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Scaling of the critical temperature with the Fermi temperature in diborides
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The experimental determination of the scaling of the superconducting critical temperature (Tc) vs the Fermi
temperature (Tf) of the holes in the borons subband is presented. The Fermi level has been tuned near the
‘‘shape resonance,’’ i.e., the two- to three-dimensional crossover of the Fermi surface of the borons subband
by changing the Al/Mg content in Al12xMgxB2 . The productkfj0 of the Fermi wave vector (kf) times the
superconducting Pippard coherence length (j0), that is a measure of the pairing strength, remains constant,
kfj0590 for x.0.66. This high-Tc phase occurs in the boron superlattice under a tensile microstrain in the
range 3%,«,6%.
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The recent discovery of a high-Tc phase in MgB2 ~Ref. 1!
and C60, intercalated with CHBr3 ,2 showed that the high-Tc

phase occurs in metallic heterostructures at the atomic lim3

where a superlattice is made of metallic units~boron layers
or C60 buckyballs! intercalated by a different material~Mg
layers or CHBr3 molecules!. According to Ref. 3, the proces
for Tc amplification in these systems requires tuning
Fermi level at a ‘‘shape resonance’’ of the superlattice wh
the Fermi velocity in the direction of the superlattice mod
lation goes to zero and the Fermi surface topology show
dimensional crossover.3 MgB2 is a diboride where the Ferm
level EF is below the top of thes subband of the boron
superlattice atEA .4 AlB2 is the prototype compound for thi
structure type, where conversely, the Fermi level is atEF
.EA as in most of diborides.5 The synthesis of MgxAl12xB2
series was first reported by Vekshinaet al.6 The drop ofTc
by decreasing the Mg content7–12 was associated with th
filling of the s subband of the sublattice of boron layers.9,13

The data of Ref. 7 were interpreted by An and Pickett4 using
a rigid band of the MgB2 band structure~where, by changing
the Al31/Mg21 ratio, only EF shifts!. However, the rigid-
band model fails to describe the physics of an Al12xMgxB2
system, since the substitution of large Mg21 ions in the hex-
agonal Al31 lattice induces not only a change of the numb
of valence electrons but also an expansion of both thea and
c axes of the boron superlattice, with the associated varia
of the band dispersion and the shift of the top of thes sub-
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band, as shown by recent calculations using a non-rigid-b
model.5,13 In the AlB2 structure there is a good lattice matc
ing between the graphitelike boron lattice and the hexago
hcp lattice of Al with a microstrain«5(a2a0)/a0 , where
a05c/1.075 is the equilibrium distance in a perfect AlB2

lattice.
In this work we study the onset of the high-Tc phase

going from AlB2 to MgB2 by a synthesis of solid solution
Al12xMgxB2, with a variable Mg content, and the results a
compared with a full band-structure calculation. The pres
results provide a solid experimental base for the understa
ing of the onset of the high-Tc phase coming from the low
Tc metallic phase induced by changing both the charge d
sity and the microstrain of the boron sublattice.

First, we synthesized high-purity samples, avoiding t
use of quartz tube, that were used in Ref. 7, for prepara
of the diborides, since the Mg gas at high temperature re
with quartz and induces MgO impurity phases in the fin
compound.Second, we measured a large number of samp
in order to identify with high accuracy the point of the sha
drop ofTc expected at the two-dimensional 2D-3D crossov
in the Fermi surface of thes subband.Third, we character-
ized the Al/Mg lattice disorder of our samples with hig
resolution x-ray diffraction using synchrotron radiatio
Fourth, we measured the lattice parameters at each valu
x. Finally, we carried out an accurate band structure calcu
tion for each Mg contentx with its lattice parameters in orde
©2002 The American Physical Society15-1
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to calculate the position of the Fermi level relative to the t
of the s subband and the 2D-3D crossover, overcoming
limitations of the rigid-band approximation.

