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Superconductivity induced by interband nesting in the three-dimensional honeycomb lattice
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In order to study whether the interband nesting can favor superconductivity arising from electron-electron
repulsion in a three-dimensional system, we have looked at the repulsive Hubbard model on a stack of
honeycomb~i.e., non-Bravais! lattices with the fluctuation exchange approximation, partly motivated by the
superconductivity observed in MgB2. By systematically changing the shape of Fermi surface with varied band
filling n and the third-direction hopping, we have found that the pair scattering across the two bands is indeed
found to give rise to gap functions that change sign across the bands and behave as ans or d wave within each
band. This implies~a! the electron repulsion can assistgapfulpairing when a phonon-mechanism pairing exists
and~b! the electron repulsion alone, when strong enough, can give rise to ad-wave-like pairing, which should
be, for a group-theoretic reason, a time-reversal brokend1 id with point nodesin the gap.
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I. INTRODUCTION

The recent discovery of the superconductivity in MgB2
~Ref. 1! with relatively high transition temperature (Tc
;39 K) has invoked renewed interests insp-bonded mate-
rials. Electronically, the system is ap electron system on
layered honeycomb lattice, which immediately reminds us
graphite intercalation compounds~GIC’s! such as LiC6 ~Ref.
2! or KC8.3,4

While the GIC is considered to be a conventional sup
conductor withTc,5 K, MgB2 has an unusually highTc
for sp-bonded materials~with a recent exception of C60-FET
structure5!. Recently, Choiet al.6 have used anab initio
pseudopotential density functional theory to solve Elia
berg’s equation numerically, and have reproducedTc
;39 K, isotope-effect exponentaB;0.3,7,8 and have ob-
tained a gapful BCS pairing, which is consistent with expe
mental results such as specific heat,9,10 tunneling and photo-
emission spectra,11–14 penetration depth,15 and the Raman
spectra.16 Thus GIC and MgB2 both seem to be mainly
phonon-mediated superconductors. However, to realiz
high-TC electron repulsion should not stand in the way of t
phonon mechanism, so the question may be paraphrased
the electron repulsion stand away from or possibly even
sist the phonon-mediated pairing.

On a more positive side, superconductivity from electro
electron repulsion itself is fascinating in many ways, b
there are many open questions. While there is a grow
consensus that high-TC cuprates may be related to the ele
tron correlation, we are only beginning to understand the l
between the underlying band structure and the way in wh
the electron-mechanism superconductivity appears.17 Indeed,
the way in which the superconductivity occurs is sensitiv
affected by the shape of the Fermi surface. Recently, two
the present authors proposed18 that multiband systems shoul
open a new possibility of much higherTc , where a fully
gapped BCS gap function can appear when the Fermi sur
consists of disconnected pieces, while the usual wisdom
tates that the repulsion-originated superconductivity sho
have, as in the cuprates, a strongly anisotropic gap func
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with nodes. They have conceived and demonstrated that
some two-dimensional lattice models, the pair scattering~the
Coulombic matrix elements that scatter pairs of electro
across the Fermi surface! can occur across the pocket
which gives rise to a gap function that changes sign acr
the pockets with the same sign within each pocket.

So the purpose of the present paper is a combination
the above two motivations. Namely, we study whether
interband nesting can favor superconductivity arising fro
electron repulsion in a three-dimensional system, by tak
the repulsive Hubbard model on a stack of honeycomb
tices as a prototype. There, the honeycomb, a typical n
Bravais lattice, provides two pieces of the Fermi surface a
ing from the two bands, while the stacking can provide
natural nesting along that direction. So, if the pair scatter
across the two bands along the nesting vector works fa
ably, we can expect a pairing from the interband nesting w
the BCS gap with opposite signs across the two bands.

