 of the observed magnetic susceptibility
terms of a single transition from a nonmagneticG1 ground
state yielded an excitation energy of 284 meV. Rec
inelastic-neutron-scattering experiments2 detected one exci
tation, evidentlyG1→G4 ~if G1 is the ground state! at 123
meV. The magnetic dipole transitionsG3→G4 and G3→G5
are also allowed but would only be consistent with expe
ment if the nonmagneticG3 doublet were the ground state
However, the measured temperature independent mag
susceptibility excludes this possibility. The difference by
factor of more than 2 for theG1→G4 excitation energy
evaluated from two measurements1,2 is an anomaly that it is
desirable to address with theory.

It has recently become possible to makeab initio calcu-
lations of crystal-field energy levels and electric fie
gradients,3–10 usually for rare-earth metals and compoun
The normal approach is based upon perturbation theory a
the standard model for crystal fields.3–8 The f electron den-
sity is approximated by a spherical density as in a free a
calculation, frequently with the use of the self-interacti
correction.11,12 The remaining conduction electron density
obtained from the otherwise full-potential energy band c
culations resulting in aspherical Coulomb and exchange
tentials at the rare-earth sites. The crystal-field parame
are then calculated directly from integrals of products of
aspherical parts of the potentials and sphericalf densities and
there is a division into onsite and lattice contributions to
potential and crystal-field parameters. Results have b
promising if not always very accurate and experience
shown that the calculated crystal-field parameters are se
tive to whether or not the self-interaction correction is us

The method used here is not based upon perturba
0163-1829/2002/65~19!/195102~7!/$20.00 65 1951
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theory. The total energy is computed for each crystal-fi
state for which the 5f density has its correct aspheric
shape.13 The conduction electron density is allowed to scre
changes in 5f density when the crystal-field state is change
The crystal-field excitation energies are the differences
tween these total energies. High relative accuracy is requ
but larger errors in the total energies are expected to can
Compared to previous works on rare earths,13,14 the applica-
tion to actinides is expected to be even more challeng
since the 5f states are less well bound than 4f states and
likely to be even more sensitive to approximations to t
potential. The present work should therefore be viewed
exploratory. We do not expect to be able to calculate
crystal fields in actinide compounds to an accuracy of a m
but would hope to obtain the correct ground state and a g
estimate of the order of magnitude of the energies of exc
states. A positive factor is that the crystal-field splittings
actinide dioxides are very large~typically 100 meV! com-
pared to those in rare-earth compounds~typically 10 meV!
therefore it is not necessary to have an accuracy of one m
to obtain good agreement with experiments.

The rest of this paper is organized as follows. The meth
and calculated ground-state band structure is discusse
Sec. II. Details of the constraints applied to the localizedf
states are given in Sec. III as are the effects of differ
approximations for the 5f potential.14 In Sec. IV we discuss
the calculated results and magnetic susceptibility conclud
that antiferromagnetic exchange is required to make the
ceptibility consistent with the crystal-field scheme.

II. CALCULATED GROUND STATE ELECTRONIC
STRUCTURE

The LDA calculation presented in this paper are p
formed with a full-potential~FP! linearized muffin-tin orbital
~LMTO!.15 In the FP-LMTO method, the one-electro
ground state is determined by solving a wave equation~in
the present case scalar relativistic approximation to the D
equation! via a variational method. The one-electron wa
function consists of a linear combination of linear muffin-t
orbital basis functions, with the expansion coefficients be
determined from a variational procedure. In devising the
©2002 The American Physical Society02-1
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sis functions for the valence electrons, the crystal is divid
into muffin-tin sphere regions and an interstitial region.
side the nonoverlapping muffin-tin spheres, the muffin-
orbitals~MTO’s! F are a product of spherical harmonics a
a numerical solution of the radial wave equation~from a
spherical muffin-tin potential! augmented by its energy de
rivative. Further the MTO is calculated at a suitable ene
En . In the interstitial region the basis function is a Bloc
sum of Hankel or Neumann functions~which are analytical
solutions of Helmholtz’s equation!. The two sets of basis
functions are continuously and differentiably matched at
muffin-tin sphere. In the present calculations we used Pup,
7s, 7p, 5d, and 6d and O 2s, 2p, and 3d basis functions.
PuO2 has the CaF2 structure with a lattice constanta
55.2396 Å. Thek space was sampled using the spec
k-point method with 20 points in the irreducible part of th
Brillouin zone.