We report the sharp drop ofTc at x,0.66, and show tha
it is associated with the 2D-3D crossover in thes subband
calculated by full band-structure calculations. Hig
resolution x-ray-diffraction~XRD! shows a order-disorde
transition atx50.93 induced by the Al/Mg lattice disorde
for x,0.93. Forx,0.93 the structural disorder, due to th
formation of domains with different Al/Mg ratios, is corre
lated with the broadening of the superconducting transit
width, indicating the formation of mesoscopic domains w
different Tc . However the lattice disorder, for 0.5,x
,0.93, induces only a minor effect onTc . Finally we show
that superconducting diborides Al12xMgxB2 have a constan
intermediate coupling strength~between cuprates and low-Tc
superconductors!, and thatTc is linear with the Fermi tem-
perature in the range 0.66,x,1.

High-quality Al12xMgxB2 samples were synthesized by
direct reaction of the elemental magnesium, aluminum~rod,
99.9% mass, nominal purity! and boron~99.5% pure,60
mesh powder!. The elements in a stoichiometry ratio we

FIG. 1. ~a! The radio-frequency complex conductivity probed
the ratio f 0(T)2/ f (T)2, where f 0(T) and f (T) are the resonance
frequencies of the probing LC circuit measured without and w
the sample, respectively. The ratiof 0(T)2/ f (T)2 is measured for
different Al12xMgxB2 samples for different values ofx. ~b! The
critical temperatureTc as a function of Mg contentx given by the
peak of the derivative of thef 0(T)2/ f (T)2 curves.
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enclosed in tantalum crucibles, sealed by arc welding un
an argon atmosphere. The Ta crucibles were then sealed
heavy iron cylinder and heated for 1 h at 800 °C and 2 h a
950 °C. We have avoided the use of a quartz tube for
preparation of the diborides. The phase purity was chec
by x-ray diffraction measured using high-intensity synch
tron light, emitted by a wiggler source, at the third gene
tion Elettra storage ring, operated at 2 Gev and 170 mA. T
diffraction patterns were recorded on the XRD beam l

FIG. 2. ~a! The width of the superconducting transitionDTc of
Al12xMgxB2 as a function ofx, ~b! The relative widthDq/q ~where
q52p/l is the momentum transfer! of the ~002! diffraction line at
low temperatureT5100 K. A collimated synchrotron radiation
beam of photon wavelengthl5100 pm has been used. The expe
mental resolution isDq/q51.731023 determined by using a sili-
con single crystal.

FIG. 3. The variation of thea(x) and c(x) axes (1 pm
50.001 nm) as a function of Mg dopingx in Al12xMgxB2 samples
measured by high-resolution x-ray diffraction.
5-2
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FIG. 4. ~a! The band structure of MgB2 in the G-A direction of the Brillouin zone for the direction of the wave vector perpendicula
the boron monolayers. The top of thes subband, made of 2px,y boron orbitals, occurs at the energyEA at theA point. The hopping between
the boron monolayers gives the dispersion of the holelike band fromA to G points at the energyEc . A quantum critical point is at energy
Ec where a dimensional transition occurs from a 2D-likes Fermi surface atEF,Ec to a 3D-like one in the rangeEc,EF,EA . TheE2g

Raman-active phonon mode induces a large splitting of the two degenerates subbands. The 800-meV energy splitting ofs1 and s2

subbands for a 5-pm frozen lattice distortion ofE2g type is shown by dashed curves.~b! The shift of the chemical potentialEF relative to
the top of thes band atEA that gives the Fermi energy for the holes in thes bandEf(x)5EA(x)2EF(x), andD(x)5Ec(x)2EF(x), where
Ec is the QCP of the borons 2px,y band, where a 2D to 3D transition occurs.~c! The number of holes per unit cellnh in thes subband and
the square of plasma frequencyvp

2 proportional tonh /m* as a function of Mg dopingx.
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using synchrotron light monochromatized by a doub
crystal Si~111! monochromator, and focused on the sam
by a Pt-coated silicon mirror. A CCD detector of 165-m
diameter, with 204832048 pixels per frame, with a pixe
size of 79mm, from Mar research, was used to record t
diffraction patterns. This approach allowed us to determ
the structural parameters with a high precision, reachin
momentum resolution ofDq/q51.731023 as measured by
using a silicon crystal.