So we have studied the systematic dependence of the
lution of Eliashberg’s equation with the multiband fluctu
tion exchange approximation on the shape of Fermi surf
by changing the band filling and the third-direction hoppin
The presence of a strong interband nesting is found to ind
give rise to gap functions that change sign across the
bands, but, if we turn to the symmetry within each ban
there exist two, nearly degenerate modes that behave, res
tively, ass andd waves. This implies~a! the electron repul-
sion can assist ans-wave-like pairing when the phonon
mechanism pairing exists as a dominant mechanism.
have further found that~b! when the electron repulsion i

FIG. 1. 3D layered honeycomb lattice~the left panel!, which is
topologically equivalent to the lattice in the right panel. A and
indicate sublattices.
©2002 The American Physical Society25-1
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FIG. 2. ~Color! Fermi surface~left panel,
blue: bonding band, red: antibonding band! and
x1 ~right panel! with kz5p for U51.5, n
51.03, tz50.65, T50.01. Yellow arrows indi-
cate the nesting vector.
a
b

ro
w
ts
h

p
ic
o
tin

ie

-
-

en

no

i

r

ace
strong enough, thed wave is realized, which should be, for
group-theoretic reason, a time-reversal broken linear com
nation of two symmetries withpoint nodes in the gap.

According to the band calculation,19 the Fermi surface of
MgB2 consists of two tubular networks having a boron-2pp
character along with two cylinders of the boron-2ps charac-
ters. As has been stressed by several authors,20,21 the nesting
between these twop bands are quite good. Althoughps
bands are considered to be important in that the elect
phonon interaction is much stronger in this band, here
concentrate on thepp bands in order to focus on the effec
of the Fermi surface nesting. The GIC, on the other hand,
a much smaller interlayer transfer energy (tz), so that the
Fermi surface is a cylinder of carbonp character with no
dominant nesting vectors. So in the latter part of the pa
we shall cover both MgB2 and GIC situations in a systemat
variation of tz and band filling. The systematic study als
serves to explore how the interband and intraband nes
compete in realizing superconductivity.

II. FORMULATION

Now let us start with the case corresponding to MgB2.
Spin-fluctuation-mediated superconductivity is here stud
with the fluctuation exchange approximation~FLEX! devel-
oped by Bickerset al.22–25The model is a 3D two-band Hub
bard model with the repulsionU on layered honeycomb lat
tice

H5 (
^ i , j &,s

(
a,b

A,B

t i j ~cis
a†cj s

b 1H.c.!1U(
i

(
a

ni↑
a ni↓

a , ~1!

whereU is the Hubbard repulsion. The essential ingredi
here is the non-Bravais lattice havingA and B sublattices,
which has two bands within a layer. Here we assume a
staggered layer stacking as realized in MgB2 and GIC~Fig.
1!, which also depicts the interlayer hoppingtz . Hereafter
we take the intralayer hoppingt521.

The noninteracting band dispersion for 3D honeycomb

e~k!52tzcoskz6tA312@coskx1cosky1cos~kx1ky!#.
~2!

In the two-band FLEX,26,27 Green’s functionG, self-
energyS, spin susceptibilityx, and the gap functionf all
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become 232 matrices, such asGab(k), wherek[(k,ivn)
with vn5(2n21)pT being the Matsubara frequency fo
fermions.

The self-energy is given by

Sab
(1)~k!5

T

N (
q

Gab~k2q!Vab
(1)~q!, ~3!

where the fluctuation-exchange interactionV(1)(q) is

FIG. 3. ~Color! The sign of the gap functionsfd1
~top!,

fd2
~middle!, and fs~bottom! for U51.5, n51.03, tz50.65, T

50.01. We have displayed the sign of the gap on the Fermi surf
~left panels: bonding band, right panels: antibonding band! along
with the nodal planes displayed in green.
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Vab
(1)~q!5

3

2
U2F x irr~q!

12Ux irr~q!
G

ab

1
1

2
U2F x irr~q!

11Ux irr~q!
G

ab

2U2xab
irr ~q! ~4!

with

xab
irr ~q!52

T

N (
k

Gab~k1q!Gba~k!. ~5!

Here we denoteq[(q,i e l) with e l52p lT being the Mat-
subara frequency for bosons, andN the number ofk points
on a mesh.

With Dyson’s equation

@G~k!21#ab5@G0~k!21#ab1Sab~k!, ~6!

whereG0 is the bare Green’s functionGab
0 (k)5@( ivn1m

2ek
0)21#ab with ek

0 the bare energy, we have solved Eq
~3!–~6! self-consistently.

Tc may be obtained from Eliashberg’s equation~for the
spin-singlet pairing!

lfab~k!52
T

N (
k8

(
a8,b8

Vab
(2)~k2k8!Gaa8~k8!

