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Vacancy-mediated diffusion in disordered alloys: Ge self-diffusion in Si1ÀxGex
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A model is proposed for vacancy mediated diffusion in disordered alloys, with particular application to Ge
self-diffusion in Si12xGex . We argue that if the vacancies formation energies~VFE! have a strong dependence
on the configuration of nearest neighbor~NN! atoms, there will be preferential diffusion paths for some
concentrations. For Si12xGex we show that the VFE vary linearly from 2 to 3 eV as the number of NN Ge
atoms varies from 4 to 0. Thus, the equilibrium population of the various kinds of vacancies changes signifi-
cantly with x, and the diffusion proceeds by paths that do not necessarily resemble the concentration of the
alloy.
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The possibility of assembling devices in the nanome
size scale has made the understanding of atomic diffusio
crucial issue.1 Many of the structures that have been built
proposed rely in their specific atomic distribution profiles
function. Therefore, it is necessary to understand how th
atoms diffuse at the relevant temperatures. As far as ato
diffusion in ordered materials is concerned, seve
theoretical2 and experimental3–5 studies were done recently
But atomic diffusion in disordered materials, due to its co
plexity, has received much less attention. Nevertheless,
importance of atomic diffusion in a disordered host can
be overestimated because many of the materials that
technologically important are disordered, for example, s
stitutionally disordered alloys~e.g., Si12xGex), amorphous
isolants~e.g.,a-SiO2), and amorphous semiconductors~e.g.,
a-Si:H!.

The interest in studying the Si12xGex alloys stems from
the fact that they are, currently, being used in a wide rang
technological applications, mainly as heterostructure bipo
transistors. Moreover, many technological applications h
been suggested recently, for example, transistors for quan
computing.6 Also, from a fundamental point of view, thi
material may be viewed as a model system to study the
fects of disorder. In particular, atomic diffusion can be qu
complex in Si12xGex . For example, self-diffusion and impu
rity or dopant diffusion often proceeds via different mech
nisms in the elemental components Si and Ge. Theref
this poses the questions of what are the diffusion mec
nisms in the Si12xGex alloy and how do they change withx.

Recently, Zangenberget al.7 have reported experimenta
results about the Ge self-diffusion in Si12xGex for 0<x
<0.5. They measured the Ge diffusion coefficients by me
of secondary-ion-mass spectrometry, for both relaxed as
as strained alloys, during annealing with temperatures
tween 850 to 1050 °C. For the relaxed alloys they reporte
decrease in the activation energies (Ea) with Ge composition
(x). In particular, for x50 and x50.5 they have found
Ea(x50)54.65 eV and Ea(x50.5)53.23 eV, respec-
tively. Interestingly, the activation energy forx50.5 is al-
ready very close to its known value4 in pure Ge (Ea(x51)
53.09 eV). To explain this result, the authors specula
that for x'0.5 the Ge atoms diffuse by paths that resem
pure Ge.
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However, their results lack a firmer theoretical mod
since atx50.5 it is not obvious why the Ge atoms wou
prefer to diffuse always through Ge-like environments. In t
present work we provide a microscopic model, based on
sults obtained by means of systematicalab initio calcula-
tions, that supports their speculations. We also discuss
diffusion of Ge for other concentrations of the alloy. O
main point is the following: if the diffusion is mediated b
intrinsic defects, such as vacancies, for example, and
formation energies of these defects depend strongly on t
immediate neighborhood, then, in a disordered alloy, th
will be preferential paths for the diffusion~for some concen-
trations!. It should be pointed out that, even though we d
cuss in detail the Ge self-diffusion in the Si12xGex alloy, this
conclusion may be extended to other systems. The hop
ionic conductivity in Ce-doped SrF2 ~Ref. 8! is an example
of a diffusion process in a quite different material, but with
mechanism that is similar to what we propose here.

It is believed that self-diffusion in pure Ge is mediate
only by vacancies.4 On the other hand, in pure Si, Ge di
fuses by a combination of vacancy and interstitial-rela
mechanisms.5 Consequently, it is reasonable to assume t
vacancy-mediated Ge diffusion is present in Si12xGex for
any x, and that interstitial-mediated Ge diffusion is releva
for Si-rich alloys becoming unimportant at some com
position x* , which is experimentally obtained to b
aroundx* 50.2.7

Since Si12xGex is a substitutionally disordered alloy, th
vicinity of a vacancy is not uniquely determined. As far
the nearest neighborhood~NN! is concerned, there are fiv
different kinds of vacancies, and to understand the vacan
mediated Ge diffusion in this alloy it is necessary to det
mine the relative population of each kind of vacancy for
given composition and temperature.

We have calculated the formation energies of vacancie
Si0.5Ge0.5 using first-principle methods. To our knowledg
this is the firstab initio study of defects properties in a sub
stitutionally disordered material, where the disorder is co
sidered explicitly. We used supercells with 128 atoms wh
the atoms were distributed as special quasirandom struct
~SQS’s!.9 Details of the preparation of the supercell we
given elsewhere10 and here we only mention two importan
points:~i! due to the SQS approach the disorder of the al
©2002 The American Physical Society06-1
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is taken into account in an explicit way and~ii ! the negative
bowing of the lattice parameter of Si12xGex was considered
explicitly. Also, it is important to mention that in a 128 atom
supercell the distance between vacancies in neighboring
is about 15.5 Å.

