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Chiral symmetry breaking and phase fluctuations: A QED3 theory of the pseudogap state
in cuprate superconductors
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A d-wave superconductor, its phase coherence progressively destroyed by unbinding of vortex-antivortex
pairs, suffers an instability related to chiral-symmetry breaking in QED3. The chiral manifold exhibits large
degeneracy spanned by physical states acting as inherent ‘‘competitors’’ ofd-wave superconductivity. Two of
these states are associated with antiferromagnetic insulator and ‘‘stripe’’ phases, known to be stable in the
pseudogap regime of cuprates near half-filling. The theory also predicts an additional, yet unobserved state: a
d1 ip phase-incoherent superconductor.
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Ever since the original discovery, the physics of hig
temperature superconductors~HTS’s! has been one of the
key problems in theory of quantum condensed matter.
most actively pursued approach1 is to focus on the insulating
state of CuO2 planes at half-filling and work one’s way alon
the doping~x! axis to thed-wave superconductor. Alterna
tively, others have studied superconducting instabilities o
nearly antiferromagnetic Fermi liquid~FL!.2 Both ap-
proaches are examples of the traditional paradigm that ‘‘
should understand the normal state before one can un
stand the superconductor;’’ the strategy that has met w
much success in conventional, low-Tc superconductors.

Recently, a different route toward the theory of HTS’s h
been advanced in Refs. 3 and 4. Cuprates are strongly i
acting systems, where traditional approaches might be
forbidding. Instead, as argued in Ref. 4, one should focus
the superconducting state itself, which appears as the ‘‘l
correlated’’ among its neighbors in the HTS phase diagra
and the integrity of its low-energy BCS-like quasiparticl
protected by the larged-wave pseudogap. In this approac
one considers the pseudogap regime as dominated by s
conducting phase fluctuations and seeks to understand
‘‘normal’’ states adjacent to a superconductor by focusing
the interaction between quasiparticles and vortex-antivo
excitations. There is considerable experimental evide
supporting this viewpoint.5–9 In particular, recent Nernst ef
fect measurements7,9 indicate strong vortex fluctuations a
temperatures comparable to the pseudogap (T;T* ) and far
above the trueTc . The effective low-energy theory of thes
interactions was argued to be quantum electrodynamic
(211) dimensions (QED3).4

The success of this approach hinges on its ability, by
ing thed-wave superconducting state as its starting point
reconstruct the general features of the HTS phase diag
Amongst these, none is more prominent than the Ne´el anti-
ferromagnetic insulator very near half filling. In this pap
we first show that ad-wave superconductor whose pha
coherence has been destroyed by the unbinding of quan
vortex-antivortex pairs indeed becomes an antiferromagn10

The antiferromagnetism arises naturally through an inhe
dynamical instability of QED3, known as spontaneous chira
0163-1829/2002/65~18!/180511~4!/$20.00 65 1805
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symmetry breaking~CSB!,12 and most typically takes the
form of an incommensurate spin-density wave~SDW!,
whose periodicity is tied to the Fermi surface. Furthermo
we next show that numerous other states, most notablyd
1 ip and ad1 is phase-incoherentsuperconductor (dipSC,
disSC) and ‘‘stripes,’’ i.e., superpositions of one
dimensional charge-density waves~CDW! and phase-
incoherentsuperconducting density waves~SCDW!, as well
as continuous chiral rotations among them, are all energ
cally close and competitive with antiferromagnetism due
their equal membership in the chiral manifold of two-flav
(N52) QED3. This large chiral manifold of nearly degene
ate states plays the key role in our theory as the culprit
hind the complexity of the HTS phase diagram.

The above results place tight restrictions on this ph
diagram and provide means to unify the phenomenology
cuprates within a single, systematically calculable ‘‘QED3
unified theory’’ ~QUT!. Any microscopicdescription of cu-
prates, as long as it leads to the larged-wave pairing
pseudogap withT* @Tc→0, will conform to the general re-
sults of QUT. In particular, all the physical states in natu
energetic proximity to ad-wave superconductor are thos
inhabiting the above chiral manifold. Under the umbrella
the pseudogap, the energetics and various properties of
states are explicitly calculable from the chirallysymmetric
QED3 theory of Ref. 4, which plays the role in th
pseudogap state similar to that of the FL theory in conv
tional metals.

