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Direct observation of a threshold for coherent radiation in unshunted Josephson-junction
arrays with ground planes
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Previous experiments@Barbaraet al., Phys. Rev. Lett.82, 1963~1999!; Vasilić et al., Appl. Phys. Lett.78,
1137 ~2001!# showed that two-dimensional, unshunted Josephson-junction arrays emit radiation coherently
when a threshold number of junctions is switched to a radiating state. Here, we report low-power radiation
being emitted when the number of radiating junctions is smaller than the threshold number. We show that in
this regime the output power is incoherent, i.e., the array behavior is qualitatively different from the coherent
regime.
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If V is the voltage across a Josephson junction,g the
gauge invariant phase difference,I C the critical current and
F0 the flux quantum, the Josephson relations

V5
F0

2p

dg

dt
and I 5I Csin~g! ~1!

predict that if there is constant voltage the current will osc
late with a frequency proportional to that voltage. Utilizin
this unique property, for the last two decades Josephs
junction arrays ~JJA! have been studied as microwav
sources.1 The advantages of using arrays as opposed to ju
tions are higher power outputs and better impedance ma
ing to typical loads. Arrays used as radiation sources2–4 were
shunted, thus nonhysteretic, which provided tunability to
output radiation. Because of the nonhysteretic nature of
current-voltage (IV) characteristic, all the junctions in thes
arrays are always oscillating.

In contrast to this standard approach, our previous wor5,6

explored unshuntedhystereticJJA that produced millimeter
wave radiation at a frequency fixed by a resonance. The
teresis enabled us to control the number of radiating ju
tions. By studying the radiation output of these arrays a
function of the number of radiating junctions, we observ
that a certain threshold number of oscillating junctions w
necessary for the array to emit coherently. Below this thre
old no power could be detected.

In this work we present more sensitive measurements
reveal that our arrays radiate even when the number of r
ating junctions is below the threshold number. However
qualitative change is observed when the number of radia
junctions is increased above the threshold.

Our arrays are made of unshunted Nb/AlOx /Nb
junctions6 and there is a ground plane above each of
arrays. At one end of each array there is a detector circu
measure radiation from the array. The other end is shorte
the ground plane. The arrays are current biased and we
fine rows to be perpendicular to the bias current. Ev
though these devices are essentially operating at a single
quency, the high efficiencies~up to 32% from dc to 165
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GHz6!, significant power outputs and the control over t
number of active junctions make them interesting for furth
study.

While shunted JJA arrays are tunable over various ran
of frequency7 our unshunted arrays work in a complete
different manner.5,6 The critical current of each junction with
no applied magnetic field is about 150mA. If we suppress
the critical current to about 15mA by applying a magnetic
field parallel to the array, resonant features appear in theIV
characteristic. These features are sharp, equally space
voltage, self-induced resonant steps~SIRS!.5

Because of the hysteresis, for currents below the crit
current each row can have either no voltage drop acros
~the supercurrent branch! or it can have the resonance vol
age (Vres'330 mV) across it~the SIRS!. The steps shown
in Figs. 1~a! and 2~a!, correspond to different numbers o
rows being switched to this new state. The ground planes
essential for the operation of our arrays, since the SIRS e
only when there is a ground plane above or below the ar
The SIRS are a result of a resonant effect where the junct
pump power at a frequency determined by the resonant
ity formed by the array and the ground plane. Only when
bias the array on these steps does it emit power, at a
quency that corresponds to the resonance voltagef res
5Vres /F0 through the Josephson relation. We shall str
the two main features of our arrays that are important in th
own right, and are absent in the standard unshunted JJA

~a! Because of the highly hystereticIV characteristic of
our arrays we can switch a desired number of rows onto
SIRS. This gives us control over the number of radiati
oscillators in our devices, as opposed to shunted JJA, w
all junctions are always in the oscillating, nonzero volta
state. A row that is biased on a SIRS will be calledactive,
while a row biased on the supercurrent or resistive bra
will be called inactive;

~b! Once the array is biased on an SIRS we can con
the input dc power by varying the dc bias current. This fe
ture allows us to examine the array operation for differe
input powers with the number of active rows being fixed.