The eigenfunctions for the core electrons are solution
the single electron wave equation for a spherical averag
the potential inside the muffin tin. The one-electron effect
potential is determined using the local density approximat
~LDA ! to density functional theory,16 in which the Coulomb
potential is calculated from the Poisson equation, and
exchange-correlation potential has the von Barth-He
parametrization.17 The potential at each iteration is dete
mined utilizing the charge density determined from t
eigenfunctions of the previous iteration. The true grou
state energy as well as the eigenfunctions are obtained
a self-consistency procedure. The corresponding total cry
energyEtot is

Etot@n~r !#5Ts@n~r !#1EN@n~r !#1EH@n~r !#1Exc@n~r !#,
~1!

where the contributions are the kinetic energyTs@n(r )#, the
electron-nuclear interactionEN@n(r )#, the Hartree electron
electron interaction energyEH@n(r )#, and finally the
exchange-correlation energyExc@n(r )#; n(r ) being the
charge density. The symmetry constrained calculations of
crystal-field splitting described in Sec. III need some corr
tion to the former functional which we will be discussed al
in Sec. III and in Appendix A.

The calculated valence electron structure is similar for
the actinide dioxides since one is obtained from the other
increasing the nuclear charge by one and adding a local
5 f electron. The lattice constant decreases by as little as
between ThO2 and PuO2, due to contraction arising from
incomplete screening of the additional nuclear charge.
calculated valence bandwidth is about 5 eV~Fig. 1! and the
calculate band gap between valence and conduction elec
states is 4.6 eV for PuO2 and marginally less for UO2. The
plutonium 6d and oxygen 2p states hybridize with the resu
that there are about 0.65 6d electrons in the 12~including
spin degeneracy! oxygen-2p derived valence bands with
corresponding reduction of the number of oxygen 2p elec-
trons. The relatively small bandgap and large valence ba
width compared with ionic compounds of the fluorite stru
ture are the reason that the ionic model is not particula
appropriate for PuO2 and the shape of the 6d charge density
19510
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contributes to the crystal field in addition to the lattice co
tribution. The size of the lattice contribution depends up
the amount of the charge transfer from Pu to O which
reduced below the ideal ionic value of 4 to about 3. T
energy of the 5f states lies in the energy gap but since th
are localized PuO2 remains an insulator. The more gener
aspects of the electronic structure of PuO2 in the present
work are consistent with previous studies using spheric
averaged charge densities.19

III. CONSTRAINED CALCULATIONS
FOR THE 5 f -STATES

The localized 5f states differ from both core and norm
valence electron states. They are not true core states bec
the shell is open and the charge density is not spherical. T
are not true valence electron states because, since the
localized, their occupation numbers are fixed, their hybr
ization with valence electron states is neglegible. The s
plest approximation we can make for the 5f states is the
Russell-Saunders coupling scheme which provides the s
dard model for the rare earths and restricts the 5f ground
state to the maximum values of angularL and spinS mo-
mentum. Spin-orbit interaction is larger in actinides than
rare earths and in a more accurate theory an intermed
coupling scheme18 would be used or, since the crystal field
are also strong, there might be somej mixing.18 However, a
ground state withJ5L1S is relatively simple to handle in a
first attempt and we adopt this approximation, leading toS
52, L56, J54, and gJ50.6 for the f 4 configuration of
PuO2. The calculated value ofgJ50.643 in intermediate
coupling.