We now provide the substance behind the above as
tions. Our starting point is the QED3 Lagrangian

LQED5c̄ncm,ngmDmcn1L0@am#1~••• ! ~1!

shown in Ref. 4 to desribe the low-energy effective theo
for fermions in ad-wave superconductor interacting with dy
namically fluctuating vortex excitations of the Cooper p
field. Here ca

†5c̄ag05(ha
† ,hā

†) are the four-componen

Dirac spinors with ha
†5(1/A2)Ca

†(11 is1), hā
†

5(1/A2)Cā
†
s2(11 is1), and Ca

†5(c↑a
† ,c↓a). Fermion

fields csa(r ,t) describe ‘‘topological fermions’’ of the
theory and are related to the original nodal fermio
©2002 The American Physical Society11-1



in

-

l
an
.
y

op

r
f w

i
te

ow
re

,
re

-

in

us
m
t

s

s

-
r
d

e
e

y

f

s
a-

er

ase
hat

iral
o
tion

or
ing

be-

rms

a

or in

the

RAPID COMMUNICATIONS
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csa(r ,t) via the singular gauge transformation detailed
Refs. 4 and 13. Indexn labels (1,1̄) and (2,2̄) pairs of
nodes, while a labels individual nodes,m5t,x,y
([0,1,2). Dm5]m1 iam is a covariant derivative,ct,n51,
cx,15cy,25vF , cx,25cy,15vD . The gamma matrices are de
fined as gm5s3^ (s3 ,2s1 ,2s2) and satisfy $gm ,gn%
52dmn . The Berry gauge fieldam encodes the topologica
frustration of nodal fermions generated by fluctuating qu
tum vortex-antivortex pairs andL0 is its bare Lagrangian
The loss of superconducting phase coherence caused b
unbinding of vortex pairs is heralded in Eq.~1! by am be-
coming massless,4

L 0→
1

2et
2 ~]3a!t

21(
i

1

2ei
2 ~]3a! i

2 ; ~2!

here, et
2 ,ei

2( i 5x,y), as well as the velocitiesvF(D) , are
functions of dopingx andT. Along with residual interactions
between nodal fermions, denoted by the ellipsis in Eq.~1!,
these parameters of QUT arise from some more microsc
description and will be discussed shortly.

First, however, we focus on the general properties of~1!.
The Berry gauge fieldam is the main dynamical agent in ou
theory and plays a special role in the above expression. I
setam50, all the remaining interactions among nodal ferm
ons are short ranged, including those arising from the in
gration over the Doppler gauge fieldvm ,4 and irrelevant in
the renormalization-group sense. They can impact the l
energy physics only through symmetry breaking and f
quently first-order transitions. Consequently, ifam were ab-
sent or massive, such as in the superconducting state
effective theory of the pseudogap state would be that of f
massless Dirac fermions. In contrast,am is relevant in the
massless~nonsuperconducting! state and it generates non
trivial long-range interactions among quasiparticles.4 The ef-
fective theory of the pseudogap state is QED3 and the low-
energy physics is controlled by theinteracting infrared fixed
point of its chiral-symmetric~massless fermion! phase. This
is the ‘‘algebraic’’ Fermi-liquid normal state discussed
Ref. 4.

LQED ~1! possesses the following peculiar continuo
symmetry: borrowing from ordinary quantum electrodyna
ics in (311) dimensions (QED4), we know that there exis
two additional gamma matricesg35s1^ 1 andg55 is2^ 1
that anticommute withall gm’s. It is easy to show thatLQED
is invariant undercn→eiag3cn and cn→ebg5cn , (a, b
real! defining a global U~2! symmetry for each pair of node
with generators1^ 1, g3 , 2 ig5, and 1

