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BCS to Bose-Einstein crossover phase diagram at zero temperature fordyz_. order
parameter superconductor: Dependence on the tight-binding structure
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We study the effect of the next-nearest-neighthddN) hopping matrix elemertt’ on the zero-temperature
(T=0 K) crossover phase diagram, namely, from the BCS limit to the Bose-Einstein regime, for a model
which presents d,2_,2 superconductor order parameter symmetry. This theoretical generalization is required
by angle-resolved photoemission spectroscopy experiments. Our NNN hopping is characterized by the param-
etera=t'/t#0, wheret is the nearest neighbor hopping matrix element. &80, there is a crossover of BCS
binding energy type as describgBl C. den Hertog, Phys. Rev. @), 559(1999] by keeping the density fixed.
However, fora<0, the system is always in the Bose-Einstein regimenfsm.~0.12. We conclude that the
presence of the NNN hopping matrix element drastically influences the crossover diagrady foyzasuper-
conductor.
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I. INTRODUCTION Here we consider the BCS-BEC crossovefTat0 K as
function of both coupling strengthV/(4t) and carrier density
The existence of a crossover from BCS superconductivyn), whereV is the absolute value of the BCS pairing poten-
to aBose-EinsteirtondensatiofBEC) has been extensively tial andt is the value of the nearest neighb®N) hopping
discussed in recent years. These ideas come from the pimatrix element. We focus on a two-dimensiorfaD) toy
neering works of Eagles,Leggettt and Noziees and model which hasl,z_,2 pairing symmetry.
Schmitt-Rink? However, the latest interest in the crossover To extend the work of den Hertbgve take a free tight-
problem is due to its possible application to the understandbinding structure given by
ing of the rich phase diagram of high-temperature supercon-
ductors (HTSC'9.>® However, the mechanism of high-  ¢(k)= —2t[cogky) + cogky)]— 4at cogk,)cogk,),
temperature superconductivity in the cuprates remains a 2)
puzzle! Many cuprates with Cuplayers have been synthe-
sized and all exhibit a phase diagram withgoing through Where a=t'/t is the adimensional next-nearest-neighbor
a maximum as a function of doping. The prevaling explanaNNN hopping matrix element. In this paper we study the
tion is that at low doping, superconductivity is destroyedBCS-BEC crossover whea+#0. Heret’ is the NNN hop-
with rising temperature by the loss of phase coherence, an@ging matrix element. For=0 we indeed reproduce den Her-

at high doping it is destroyed by pair breakihg. tog’s results: The solutions for>0 anda<0 show different
Many theories are based on the Hubbard model with on&ehaviors as shown in Fig. 2 far=0.1 and Fig. 4 for
Cud,2_y2-like orbital per CuQ unit. With t, t", t”, ... a=—0.1 (see Sec. I). That the parametet (or t') is
denoting the hopping integrals on the square lattice, the eleceeded in the free band structure has been justified by angle-
tron part of the Hamiltonian is resolved photoemission spectroscd\RPES as discussed
by Pavariniet al®
£(K) = — 2t[cog ky) + cog k,)] - 4t" cog k) cos k,) We mention the work of Kuboki? where he studies the
effect of band structure on the symmetry of superconducting
—2t"[coq 2k,) +cog 2ky) |+ - - -, (1)  states. According to this work, states with different symme-

. tries can be stabilized within the same type of attractive in-
in the k representation and setting the lattice constantl.  teraction. We leave for the future such studies, namely,
Usually, onlyt andt’ are taken as nonzefoGuided by studying different symmetries due to a change of the band
Fermi-surface(FS) shapes, it is customary to usgt~0.1  structure or the shape of the Fermi surface. We mention that
for doped LaCuQ,, YBa,Cu;O;, and BpSrLCaCuyOg. In evidence for nodes in the gap equations for non-HTSC ma-
our work we also consider the effect gf<0, as well. terials have been measured by Bonaktel!® They have

We have a large body of experimental data suggesting thatsed penetration depth measurements yiR80,, which is
pairing in the superconducting cupratddTSC'’s) is pre-  an unconventional superconductor. An unconventional super-
dominantlyd,2_2 in charactet®*!In consequence, we need conductor is that which, in the superconducting phase,
a clear understanding of the properties of the BCS-BEMreaks both the (1) andG symmetriesG is the point sym-
crossover phase diagram when the order parameter symmesetry group. For inhomogeneous superconduct@sin-
try is of dy2_ 2 type. cludes the translational group as w¥llAlso, time reversal
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symmetry (TRS) could be brokel? as it is the case of tential is constant on the whole Brillouin zone. Let us point
SKL,RuO,.12 This has been verified experimentally by meansout that a shell potential developed by Quintanilla and
of spin-polarized resonan¢gSR).*® Georfy? contains ad-wave component as well.