In order to better understand the radiating state we m
sured the output powerPAC as a function of the input powe
©2002 The American Physical Society03-1
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FIG. 1. ~Color! ~a! Current-voltage characteristics and corr
sponding~b! outputPAC vs inputPDC power curves are shown fo
an array with two columns and 36 rows. The numbers of ac
rows to which certain self-induced resonant steps correspond
marked and color coded on theIV characteristics. For example, th
red curves on all graphs in this figure correspond to five ac
rows. ~c! Enlargement of the low dc power region, showing ste
number 4 through 9. The inset in~b! showsPAC as a function of the
dc power,PDC

S supplied only to the supercurrent channel. The in
in ~c! is a schematic of a simple model of the arrays.
18050
PDC for a fixed number of active rows. After biasing on
given SIRS, corresponding toNA active rows, by varying the
bias current we could vary the input powerPDC
5I biasVDC . For each point in Figs. 1 and 2 we recorded t
bias current, the dc voltage at that bias current, and the
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FIG. 2. ~Color! Graphs~a! and ~b! show plots analogous to th
ones shown in Fig.~1! for an array with four columns and 36 rows
The color coding is different. Graphs~c! and ~d! are enlargements
of the low power region. The plot in~c! shows steps number 6, 7, 8
11, and 12. For all of themPAC saturates as a function ofPDC . The
plot in ~d! shows steps 9 and 10. Each step has two data sets
responding to it. For both steps the two data sets display diffe
PAC vs PDC dependences.
3-2
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respondingIV characteristic of the detector circuit. Th
power radiated by the array could be estimated by num
cally modeling the photon-assisted tunneling process in
detector circuit.

For each SIRS, data were taken consecutively: Once
biased near the bottom/top of the step, we would increa
decrease the bias current and take data, making sure tha
array stayed in the same dynamical state.

Before we analyze the data let us see what one wo
expect from an array in which all the junctions are frequen
locked. We will assume that the frequency is independen
the bias current, which is a good approximation when
array is biased on the very steep, top part of the SIRS’s.
simplicity, we will consider a one-dimensional array ofN
identical junctions, shown in the inset in Fig. 1~c!, connected
in series with a load of impedanceZ5RL1 iX. Each junction
carries a dc bias currentI bias that gets split into a resistive
channel, representing the quasiparticle leakageI R , and into a
supercurrent channel, which supports a dc,I S , current be-
cause of the resonant effect. Also, there will be an ac cur
flowing through the junction. We assume that each ac
junction has a dc voltageVDC/NA across it, whereNA is the
number of active junctions, and that all junctions have an
component with amplitudeVAC and a phase shiftdn . We
assume the phase shiftsdn to be different from junction to
junction while restrictingVAC to be constant.

The bias current supplies the system with dc power eq
to VDCI R1VDCI S . The first term is the dc power dissipate
in the resistors. The second term is the dc powerPDC

S that
gets converted into ac power, which we will denote withPAC

S

that is,PAC
S 5PDC

S . There are only two sources of dissipatio
in the system, the junction resistors and the load. Follow
this power conservation argument, we find that the total
power supplied to the system,PAC

S , has to be completely
dissipated in the junction resistors,PAC

R , and in the load
resistor asPAC that is our measured power. We are interes
in how PAC

S is distributed between the power dissipated
the array,PAC

R , and the power dissipated in the load,PAC ,
and how this distribution depends on the relative phase
the junctions. Assuming harmonic time dependence of
voltages across the junctions and using power conserva
we obtain

PDC
S 5PAC

S 5PAC
R 1PAC5

NVAC
2

2R
1^VLI L&, ~2!

PDC
S 5PAC

S 5N
VAC

2

2R
1jN2

VAC
2

2Re f f
, ~3!

where^•••& denotes a time average over one period,VL and
I L are the voltage across the load resistor and the cur
through it, with the following definitions of the effective re
sistanceRe f f and the coherence factorj:

Re f f5RLS 11
X2

RL
2D , j5

1

N2 (
n,m51

N

cos~dn2dm!. ~4!
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From Eq.~3! we solve for the ac amplitudeVAC as a function
of the input dc power,

VAC5A 1

N

2R
1

jN2

2Re f f

PDC
S . ~5!

Substituting this expression only in the term forPAC
R in Eq.

~2! and solving forPAC we get

PAC5
1

11
1

j

Re f f

NR

PDC
S . ~6!