2 @g3 ,g5#. In QED3
this symmetry can be broken by two types of ‘‘mass’’ term

mchc̄ncn andmPTc̄n
1
2 @g3 ,g5#cn . The phenomenon of spon

taneous symmetry breaking in QED3 as a mechanism fo
dynamical mass generation has been extensively studie
the quantum field theory literature.12,14,15Note that the chiral
symmetry of our theory~1! is purelydynamical, i.e., it is not
related to spin SU~2! or any other kinematic symmetry of th
underlying microscopic Hamiltonian—we call it th
Bogoliubov-deGennes~BdG! chiral symmetry. It has been
established that while mPT is never spontaneousl
18051
-

the

ic

e
-
-

-
-

the
e,

-

,

in

generated,14 the chiral massmch is generated if the number o
fermion speciesN is less than a critical valueNc . It is found
that Nc;3 for isotropic QED3,15,16 but as we shall discus
shortly, anisotropy and irrelevant couplings present in L
grangian~1! can change the value ofNc . Furthermore,N
itself, while equal to 2 for a single CuO2 layer, could change
to 4, 6, or an even larger value in bilayer and multilay
cuprates, thus enhancing the possibility of a symmetricmch
50 phase.

Let us now assume that we are in the part of the ph
diagram~Fig. 1! characterized by the parameters such t
N,Nc : CSB occurs and the mass termmchc̄ncn is gener-
ated. We wish to determine what is the nature of this ch
instability in terms of the original electron operators. T
make this apparent, let us consider a general chiral rota
cn→Uch

(n)cn with Uch
(n)5exp(iu3ng31u5ng5). Within our rep-

resentation of Dirac spinors, Eq.~1!, themchc̄ncn mass term
takes the following form:

mchcos~2Vn!@ha
†s3ha2hā

†
s3hā#

1mchsin~2Vn!
u5n1 iu3n

Vn
ha

†s3hā1H.c., ~3!

whereVn5Au3n
2 1u5n

2 . mch acts as an order parameter f
the bilinear combinations of topological fermions appear
in Eq. ~3!. In the symmetric phase of QED3 (mch50), the
expectation values of such bilinears vanish, while they
come finite,^c̄ncn&Þ0, in the broken-symmetry phase.

The BdG chiral manifold~3! is spanned by the ‘‘basis’’ of
three symmetry-breaking states. When reexpressed in te
of the original nodal fermionscsa(r ,t), two of these involve
pairing in the particle-hole (p-h) channel—a cosine and
sine spin-density wave~SDW!,

^c↑a
† c↑ā2c↓a

† c↓ā&1H.c. ~cos SDW!,

i ^c↑a
† c↑ā2c↑ā

†
c↑a&1~↑→↓ ! ~sin SDW!, ~4!

FIG. 1. Schematic phase diagram of a cuprate superconduct
QUT. Depending on the value ofNc ~see text!, either the supercon-
ductor is followed by asymmetricphase of QED3, which then un-
dergoes a quantum CSB transition at some lower doping@panel~a!#,
or there is a direct transition from the superconducting phase to
mchÞ0 phase of QED3 @panel~b!#. The label SDW/AF indicates the
dominance of the antiferromagnetic ground state asx→0.
1-2



m
o
os
th

o

e
ic
th
nd
-
he
co
o
ch
I

st
la

o

an

a

,

s
a

ow
bu
nc
,
f
e

tual
. Its
ob-
lf-
lp

in
the

in

ix
s
to

uni-

e
of
nal
old

,

a

in
of

dal

or
uc-

ot

e
ere
q.
stly

eral
iral
of

b

of

RAPID COMMUNICATIONS

CHIRAL SYMMETRY BREAKING AND PHASE . . . PHYSICAL REVIEW B 65 180511~R!
and are obtained from Eq.~3! by settingVn equal top/4 or
3p/4. Rotations within the BdG chiral manifold~3! at fixed
Vn correspond to the sliding modes of SDW.

A simple physical picture emerges here: we started fro
d-wave superconducting phase, our parent state. As
moves closer to half-filling and true phase coherence is l
strong vortex-antivortex pair fluctuations, acting under
protective umbrella of ad-wave particle-particle (p-p)
pseudogap, spontaneously induce formation of particle-h
‘‘pairs’’ at finite wave vectors,6Q11̄ and 6Q22̄ , spanning
the Fermi surface from nodea to ā ~Fig. 2!. The glue that
binds thesep-h ‘‘pairs’’ and plays the role of ‘‘phonons’’ in
this pairing analogy is provided by the Berry gauge fieldam .
Such ‘‘fermion duality’’ is a natural consequence of th
QED3 theory~1!. Remarkably, we find the antiferromagnet
insulator being spontaneously generated in the form of
incommensurate SDW. As we get very near half-filling a
Q11̄ ,Q22̄ approach (6p,6p); SDW acquires the most fa
vored state status within the BdG chiral manifold—this is t
consequence of umklapp processes, which increase its
densation energy without it being offset by either the anis
ropy or a poorly screened Coulomb interaction, whi
plagues its CDW competitors to be introduced shortly.
seems, therefore, reasonable to argue that this SDW mu
considered the progenitor of the Neel-Mott-Hubbard insu
ing antiferromagnet at half-filling. Thus, QED3 theory ~1!
explains the origin of antiferromagnetic order in terms
strong vortex-antivortex fluctuations in the parentd-wave su-
perconductor. It does so naturally, through its inherent
well-established chiral-symmetry-breaking instability.12