The total energy calculations11 are based on the densit
functional theory12 with the local density approximation13 for
the exchange-correlation potential. The electron-ion
teractions are described using norm-conserving pseu
potentials of Bachelet, Hamann, and Schlu¨ter,14 in the
Kleinman-Bylander15 form. A plane wave basis set with a
energy cutoff (Ecut) of 12 Ry was used, but tests withEcut
524 Ry showed that none of our conclusions would be
fected by using a largerEcut. The Brillouin zone~BZ! was
sampled using theG point.

In order to create the vacancy a chosen atom is remo
from the 128 atoms cell. However, in a random alloy eve
site is unique, so we need to sample different possible
cancy sites. We did that by repeating the calculation for
cancies with different vicinities. After the removal of th
chosen atom the system is relaxed until all force compon
are smaller than 25 meV/Å.

The formation energy of a neutral vacancy sitting in
vicinity denoted bys is given by

EF
s~ i !5ET

s~ i !2ESi12xGex
1m i . ~1!

Here i represents the element that was removed to create
vacancy~Si or Ge!, ET

s( i ) is the total energy of the system
with the vacancy,ESi12xGex

is the total energy of the alloy

without any defects, andm i is the chemical potential for the
elementi.16

We have calculated the vacancies formation energie
the x50.5 alloy for 12 different sites. Those sites were o
cupied by a Si atom before the vacancy was created.17 From
our results we conclude the following.~i! The most impor-
tant factor to determine the formation energy of the vaca
is the number of Si and Ge atoms in the NN. Starting wit
configuration where there are only Ge atoms surrounding
vacancy, for which the formation energy is slightly above t
vacancy formation energy in pure Ge, we observe that, a
atoms are added to the NN of the vacancy, the forma
energy increases until it reaches a value that is slightly be
the formation energy of the vacancy in pure Si. This trend
the formation energies is due to the smaller dangling b
energy of a Ge atom when compared to a Si atom.~ii ! When
sites with the same NN are compared, the formation ener
vary by about 0.1 eV for different second neighborhoo
~SN’s!. ~iii ! For sites with the same first and second neig
borhoods the difference in the formation energies is o
0.001 eV. This implies that the configuration of the thi
neighborhood and beyond is not relevant for the determ
tion of a vacancy formation energy.

In Fig. 1 we plot the formation energies of the vacanc
as a function of the number of Si in their NN’s. In order
draw a general picture we display the formation energies
the same NN averaged over different SN. The error b
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represent schematically the variation in the energies du
the different SN configurations and the dotted line is a lin
interpolation of the data. We see that the formation energ
increase almost linearly. The triangles represent
vacancy formation energies in pure Si~Ref. 18! and pure Ge
~Ref. 19!.

At the thermodynamical equilibrium the population of as
vacancy in Si12xGex is given by

Ns5NSPs~x!exp~2GF
s/kBT!, ~2!

whereNS is the total number of sites in the lattice,Ps(x) is
the configurational probability for thes configuration to ex-
ist in thex concentration alloy,GF

s is the Gibbs free forma-
tion energy of the vacancy at configurations, andT is the
temperature.

Assuming that, for a given temperature and compositi
the vibrational entropy and the finite temperature correct
of the internal energy of a vacancy is similar for a
vicinities,20 we can calculate the relative population of thes
vacancy as

TABLE I. Relative population of vacancies withNGe Ge atoms
in the nearest neighborhood, in equilibrium atT5950 °C. ~Values
smaller than 0.001 are shown as 0.!

NGe Ge concentration
5% 50% 95%

0 0.243 0 0
1 0.256 0.004 0
2 0.442 0.119 0
3 0.053 0.273 0.023
4 0.006 0.604 0.976

FIG. 1. Formation energies of the vacancies as a function of
number of Si in the nearest neighborhood. The error bars repre
schematically the variations in the energies due to different sec
neighborhood configurations. The linear interpolation~dotted line!
is just a guide to the eye. The triangles are the vacancies’ forma
energies for pure Si~down! and pure Ge~up!, respectively.
6-2
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ns~x,T!5
Ps~x!exp~2EF

s/kBT!

(
s

Ps~x!exp~2EF
s/kBT!

. ~3!