The Russell-SaundersJ54 ground state is split by the

FIG. 1. Calculated partial density of states: Pud states~upper
panel! and Op states~middle panel!, and total state density of PuO2

~lower panel!. E0 indicates the energy of the highest occupied sta
2-2
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CRYSTAL-FIELD LEVELS AND MAGNETIC . . . PHYSICAL REVIEW B 65 195102
crystal-field originating from other conduction electrons in
G1 , G3 , G4 , G5 crystal field states and, in order to be able
find the energies of these states, we need to be able to re
duce their charge densities as accurately as possible. The
approximation that we make is to constrain the 5f occupa-
tion number to 4,

n5 f5n5 f
1 1n5 f

2 54, ~2!

where the6 signs refer to spin up and down. Secondly, sin
the ground state of PuO2 is nonmagnetic, the spin density
constained to be zero everywhere~as we shall see below, thi
constraint is consistent with our calculatedG1 ground state!

m5 f
s 5n5 f

1 2n5 f
2 50, ~3!

where m5 f
s is the spin component of the 5f magnetic mo-

ment. The radial 5f charge density is then

n5 f~r !5n5 f uf5 f
1 ~r !u21n5 f

2 uf5 f
2 ~r !u2 ~4!

and once the correct angular, aspherical part is calculated~as
described below!, the 5f density is added to the core an
conduction electron densities to obtain the total density. T
the radial functions are recalculated from the Pauli equa
at each iteration and the distribution of radial 5f charge is a
part of the variational calculation whereas the 5f occupation
numbers are fixed as in a free atom calculation.

The aspherical part of the 5f charge density is determine
by the crystal-field state and is therefore also constrained
a first approximation we use the standard model for the
earths to construct the charge density for each crystal-fi
state. Since the crystal-field states are mutually orthogo
linear combinations of the componentsuJ,M52J,J& of the
four electron 2J11 degenerate ground state determined
symmetry, they may be decomposed into linear combinati
of their single electron component states through the ap
priate Clebsch-Gordon technology. Any crystal-field st
may therefore be decomposed into linear combinations
single electron states which are products of spherical
monics, occupation numbers and the above defined ra
functions as shown in Appendix B. The total energy of t
entire electron system may then be calculated for e
crystal-field state with no shape restrictions placed upon
conduction electrons whose density is therefore allowed
shield the Coulomb and exchange fields of the 5f electrons.
This approach goes beyond the conventional model wh
relies upon perturbation theory and conduction elect
states which are independent of the crystal fields. Since e
crystal-field state is the ground state of a given symme
~there are no repeated irreducible representations for Pu2)
the variational nature of the Hohenberg-Kohn theorem
plies that self-consistent calculations should yield the to
energy of each crystal-field state correctly.20,21 The crystal-
field excitation energies are then calculated as differen
between the total energies of crystal-field states.

A new aspect of the self-interaction problem emerges
this approach to crystal-field calculations. The total energ
of two different asphericalf CEF charge densities in a fre
atom differ in a density functional LDA calculation. This
an unphysical crystal-field splitting: in a free atom the cha
19510
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density is always aspherical if there are open shells but
density is free to rotate in an isotropic environment. T
rotational degree of freedom is removed in a density fu
tional LDA calculation, reducing the degeneracy of t
ground state. The internal aspherical interactions of thef
states are already included by the construction ofJ and the
density functional must be modified to exclude any symm
try breaking due to interactions between the asphericalf
density at a given site. We therefore subtract the interac
of the nonspherical part of the 5f -electron density with itself
from the total energy functional and remove its contributi
to the Hartree and exchange-correlation potentials for thef
electrons. The energy functional in Eq.~1!, disregarding nu-
clei contributions, becomes~see Appendix A!

E5(
i

nie i2
1

2E n̄~r !n̄~r 8!drdr 8

ur2r 8u
2E n̄~r !n5 f

ns~r 8!drdr 8

ur2r 8u

1E $exc@ n̄#2mxc@ n̄#%n̄~r !dr

2E n5 f
ns~r !

dmxc@ n̄#

n̄
n̄~r !dr , ~5!

whereni is the occupation number ande i is the Kohn-Sham
eigenvalue of thei th level,n5 f

ns(r ) is the nonspherical part o

the 5f electron charge density,n̄(r ) is the difference between
the total density and the nonspherical part of the 5f elec-
trons, n̄(r )[n(r )2n5 f

ns(r ), mxc is the exchange correlatio
potential,mxc[dExc /dn, andexc is coming from the LDA,
Exc.*n(r )exc(n)dr .