Another aspect which is worth pursuing is the study of Eagle$ in his pioneering work pointed out that any de-
size shrinking for increasing density in the BCS-BEC cross~iation from weak coupling requires a self-consistent solu-
over. Andrenacci, Pieri, and StrinHthave studied this prob- tion of both order parameter and density equations, since the
lem for a continuous model in the strong-coupling regime.chemical potentials in the normal and superconducting
Of course, finite-tempeature studies are called for, especiallgphases are no longer equal. Thus, the density equatioa for
those related to the calculation ©f. HereT, is the starting and the particle density is given by
point to evaluate the isotope effect exponént.

Our approach here, based on a BCS treatment, is a re-
stricted one since as was discussed by Brovettal1° the
BCS electron pairing mechanism is not the only one in un-
conventional superconductdfsFor example, there is an-
other known electronic pairing, Lewis’s pairing, which is due

to two electrons paired in neighboring lattice Iayers wit_hWe solved Eqgs(4) and (5) self-consistently at a given by
equal momenta. However, once we have an interacting,,merical summation. Here we have assumed pairing over
Hamiltonian, we can proceed along the lines of Ref. 19 usinge entire Brillouin zondBZ) as done by den HertdgThis
a Bogoliubov-Valatin transformatiéh® to produce a set of ,j0ws us to couple the gap and carrier density equations,

noninteracting quasiparticles for which appears an energygit_ consistently. In Sec. Ill we present some numerical re-

gapA(0) in the quasiparticle spectrum, as occurs with Coo-g,jts which convey the role played hy on the crossover
per's pairs. So our treatment may also be applicable t?)hase diagram.
Lewis’s pairst®

This paper is organized as follows. In Sec. Il we present

Z| -

n=1-

D (e(k)— )
k {[e( k)— w]?+ A?[cogk,) —cog ky)]z}l/z('S)

the toy model and the equations to be solved using the BCS IIl. SOME NUMERICAL RESULTS

mean-field approach to superconductivity. In Sec. Ill we ON THE CROSSOVER PROBLEM

present our results fag=0.1 anda=—0.1, while discussing

the crossover problem and its dependence on the sign of A. Results for a>0: namely, «=0.1

In Sec. IV we present our conclusions and extensions of our In Fig. 1 we preseni/4t vs V/4t for fixed densities. We

work. have done the calculations fon=0.1 (diamonts, 0.3
(squarey 0.5 (triangles, and 0.875circles. From these re-

Il. TOY MODEL sults we observe that, for small values of carrier concentra-

. o __tionsn, the chemical potential has a strong variation with the
We use an effective Hamiltonian in the BCS sense Wh'CfEtrength of the attractive interactioV/4t. However, for

describes a two-particle interaction in real space and in th?arge values of, the chemical potentigk/4t practically re-

Cooper channéf: mains unchanged as a function\bf4t. In consequence, for
large values of the carrier concentration the system always
H=2 ti(c],cjotHC)—nX i, remains in the BCS limit; i.e., the chemical potential stays
Lo ' Lo inside the free tight-binding band. This figure will help to
evaluate the crossover between the BCS and BEC regions.

-Vv> ¢l ¢l cciy, (3)  The horizontal line aj/4t=—1—« represents the bottom
abp of the free tight-binding band. For weak coupling, it is well
wheret; .= —t for NN andt, ;= —t’ for NNN hopping. In knows thatu/4t in the superconductor is given, roughly
what foI’I]ows we adopt the ﬁjotatidﬁzat. speaking, by the Fermi energy in the normal phase and this is

By expressing the superconducting gap in terms of irclearly seen in Fig. 1. However, at large dopipgis almost

various symmetry componeftsand introducing the BCS constant_in ma_rked contrast wi_th Iovy—d_ensity results. The
. . ottt low density regime shows a rapid deviation from weak cou-
variational wave funct|on|\If>—Hk(uk+vkclzTC_QL)|O>,

. ! pling asV/4t is increased.
with [0) the normal state Fermi sea, the=0 K order param- In the inset of Fig. 1 we present results fdf4t vs V/4t

eter equation in the,z..,> symmetry channel is expressed by ¢, fixed values ofn. This figure will allow us to determine
) the crossover between the normal and BCS regions. This
_ 1 V[cogk,) —cogky)] crossover region is technically evaluated by requiring that
2N < {[e(IZ)—,u]ZJr Az[coskx)—cos(ky)]z}l’z' AE_O in th(_e figu_re of A vs V/4t. In_ (_)ther words, the BCS
( region begins with the onset of a finite order param@i),