As mentioned before, this derivation assumes freque
locking of the junctions. In the case in which the junctio
are also phase locked,j is constant and Eq.~6! implies that
PAC is a linear function ofPDC

S . If the phases are scramble
makingj smaller, the slope of this dependence is smaller a
vice versa. For a given junction resistance and load imp
ance the distribution of a given input powerPDC

S depends
only on the relative phases of the oscillating voltages acr
the junctions. For example, for a fixedPDC

S , if j is de-
creased, decreasing the power delivered to the load,VAC will
grow, as given in Eq.~5!, to increase the dissipation in th
junction resistors and satisfy power conservation in Eq.~3!.
This argument does not depend on the particular wave f
of the oscillating voltage across the junctions, so it is mo
independent.

We recordedPAC vs PDC5I biasVDC curves for different
numbers of active rows in different arrays. We should n
that PDC includes the quasiparticle dissipation as opposed
PDC

S that is only the supercurrent dc power. Since the SI
are fairly steep, and the subgap resistance large,PDC

S and
PDC differ by an approximately constant power when we a
biasing along a single step. Figures 1 and 2 showPAC vs
PDC curves and their correspondingIV curves for two arrays
with 36 rows, one two-columns wide and the other fou
columns wide.

There are two striking properties of thePAC vs PDC func-
tions. First, when the number of active rows is low, the o
put power saturates and does not grow with the input pow
For a large number of active rows the output power alwa
grows with the input power and becomes linear for hi
powers. We define thethreshold8 as the number of active
rows where this qualitative change in thePAC vs PDC de-
pendence occurs. For the array with two columns the thre
old is eight rows and for the array with four columns it is 1
rows. As mentioned previously, only at high powers the
voltage ~ac frequency! becomes nearly independent of th
bias current and we can use Eq.~6! to conclude that the
arrays then become phase locked. The insets in Figs.~b!
and 2~b! show PAC as a function of PDC

S , with PDC
S

5VDC(I bias2I R). We estimateI R as the quasiparticle leak
age current obtained from theIV characteristics. All the
curves above threshold lie on the same line as predicted
Eq. ~6!, while the ones below threshold lie below this line
dependence indicating loss of coherence.
3-3
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The threshold transition is shown in Figs. 1~c!, 2~c!, and
2~d!. For example, even though on step number 11 in F
2~c! the input power reaches levels similar to when the ar
is biased on step number 13,PAC is much lower and does no
show the same dependence onPDC . For these small numbe
of active junctions, the output power often decreases w
the input power increases.

We have also noticed that below threshold, the power o
put on given bias points is not always the same. This is
case with steps number 9 and 10, shown in Fig. 2~d!. For
each of these two SIRS there are two overlapping sets
points in theIV characteristic. However, the power depe
dence for these two sets is completely different, as thePAC
vs PDC plot shows. This means that the junctions had diff
ent relative phases each time we biased changing the po
delivered to the load.

Second, even though there is a drastic change in
amount of power that the array is delivering to the detec
the steps in theIV characteristic do not show any chang
going from below to above threshold. Both the step hei
~in current! and shape remain approximately the same
shown in Figs. 1 and 2. For example, step number 5 in F
1~a! reaches bias currents greater than any of the bias
rents at which the other steps exist. Yet, the array radia
n
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five times more ac power when biased on step numbe
compared to when it is biased on step number 5, for the s
input dc power of 35nW.

There is extensive theoretical work describing the inter
tion of single junctions and arrays with resonant cavities.9–14

The most recent work15–18 is aimed toward understandin
experimental results5,6 on underdamped arrays. Theory h
provided descriptions of frequency locking to a cavity,15,16

array IV curves that can be compared with experiment,15,17

and descriptions of the coherent radiating state,15–17 includ-
ing the degree of coherence16,17and power along a given ste
as I bias is varied.17 Theory has thus successfully reproduc
most of the observed phenomena. As discussed by Ba
et al.,17 however, one outstanding problem remains.

The most recent theory predicts coherent radiation as s
as the array is biased on a SIRS, that is, there is no thres
for coherent radiation. By contrast, our experiments sh
distinctly different behavior below and above threshold,
discussed above and in our previous work.5 The task remain-
ing for theory is to explain the threshold, and to characte
the degree of coherence and the radiation output both a
and below threshold.

This work was supported by the AFOSR under Grant N
F49620-98-1-0072.
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