3Gbb8~2k8!fa8b8~k8!, ~7!

where f is the gap function and the pairing interactio
V(2)(k) is given as

FIG. 4. ~Color! Left panel superposesfd1
andfd2

for the bond-
ing band. The right panel plotsufd1

1 ifd2
u for kz50. The red

circles denote point nodes infd1
1 ifd2

.
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Vab
(2)~q!5

3

2
U2F x irr~q!

12Ux irr~q!
G

ab

2
1

2
U2F x irr~q!

11Ux irr~q!
G

ab

1Udab . ~8!

Tc is determined as the temperature at which maximum
genvaluel becomes unity.

The susceptibility

xab~k,0!5F x irr~k,0!

12Ux irr~k,0!
G

ab

, ~9!

may be expressed as diagonalized components

x65
xAA1xBB

2
6AFxAA2xBB

2 G2

1uxABu2. ~10!

Throughout this study, we takeN5323 k-point meshes, and
the Matsubara frequenciesvn from 2(2Nc21)pT to
(2Nc21)pT with Nc54096, which gave converged result

III. RESULT

A. MgB2

Let us first discuss the spin structure. We have fitted
shape of the Fermi surface to that obtained by the b

FIG. 5. The eigenvalue of Eliashberg’s equationl versus tem-
perature. The largest solutions are doubly degenerate. Lines in
and following figures are guides to the eye.
r

FIG. 6. ~Color! Fermi surface ~left! and

x1(kz5p) ~right! for the optimized paramete
set ofU58, n51.15, tz50.7 atT50.01, where
the pairing symmetry isd wave.
5-3
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ONARI, KUROKI, ARITA, AND AOKI PHYSICAL REVIEW B 65 184525
calculation19 to havetz50.65, n51.03, U51.5 atT50.01,
wheren is band filling (n51 for half filling!.28 The Fermi
surface, Fig. 2, consists of two sets of tubular networks c
responding to the bonding and antibondingp bands. The
spinsusceptibility x1(k,0) displayed in the same figur
shows a sharp peak around (0,0,p) reflecting a good nesting
along thez direction ~arrows in Fig. 2!.

Figure 3 shows the gap function obtained from Elias
berg’s equation. The solutions having the largestl are gap-
lessfd1

and fd2
, which are degenerate. As expected fro

the work of Kuroki and Arita,18 a gapful fs does exist, al-
though itsl is slightly smaller than that for thed wave. We
have called the former solutions ‘‘d wave’’ in that the gap
function changes sign as1212 azimuthally ~i.e., within
each band!, while the latter gap ‘‘s wave’’ in that it does not.

As a hallmark that the scattering of the~intraband! pairs
across the interband nesting is exploited, all these solut
indeed have

fAA~k!fBB~k8!,0. ~11!

We can confirm in Eliashberg’s Eq.~7! that the sign change
across the two bands works favorably in increasingl if we
noteVab

(2)(k2k8).0 @peaked aroundk2k85(0,0,p)# and a
relation for multiband Green’s functionGab(2k)5Gab* (k)
which givesGAB(k8)GAB* (2k8).0.

The fact that the dominant ‘‘d-wave’’ solutions are doubly
degenerate can be understood by a group theore
argument,29 in which these solutions belong toG6

1 represen-
tation for the honeycomb system~while ‘‘ s wave’’ belongs to
G1

1). The true gap function belowTc to maximize the gap
should be a linear combination of the twod waves

fd1
1 ifd2

, ~12!

which breaks the time-reversal symmetry. This combinat
haspoint nodeson the Fermi surface, which is curious b
natural as evident from Fig. 4 which superposes two set
nodal planes to show how the nodal planes intersect e
other along some lines for the doubly degenerate func
and how these lines in turn intersect the closed Fermi
face.

FIG. 7. l versus temperature for the optimized parameter
employed in the previous figure. The dotted line is a spline extra
lation to lower temperatures.
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The reason why the ‘‘s wave’’ is only subdominant may
be traced back to the Fermi surface, which is rather exten
in k space in this particular case, so that there is an ap
ciable contribution from the intraband pair scattering that
d wave can exploit.

If we turn to the temperature dependence ofl in Fig. 5,
we can see thatl is significantly smaller than unity even fo
T→0.01utu. This implies that the spin fluctuation alone is n
strong enough to realize thed-wave superconductivity in this
temperature range for the band filling andtz taken here.