The superconducting properties were investigated by
temperature dependence of the complex conductivity us
the single-coil inductance method.14 The temperature-
dependent radio-frequency complex conductivity for seve
Mg contents is shown in Fig. 1~a!. The critical temperature
for superconductivity in Al12xMgxB2 shows various regime
as a function of Mg content Fig. 1~b!. In the high-Tc regime
(39.5.Tc.24 K) the critical temperature shows a nea
linear decrease for decreasingx in the range 1.x.0.66 and,
at x50.66, it shows a sharp decrease toward the low-Tc su-
perconductivity regime 15.Tc.5 K. Minor jumps of about
2 K in the curveTc(x) are observed atx50.93 and 0.8.
Figure 2~a! shows that the width of the transitionDTc is very
narrow ~0.4–1 K! for x.0.93. In the rangex,0.93 the
width of the transition becomes very large~2–4 K!, and it is
assigned to a glassy phase made of superconducting dom
17451
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of a few times the superconducting coherence length w
different critical temperatures. Using the high resolution
our synchrotron radiation diffraction system~that is several
times better than the standard laboratory XRD system u
in Ref. 7!, we investigated the lattice disorder in the dist
bution of the spacing between the boron monolayers. Fig
2~b! shows the evolution of the width of the~002! reflec-
tions, measured at 100 K as a function of Mg doping. W
observe a sharp onset of disorder forx,0.93, due to the
formations of domains of nonuniform distribution of Al/M
ions, that is well correlated with the broadening of the sup
conducting transition temperature.

The lattice parametersa(x) and c(x), determined by
standard least-squares refinement of the diffraction patte
are shown in Fig. 3. Botha(x) andc(x) increase under an
expansion driven by the substitution of Mg ions with larg
atomic radius at the Al sites. However, the rates of expans
of the lattice of boron monolayers~the a axis! and the ex-
pansion of the spacing between the boron monolayers~the c
axis! are different. The resulting anisotropic volume expa
sion is indicated by the different behaviors of curvesa(x)
and c(x). In Fig. 3 we observe two main different regime
with different elastic constants separated by an intermed
region 0.55,x,0.7 as a function of Mg content.

In the Al12xMgxB2 system, the electron density, as we
as the lattice parameters, change with the Mg doping. Th
5-3
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FIG. 5. The plot of the critical temperatureTc in Al12xMgxB2 vs the Fermi temperatureTf compared with other superconductors Nb, a
1D organics, cuprates. The curveTc(Tf) scales asTc5(0.4/kfj0)Tf , with a constantkfj0590 for 0.66,x,1. At x50.5 the superconduct
ing phase is in the low-Tc regime, withkfj05550 as in Nb. A sharp amplification ofTc occurs in the dashed 3D-like region. The scaling la
changes where the Fermi level is tuned at the quantum critical point for the transition from a 3D→2D topology of the Fermi surface.
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fore, full band-structure calculations were performed us
the ‘‘all-electron’’ full potential linearized augmented plan
waves method,5 in the local-density approximation to th
density-functional theory. We used a plane-wave cu
kmax54.1 a.u. and an accurate angular momentum expan
inside atomic spheres.

The Brillouin-zone sampling was performed using the l
ear tetrahedra method with 120-K points in the irreduci
Brillouin zone. A spline fitting of eigenvalues was used
accurately check the position of the Fermi level. We ha
calculated the band edge positions in the two followi
ways: ~i! by use of an ordered supercell, which results in
reasonably small unit cell forx50.25, 1

3, and 0.5; and~ii ! by
the simulation of a random Al/Mg distribution, substitutin
Mg with a virtual cation having nuclear chargeZ5132x.
These two independent calculations, sharing the experim
tal lattice parameters, yield almost identical results~within
about 15 meV!, which shows that Al ordering effects are n
important in this context.