The BdG chiral manifold~3! contains also a third state,
p-p pairing state corresponding toVn50 or p/2 and best
characterized as ad1 ip phase-incoherent superconductor

i ^c↑ac↓a2c↑āc↓ā&1H.c. ~dipSC!. ~5!

We have writtendipSC in terms of topological fermion
csa(r ,t), since the use of the original fermions leads to
more complicated expression, which involves the backfl
of vortex-antivortex excitations. This state breaks parity
preserves time-reversal symmetry, translational invaria
and superconducting U~1! symmetries. To our knowledge
such a state has not been proposed as a part of any o
major theories of HTS. It is an intriguing question wheth

FIG. 2. The ‘‘Fermi surface’’ of cuprates, with the positions
nodes in thed-wave pseudogap. The wave vectorsQ11̄ ,Q22̄ , and
Q1̄2̄ , etc. are discussed in the text.
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this d1 ip phase-incoherent superconductor can be the ac
ground state at some dopings in some of the cuprates
energetics does not suffer from long-range Coulomb pr
lems but it is clearly inferior to the SDW very close to ha
filling, since, being spatially uniform, it receives no he
from the umklapp process. Observation of such a state
underdoped cuprates would provide strong evidence for
validity of the physical picture proposed in this paper.

Until now, we have discussed the CSB pattern only with
individual pairs of nodes, (1,1)̄ and (2,2̄), of a single CuO2
plane. What happens if we allow for chiral rotations that m
nodes 1 and 2̄or 1 and 2? A whole new plethora of state
becomes possible, with the BdG chiral manifold enlarged
include a superposition ofone-dimensional p-h and p-p
states, an incommensurate CDW accompanied by a non
form phase-incoherent superconductor~SCDW! at wave vec-
tors 6Q12 and6Q2̄1̄ ~Fig. 2!:

1

A2
^c↑1

† c↑21c↑2̄
†

c↑1̄1H.c.&1~↑→↓ ! ~CDW!,

1

A2
^c↑1c↓21c↑2̄c↓1̄1H.c.&1~↑↔↓ ! ~SCDW!. ~6!

These same states, rotated byp/2, are replicated at wave
vectors6Q12̄ and 6Q21̄ ~Fig. 2!. In a fluctuatingdx22y2

superconductor, these CDW’s and SCDW’s run along thx
and y axes and are naturally identified as the ‘‘stripes’’
QUT. Note, however, these are not the only one-dimensio
states in QUT—among the states in the BdG chiral manif
~3! are also ‘‘diagonal stripes,’’ the combination of a SDW
Eq. ~4!, along6Q11̄ and adipSC, Eq.~5!, which opens the
mass gap only at nodes (2,2)̄, or vice versa. Furthermore,
phase-incoherentd1is superconductor~disSC! is also
present within the chiral enlarged manifold, since it results
alternating signs for different nodes with equal number
positive and negative ‘‘masses’’ for the two-component no
fermions:

i ^c↑1c↓11c↑1̄c↓1̄1H.c.&1~1→2! ~disSC!. ~7!

In contrast, in ad1 id phase-incoherent superconduct
these ‘‘masses’’ have the same sign for all the nodes prod
ing a maximal breaking of thePT symmetry.14 Conse-
quently, a d1 id phase-incoherent superconductor is n
spontanously induced within our QED3 theory.