In Table I we show the relative populations for each ki
of vacancy calculated using Eq.~3!. These populations wer
calculated assuming that the slope of the curve in Fig
~formation energy versus number of Si in the NN!, obtained
for the x50.5 alloy, does not change significantly for th
other compositions. The populations are presented for on
the annealing temperatures of Ref. 7,T5950 °C. We can see
the following. ~i! In the x50.5 alloy, most of the vacancie
will have four or three Ge atoms in their NN’s, because tho
are the vacancies with lowest formation energies.~ii ! For
Ge-rich alloys the relative population of vacancies s
rounded only by Ge atoms is even larger due to the statis
predominance of these sites in the network.~iii ! For Si-rich
alloys there is a competition between two factors: lower f
mation energies, which favor vacancies with Ge-rich NN
and the configurational probabilitiesPs(x) which favor va-
cancies with Si-rich NN’s. The vacancies with Si2Ge2 vicini-
ties will predominate but the populations of all other kinds
vacancies are non-negligible.

In Fig. 2 we plot the average number of Ge atoms in
NN of a vacancy (̂NGe&), as a function of the compositionx.
The three curves correspond to typical annealing temp
tures of Ref. 7:T5850, 950, and 1050 °C. It is interesting
note that these curves are far from being linear, with^NGe&
being already very close to 3.5 at thex50.5 alloy. Forx
,0.5, ^NGe& decreases quickly to zero and forx.0.5 it in-
creases smoothly to four.

Based on the results presented here we can draw a pi
of the vacancy-mediated Ge diffusion in Si12xGex that ex-
plains most of the results of Ref. 7. According to Fig. 2 it
clear that there are at least two distinct regimes for this
fusion. If x is about 0.5 or larger, the diffusion will be pure
Ge-like. In Fig. 3 we show a schematic picture of a like
configuration surrounding a vacancy in the alloy for this
gime. A diffusion step happens when one of the four labe
Ge atoms in the figure jumps to the vacancy site.

FIG. 2. Average number of Ge atoms in the nearest neigh
hood of a vacancy as a function of the composition.
19330
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When a given jump occurs, the vacancy changes from
configuration with formation energyEF

i to a configuration
with formation energyEF

f . The energy barrier for such
jump may be approximately written asEm* 1dEF , where
dEF is either zero when the jump creates a vacancy w
lower or equal formation energy, i.e.,EF

f <EF
i , or it has the

value dEF5EF
f 2EF

i if the vacancy formation energy in
creases, i.e.,EF

f .EF
i . TheEm* term depends only weakly on

which process occurs, or, using Fig. 3 as an example
which of the four atoms is migrating.21 Thus, the preferentia
process to occur will always have the smallest possibledEF ,
which in general will bedEF50. In this case the final va
cancy configuration will either be the same as the initial o
or will be such that it has a smaller formation energy. F
example, in Fig. 3 the most likely atom to migrate is atom
because only this case will result indEF50 ~the initial and
final configurations are the same!. This conclusion, togethe
with the result from Fig. 2, implies that the Ge atoms, wh
migrating, will have predominantly as NN’s other Ge atom
and the diffusion will be similar to the self-diffusion in pur
Ge. This explains why, even forx50.5 where there are a
many Si as Ge atoms, the experimentally measured ac
tion energy for Ge self-diffusion is already very close to t
its value in pure Ge.

The other regime applies to the Si-rich alloy. In this ca
the average number of Ge atoms in the NN of a vaca
drops quickly because vacancies with Si-rich vicinities a
progressively more likely to happen. In this regime the d
fusion of Ge will be much more complex because the at
will find several kinds of environments while diffusing, an
no preferential paths will necessarily exist. However, the
tivation energy should increase quickly to reach its value
pure Si. Moreover, for low Ge concentration alloys, t
interstitial-mediated diffusion should become non-negligib
adding more complexity to the diffusion.

In conclusion, the formation energy of a vacancy
Si12xGex depends strongly in its NN. For a NN with four G
atoms it is about 2 eV and for a NN with four Si atoms it
about 3 eV. It implies that, at equilibrium, vacancies with G
rich NN will predominate forx about 0.5 or larger. For Si
rich alloys, the population of vacancies with all possible

r-

FIG. 3. Schematic picture for a likely vacancy vicinity i
Si12xGex , for x about 0.5 or larger.
6-3
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cinities will be significant. As a consequence, the vaca
mediated Ge self-diffusion can be analyzed in two main
gimes. Forx about 0.5 or larger, Ge atoms will diffuse i
pure-Ge-like paths. On the other hand, for Si-rich allo
Ge will diffuse by more complex paths, because the ex
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tence of Si atoms that are NN to the vacancies will beco
unavoidable.
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18M. J. Puska, S. Po¨ykkö, M. Pesola, and R. M. Nieminen, Phys
Rev. B58, 1318~1998!.

19A. Fazzio, A. Janotti, A. J. R. da Silva, and R. Mota, Phys. Rev
61, 2401 ~2000!; A. Janotti, R. Baierle, A. J. R. da Silva, R
Mota, and A. Fazzio, Physica B273-274, 575 ~1999!.

20A. F. Kohan, G. Ceder, D. Morgan, and C. G. Van de Wal
Phys. Rev. B61, 15 019~2000!.

21We have calculated the migration barrier for Ge diffusion in pu
Si and pure Ge and obtained 0.15 and 0.25 eV, respectiv
Therefore, it is likely thatEm* will fall in this range for all pos-
sible migration paths in the alloy.
6-4