In Fig. 4~a! we show the band structure of MgB2 in the
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G2A direction, and in Fig. 4~b! we show the variation of the
Fermi energy for the holes in thes band: Ef5EA(x)
2EF(x), determined by the energy difference between
top of the 2D borons(2px,y) subband and the chemica
potential EF(x). We also report the energy separationD
5Ec(x)2EF(x) betweenEF and the critical pointEc at the
G point for the transition of the Fermi surface of thes sub-
band between 3D and 2D-like behaviors. The critical te
perature increases forEf.0, where the number of holes i
thes subband (Nh) is nonzero. The number of holes per un
cell nh , and the plasma frequency for the holes, are plot
in Fig. 4~b!. The Fermi temperature of the holes in thes
subband,Tf(x)5$EA(x)2EF(x)%/KB , is zero atx50.41,
and the number ofs holes per unit cell increases fromnh

50 to 0.16 atx51. The superconductivity appears forTf

.0, and increases withTf(x). The variation of the topology
of the s Fermi surface from a 3D-like phase to a 2D-lik
phase occurs atx50.66, where we observe a clear change
the slope of theTc(x) curve. The relative position of the
5-4
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Fermi level from the top of thes subband, going from
AlMgB4 to MgB2, is tuned over a range of 750 meV. This
the same energy range spanned, in MgB2, by the splitting of
the top of thes band into two subbandss1 ands2 , due to
the anharmonicE2g mode, with an amplitude of the in-plan
lattice parameter of 5 pm, as shown in Fig. 4, in agreem
with Yildirim et al.15

It is well known that for electronic pairing mechanisms16

the superconducting critical temperature scales as the F
temperature. For cuprates and organic superconductors it
established thatTc scales asns /m* ,17 that is equivalent to
Tc5(0.4/kfj0)Tf , with kfj0510.18 We plot the critical tem-
peratureTc as a function of the Fermi temperature in Fig.
From this phase diagram it is clear that, for 0.66,x,1, the
curveTc(Tf) follows a universal line whereTc scales asTf
with a constantkfj0590. The value ofkfj0590 is a mea-
sure of the coupling strength for the pairing mechanism, t
remains constant in this regime at an intermediate value
tween kfj0510 for cuprates and 1D organics andkfj0
5550 for a conventional low-temperature superconducto
Nb. In this range the Fermi surface is 2D-like. In the ran
0.5,x,0.66, where the Fermi surface is 3D-like due
electron hopping between boron layers, the coupling stren
rapidly changes from the weak-coupling regimekfj05550
in AlMgB4, where the Fermi level is tuned near the top
the s subband at theA point, to the intermediate coupling
d
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regime kfj0590, by tuning the Fermi level at the critica
point at theG point whereG22kF52p/c, i.e., the Fermi
wavelength of the holes is of the order of the spacingc
between the boron layers.3

In summary, we have studied the origin ofTc amplifica-
tion in Al12xMgxB2 from 5 K in AlMgB4 to 39 K in MgB2.
The disorder due to random Mg/Al distribution in the he
agonal monolayers intercalated between graphitelike bo
monolayers, revealed by high-resolution diffraction measu
ments, induces a broadening of the superconducting tra
tion, but has only a minor effect on the value ofTc . The
sharp amplification ofTc occurs where the chemical pote
tial reaches the 2D-3D Fermi-surface crossover atx50.66.
We have identified two scaling regimes—the first forx
,0.66 ~where the topology of the Fermi surface of thes
band is 3D-like!, and the second forx.0.66 ~where the to-
pology of the Fermi surface is 2D-like!—with a constant
kfj0590. The results of the present work show a linear sc
ing of Tc versusTf in Al12xMgxB2 for 1.x.0.66, pointing
toward a vibronic pairing mechanism in diborides like
cuprates.19
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