In the isotropic (vF5vD) N52 QED3, all these addi-
tional states plus arbitrarychiral rotations among them ar
completely equivalent to those dicussed previously. It is h
where we confront the problem of intrinsic anisotropy in E
~1!. Such anisotropy cannot be rescaled out and manife
breaks the U(2)3U(2) degeneracy of the fullN52 chiral
manifold down to two separate U(1)3U(1) ~3! chiral
groups discussed previously. This is reflected in the gen
increase in energy of the states from the enlarged BdG ch
manifold. For example, the anisotropy raises the energy
our ‘‘stripe’’ states~6! relative to those of SDW,dipSC, or
‘‘diagonal stripes.’’ However, when the long-range Coulom
1-3
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interactions and coupling to the lattice are included in
problem, as they are in real materials, it is conceivable
the ‘‘stripes’’ would return in some form, either as a grou
state or a long-lived metastable state at some intermed
doping.disSC is also adversely affected by anisotropy but
a lesser extent and might remain competitive with SD
dipSC, and ‘‘diagonal stripes.’’17 This state breaks time
reversal symmetry but preserves parity and the discus
concerningdipSC below Eq.~5! applies todisSC equally
well.

How do we use these general results on CSB in QUT
address the specifics of the cuprate phase diagram? To
end, we need some effective combination of phenomenol
and more microscopic descriptions to determine the par
etersvF , vD , et , ei and residual interactions (•••) appear-
ing in LQED ~1!. The main task is to determine what is th
sequence of states within QUT that form stable phases a
doping decreases toward half-filling underT* in Fig. 1.
While this is an extensive project, whose detailed results
be reported elsewhere,17 we outline here some of the gener
features. First, within the superconducting stateet ,ei→0
andam becomes massive, thus denying the CSB mechan
its main dynamical agent. We, therefore, expect that the
perconductor is in the symmetric phase and its nodal fer
ons form well-defined excitations.4 As we move to the left in
Fig. 1, the phase order is suppressed andet ,ei become finite,
reflecting the unbinding of vortex-antivortex excitations4

For all practical purposes, this is precisely what the exp
ments imply. Now, the key question is whether the QED3 ~1!
remains in its symmetric phase or whether it immediat
undergoes the CSB transition and generates finite gapmch
Þ0).

One important factor in the above problem is the dep
dence ofNc on the Dirac cone anisotropyaD5vF /vD . This
is a technically nontrivial problem, which we shall discu
elsewhere.17 Our preliminary results suggest thatNc is a
weakly increasing function ofaD ~see also Ref. 11!. In the
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superconducting state the anisotropy is fairly large,aD.10
220.18 This would then favor a direct transition into th
broken-symmetry phase@panel ~b! of Fig. 1#, which could
conceivably become first order with a region of coexisti
antiferromagnetic order and superconductivity. If, on t
other hand,Nc, 3

2 as argued in Ref. 16, there could be
locus of doping concentration in which ground state is no
superconducting but chirally symmetric@panel~a! of Fig. 1#.
Such an intermediate symmetric phase is particularly lik
in bilayer or multilayer cuprates~such as YBCO or
HgBa2Ca2Cu3O8), where highly anisotropic interlayer hop
ping translates into strong coupling between vortices but
sentially no coupling between nodal fermions on constitu
CuO2 planes, thus raising theN of QED3 ~1! to 4, 6, or even
higher, and aboveNc .

The anisotropy is not the only factor that can influence
value of Nc . Short-range interactions, while perturbative
irrelevant, effectively increaseNc if stronger than some criti-
cal value.19 Such interactions, typically in the form of shor
range three-current terms,3 arise in more microscopic model
used to deriveLQED ~Ref. 17! and are prominent among th
residual terms denoted by the ellipsis in Eq.~1!. Their
strength generically increases asx→0. These residual inter
actions play a dual role in QUT. First, they can conspire w
the anisotropy to produce the situation depicted in panel~b!
of Fig. 1, where the CSB takes place as soon as the p
coherence is lost. Second, once the chiral symmetry has
broken, the residual interactions further break the symme
within the chiral manifold~3! and play a role in selecting th
true ground state. A detailed analysis of the CSB patte
will be reported separately.17

The authors are indebted to I. F. Herbut and D. Sheehy
helpful discussions. This work was supported in part by N
Grant No. DMR00-94981~Z.T. and O.V.! and by NSERC
~M.F.!.
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