The crystal-field energies are then degenerate in a sph
cal conduction electron density and the crystal-field splitt
entirely due to the crystalline environment, as in the pert
bation theoretic approach. The method we use to calcu
crystal-field splittings is essentially independent on the p
ticular constraints chosen for the radial part of thef density.
Self-interaction corrected LDA or LDA with a constrainin
step potential~for the core electrons! outside the MT radius
produced no significative difference compared to us
LDA.14 This can be attributed to two main reasons. First,
are not calculating crystal field parameters from poten
integrals but are dealing with total energies which are va
tionally more stable to small differencies in charge densiti
Secondly, the crystal field affects only the nonspherical p
of the f density. Changing constraints on the radial part ten
to change all the calculated crystal-field levels by the sa
amount and does not affect the energy differencies.

IV. RESULTS AND ANALYSIS

The calculated crystal-field excitation energies are sho
in Table I. We obtain a singletG1 ground state and the firs
excited state isG4 with an excitation energy of 99 meV in
resonable agreement with the inelastic neutron scatte
measurement of 123 meV.2

It is a simple matter to calculate the bare magnetic s
ceptibility as a function of temperature for PuO2 and, to il-
2-3
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lustrate the problem, we have done so in several approxi
tions ~Fig. 2!. First, for a singleG1→G4 transition with an
energy of 284 meV the van Vleck temperature independ
susceptibility measured by Raphael and Lallement1 is repro-
duced at low temperatures but at higher temperatures
susceptibility decreases due to excited state occupation.
the measuredG1→G4 transition with an energy of 123 meV

FIG. 2. The magnetic susceptiblity of PuO2. The measurement
are the temperature independent straight dotted line and the c
lated bare susceptibility with a soleG1→G4 excitation energy of
284 meV which fits the data atT50 is the dashed line labele
G14(284). The corresponding calculated bare susceptibility wit
soleG1→G4 excitation energy of 123 meV which fits the neutro
scattering data is the dotted line labeledG14 ~123!. Adding calcu-
lated additional crystal-field transitions to the 123 meV transit
produces the improvement shown by the solid line labe
CEF~123! whereas replacing the measuredG1→G4 excitation en-
ergy by the calculated 99 meV transition produces the solid
labeled CEF~99!. The effect of using the antiferromagnetic molec
lar field deduced from that of UO2 to enhance the latter two bar
susceptibilities results in the full curves labeled CEF1I.

TABLE I. Calculated and esperimental CF levels for PuO2. Val-
ues are given with respect to the calculated ground stateG1. Mea-
sured values forG1→G3 andG1→G5 transitions are absent becau
their matrix elements are zero.

PuO2 Calc. ~meV! Exp.2 ~meV! Exp.1 ~meV!

G1 0 0 0
G4 99 123 284
G3 162
G5 208
19510
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the susceptibility is both too large and decreases above
K due to population of the excited state. Secondly, we ad
the calculatedG3 andG5 crystal-field levels:~a! replacing the
calculatedG1→G4 of 99 meV by the measured 123 meV an
~b! using the calculated levels withG1→G4599 meV. The
susceptibility obtained from the calculated crystal-field le
els is also far too large and decreases above 200 K.
conclusion is that it is not possible, for aJ54 ground state,
to reproduce neither the magnitude of the measured sus
tibility with a G1→G4 exitation energy of less than 280 me
nor the temperature dependence, since excited state po
tion always leads to a significant decrease in the suscept
ity at a temperature~in K! which is about three times the firs
excitation energy~in meV!.

Detailed investigation of the inconsistency between
neutron scattering results and susceptibility measurem
has been made by Santini and his collaborators.23 Of the
possible mechanisms able to resolve the anomaly, they
sider antiferromagnetic exchange to be the most likely.
may estimate the magnitude of antiferromagnetic excha
in PuO2 in the following way. The susceptibility of antifer
romagnetic UO2 has been measured by Nasu26 who found a
Curie-Weiss law withx51.28/(T2up) emu/mole, corre-
sponding to a paramagnetic Neel temperatureup52220 K
with an effective moment of 3.2mB . Since

1/x51/x02l, ~6!

the exchange~or molecular! field which enhances the susce
tibility is l52220/1.28 mole/emu for UO2. In both LSDA
and model Hamiltonians the isotropic part of the exchan
interaction is between the spin components of the mome27

and a Heisenberg model Hamiltonian

H52
1

2 (
i j

Ji j Si•Sj ~7!