On the other hand, thel for the gapful ‘‘s-wave’’ pairing
is seen to have nearly the same magnitude as that of
gaplessd wave, althoughl is again small. Thanks to the
absence of nodes on the Fermi surface, this one has a g
pairing, which is eligible for assisting the phonon-mediat
pairing if the electron-phonon interaction is considered
top of the electron-electron interaction.30 So we conclude
that interband spin fluctuations can work cooperatively w
intraband phonons to realize a gapful superconductivity.

B. Optimization for the 3D honeycomb lattice

Let us depart from MgB2 to move on to the strong cou
pling regime in search of superconductivity from electr
repulsion alone. In general, pairing instability mediated
spin fluctuations in 3D systems is definitely weaker than t
in 2D systems.17,31This has been shown in a FLEX study fo
the Hubbard model by three of the present authors,17 who
have identified its reason in thek space volume fraction o
the effectively attractive pair scattering region that is mu
smaller in 3D than in 2D. Furthermore, 3D systems hav
strong tendency toward various magnetic orders, so tha
identify the 3D systems that favor superconductivity fro
electron repulsion becomes a challenging problem.

Here we have optimized the pairing instability in the la
ered honeycomb lattice by varying the interlayer hoppingtz
and the band fillingn. Namely, we have searched for sets
parameter values that give large values ofl withoutencoun-
tering antiferromagnetic instability at low temperatures. T
resulting best parameter set is found to beU58, n51.15,
tz50.7 ~inset of Fig. 6!, for which the Fermi surface and th
~inverse! spin susceptibility are shown in Fig. 6. In Fig. 7 w
can see that the estimatedTc;0.001 (lmax→1). The pairing
symmetry is againfd1

1 ifd2
.

t
-

FIG. 8. The paths we have focused on in the present study in
parameter space of the interlayer hoppingtz and the band fillingn.
5-4
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C. Effect of the interband nesting

Apart from the above optimization, we have systema
cally explored how the interband nesting affects the pair
in the 3D honeycomb lattice. Since we wish to separate
the effect of the band filling and the hopping in thez direc-
tion, we have done this along two paths displayed in Fig
The first path starts from the parameter values correspon
to thepp bands in MgB2, while the second path includes th
parameter regime (tz,0.2) which corresponds to GIC excep
for the value ofU. The result along the first path is shown
Fig. 9, where then dependence oflmax is plotted for U
51.5, tz50.65 atT50.01. We can see that the pairing inst
bility becomes weaker asn is increased, which is natura
since the interband nesting becomes degraded along
path.

The result along the second path is displayed in Fig.
wherel is plotted as a function oftz for n51.2 atT50.01.
Here we have adopted a rather largeU58, because we wan
to have sizeablel over a wide range oftz including the case
of bad nesting. There, we have covered both the layered
(tz,1) and a quasi-1D case (tz.1). As indicated in Fig. 10,
antiferromagnetism occurs~i.e., x→`) when the interband
nesting becomes too strong astz→1 both from below and
from above. Before the transition to antiferromagnetism
cursl increases both from below and from above, indicati
that interband 3D nesting is effective, the layered casetz
50.8) is more advantageous than the case of 2D (tz50) and
quasi-1D (tz.1) on the present path.

FIG. 9. ~Color! l versusn for U51.5, tz50.65, T50.01. The
d-wave solutions having the largestl are doubly degenerate.
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IV. CONCLUSION

In conclusion, we have studied the possibility of spi
fluctuation mediated superconductivity in 3D honeycom
lattice systematically. We have shown that if we take t
parameter set corresponding to thepp bands in MgB2, the
spin fluctuation favors the gapful pairing, which sugge
that the electron correlation can help the phonon in form
the Cooper pairing. Experimentally, the electron repulsi
acting constructively may be confirmed if some phas
sensitive method can detect the gap function having oppo
signs in two p bands. When strong enough, the electr
repulsion alone will give rise to ad-wave pairing, with a
time-reversal brokenfd1

1 ifd2
symmetry associated with

degenerate representations in the non-Bravais lattice with
culiar point nodes on the Fermi surface.
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FIG. 10. ~Color! l versustz for U58, n51.2, T50.01. The
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