produces the molecular field

l5F ~gJ21!

gJmB
G2

^mz&(
j

Ji j ~8!

acting on the total momentmz per atom. The value ofl
deduced from the magnetic susceptibility for UO2 corre-
sponds to an exchange interaction coupling constanJ
57.3 meV for nearest-neighbor interactions and 12 nea
neighbors withgJ(UO2)54/5 for the f 2 Russell-Saunders
ground state. The calculated value ofgJ for UO2 is 0.821 in
intermediate coupling therefore 0.8 is a good approximati

The mechanism for antiferromagnetism that occurs na
rally from the electronic structure calculations is that thef
moment polarizes the valence electrons locally at the
tinide sites and that the polarization is transmitted betw
sites by the 6d admixture in the valence bands. The streng
of the exchange interactions will depend upon the amoun
induced 6d moment which in turn depends upon the amou
of 6d admixture in the valence bands. Since our calcula
valence electronic structures of UO2 and PuO2 are almost
identical, the valence conduction electron gap being sligh
larger in PuO2, we argue that to a good first approximatio

cu-
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the exchange interactionsJ in UO2 and PuO2 are about the
same. However, theg factor of PuO2 is gJ(PuO2)53/5 and
the molecular field is 7.1 times larger than in UO2 due to the
g factor scaling in Eq.~8!. With this value of the molecula
field we have recalculatedx according to Eq.~6! and plotted
the results in Fig. 2 for the two cases where theG1→G4
excitation energy is 99 and 123 meV. The evaluation of
molecular field of PuO2 through the molecular field of UO2
leaves no free parameters and we believe that the major
of the anomaly between the two experiments is resolved.
are not, however, able to remove the temperature depend
of the susceptibility above 300 K and, given the ene
scales involved, do not believe it can be done. More rec
unpublished, susceptibility measurements by Kolberg28 up to
300 K confirm the original measurements of Raphael a
Lallement1 but were not extended to higher temperatures

V. CONCLUSIONS

The calculatedG1→G4 excitation energy of 99 meV is
consistent with the inelastic-neutron-scattering result2 of 123
meV. We also present the other crystal-field excitation en
gies which belong to the lowestJ multiplet. The computa-
tional method we have used is based upon total energy
fences. Each crystal-field energy has been calculated
constraining the angular part of the plutonium 5f -electron
density, the radial part being calculated self-consisten
Since the crystal symmetry and lattice constant are iden
for all the calculated levels the radial part of the 5f -electron
density is also essentially unchanged. There should there
be some cancellation of errors occuring in LDA.

The similarity of the calculated valence charge densi
in UO2 and PuO2 may also be used to argue that there is
simple scaling of the crystal-field parameters in the s
Hamiltonian24

H5V4b@Ô4
015Ô4

4#1V6g@Ô6
0221Ô6

4#, ~9!

whereb and g are Stevens factors,22 as has been done fo
NpO2.25 Since UO2 and PuO2 both haveJ54 ground states
~but with different parentage! the operator equivalentsÔm

n

are the same but the Stevens factors differ. The crystal-fi
parametersVm are proportional to radial integralsr n which
have been evaluated for actinide 41 ions. Due to contraction
of the wave functionsr n is reduced by about 25% forn54
and 35% forn55 from UO2 to PuO2 and there is a large
change inb which is responsible for a change of groun
state fromG5 to G1. Santini23 has shown that theG1→G3
excitation energy scales to about 160 meV which is close
the calculated excitation energy. Similarly, a reasonable s
ing of the measured molecular field in UO2 leads to antifer-
romagnetic exchange enhancement in PuO2 which lowers the
calculated magnetic susceptibility and produces agreem
with measurements at low temperatures. We are not, h
ever, able to explain the anomalous lack of temperature
pendence of the magnetic susceptibility at high temperat
The most obvious refinements of the present work would
19510
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to use intermediate coupling, remove the restriction to
lowest J multiplet and to consider the dynamic Jahn-Tel
effect.23
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APPENDIX A: THE CEF LDA ENERGY FUNCTIONAL

In the expression for the total energy Eq.~1! one needs to
correct the Hartree part and the exchange correlation pa
the total density isn(r )5n̄(r )1nf

ns(r ), where n(r ) is the
nonsphericalf charge density then the Hartree energy sho
be

EH@n#5
1

2E n̄~r !n̄~r 8!drdr 8

ur2r 8u
1E n̄~r !nf

ns~r 8!drdr 8

ur2r 8u
,

~A1!

where a third term innf
ns(r )nf

ns(r 8) is explicitly excluded.
The exchange and correlation energy

Exc@n#5E n~r !exc~n!dr5E $n̄~r !1nf
ns~r !%exc@ n̄1nf

ns#dr

~A2!

also containsnf
ns(r ) interactions which must be excluded

Since the nonsphericalf density is relatively small

Exc@n#5E $n̄~r !1nf
ns~r !%H exc@ n̄#1nf

ns~r !
dexc@n#

dn U
n5n̄

J dr

~A3!

the term innf
ns(r )nf

ns(r ) should be dropped, therefore,

Exc@n#5E n̄~r !exc@ n̄#dr1E nf
ns~r !H exc@ n̄#

1n̄~r !
dexc@n#

dn U
n5n̄

J dr ~A4!

or

Exc@n#5E n̄~r !exc@ n̄#dr1E nf
ns~r !mxc@ n̄#dr . ~A5!

Now the wave equation

S 2
1

2
¹21VN1VH1mxcDc i5e ic i ~A6!

should be modified, with the first two terms remaining u
changed and
2-5
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VH5E $n̄~r !1nf
ns~r !%d r

ur2r 8u
~A7!

for non-f states, and

VH
f 5E n̄~r !d r

ur2r 8u
~A8!

for f states. The exchange correlation potential should als
modified

mxc@n#5mxc@ n̄#1nf
ns~r !

dmxc@ n̄#

dn̄
~A9!

for non-f states and

mxc
f @n#5mxc@ n̄# ~A10!

for f states.
Now the kinetic energy becomes

Ts@n#5(
i

nie i2E VN~r !n~r !dr2E VH~r !n̄~r !dr

2E VH
f ~r !nf

ns~r !dr2E H mxc@ n̄#

1nf
ns~r !

dmxc@ n̄#

dn̄
J n̄~r !dr2E mxc@ n̄#nf

ns~r !dr

~A11!

which susbstituted in Eq.~1!, yields Eq.~5!.

APPENDIX B: THE CEF CHARGE DENSITY

A crystal-field state can be written as a linear combinat
of uJ,MJ& states~since they span the subspace of the low
J multiplet!:

C i
CEF5(

MJ

CMJ
uJ,MJ&. ~B1!
P

ev

ev

hy

B

19510
be

n
t

In order to construct the density it is necessary to chang
a single electron basisu l l , . . . ,lml 1

ml 2
, . . . ,ml N

&. For nota-
tional simplicity we restrict to two electrons since the exte
sion to another value ofN is trivial. First,

uLSJMJ&5 (
ML ,MS

S L S J

ML 2MS 2MJ
D

3A2J11~21!L2S1MJuLSMSML& ~B2!

5 (
ML ,MS

CMS ,ML
uLSMSML& ~B3!

and

uLSMSML&5u l lLM L&ussSMS&, ~B4!

where

u l lLM L&5 (
ml 1

,ml 2

S l l L

ml 1
ml 2 2ML

D
3A2L11~21!MLu l lml 1

ml 2
&, ~B5!

ussSMS&5 (
ms1

,ms2

S s s S

ms1
ms2 2MS

D
3A2S11~21!MSussms1

ms2
&. ~B6!

Hence the entire expansion

C i
CEF5 (

ml 1
,ml 2

(
ms1

,ms2

C~ml 1
,ml 2

,ms1
,ms2

!u l lml 1
ml 2

&

3ussms1
ms2

&, ~B7!

where the coefficientsC(ml 1
,ml 2

,ms1
,ms2

) are easily deduc-
ible by comparing all the previous equations with Eq.~B7!.
The single electron density is then obtained integrating

ni
CEF~r 1!52E dr 2@C i

CEF~r 1 ,r 2!#* C i
CEF~r 1 ,r 2!. ~B8!
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