R which is a manifestation of the superconducting state. As is
wheree(k) is given by Eq(2). The amplitude of the-wave  seen, an increase of the carrier density favors the emergency
order parameter is representeddyHereN is the number of  of g d,2_,2 paired ground state; namely, a higher carrier
lattice points in a square lattice. In E@) the summation in  density requires smaller values 74t to get BCS paired
k is taken on the whole Brillouin zone; i.e., the pairing po- states.
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FIG. 1. u/4t vs V/4t, for a=0.1, for different
values ofn (see text In the inset we shovA/4t
vs V/4t, for the same parametefsee text for
more details
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In Fig. 2 we have a phase diagram, namelys V/4t,

ever, we recall that for the case of aiwave OP supercon-

which has been constructed from Fig. 1, as previously exeuctor, there is superconductivity for any valuevpinamely,
plained. The lefi(or first) curve is obtained with the onset of V,;,=0. In the inset of Fig. 3 we presert vs V/4t, for

the superconducting OP, i.e., f&r=0. To the left of this

curve we have a metal in the normal phase. To the right of
this curve we have the BCS regin&+0). Now, the second

fixed values ofn.
In Fig. 4 we present the phase diagram, nantelss V/4t,
following the same criteria as discussed in Fig. 2. From Fig.

(or righy curve corresponds to the begining of the Bose-4 e opserve that our system is always in the BEC regime
Einstein condensation regime, which is defined here as thg,, n=n,~0.12 if we adopt that the BEC condition is

point where the chemical potential4t just jumps out below

the bottom of the free tight-binding band. Operationally, this

curve is obtained by requiring=—1—a«. This criterium is

equivalent to the known definition of the BEC criterium,
#=<O0, for an ideal boson g&é.From our Fig. 2 we see that

bosonic degrees of freedom can only emerge in the dilut
regime. For large densities the system behaves more Iikely%

weak-coupling superconductor with a valuecoEomparable
to that of the normal phase, i.eu~const.

B. Results for «<0: namely, «=—0.1

In Fig. 3 we presenj/4t vs V/4t. All that we have said
for the case ofv=0.1 is valid for the case at=—0.1. How-

o= 01
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0.1}
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FIG. 2. Phase diagram, i.en,vs V/4t, for «=0.1, for different
values ofn (see text

equivalent toe,/4t<—1—«a. Furthermore, we observe
that the normal region is located in this region. We conclude
that (1) either there is a coexistence region where both BEC
and normal conditions are satisfied(@j that the BEC con-

gition has to be elaborated further. For the case of coexisting

hases, we need to go into energy considerations to find the
true ground state of the system. All these new features are in
striking difference with respect to the=0 (Ref. 1) anda>0
cases.

IV. CONCLUSIONS, DISCUSSION, AND OUTLOOK

From our previous resultsSec. Il) we conclude that the
BCS-BEC crossover phase diagram depends critically on the
sign of the NNN hopping matrix element. In fact, fa>>0,
we find that for any fixed value of the carrier dengityhere
is a crossover from the BCS reginfeeak coupling to the
BEC regime with bosonic degrees of freed¢strong attrac-
tion). In this sense, we find that these res(is-0) are simi-
lar to the case ofr=01

We find that below a critical densitiyx<<0) the system is
always in the BEC limit. This condition is completely differ-
ent for the case of>0, indicating that new features appear
due to the presence of next-nearest-neighbor hopping matrix
elements in the band structure. These features need to be
further explored in the sense of finding a working criterium
to define the BCS-BEC crossover precisely.

We also find that fore<<O and forn>n., the crossover
BCS-BEC happens for smaller values @f4t. For a<O0,
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a=-10.1

FIG. 3. w/4t vs V/4t, for a=—0.1, for differ-
ent values ofn (see text In the inset we show
A/4t vs V4, for the same parametefsee text
for more details
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wl4t vs V/4t has numerical solutions for a minimum value their original formulation, the BCS gap equation is given by
value ofn. However, forn=n., we are in the BEC limit, _ )
because the chemical potential is below the bottom of the 1 Vg(k)[cogky) —cogky)]

band, i.e.,u<—1—a. These considerations do not apply for 2N 1T e(k) — w12+ A?[cog ky) — cog k,) ]2 12’
the case otv>0; i.e., there is no critical value aof.

We can go further and say that with doping the hOpping\Nhereg(IZ)=1, if |E(|Z)—,u|$wD, and zero otherwise, with

amplitude can change S'é_ﬁ'Th'S dependence makes the ,, “hoing 'the Debye energy. Work is in progress to calculate

crossover problem a very interesting one. Recently, Quintag,e phase diagram under the influence of the Debye energy

nilla et al?® have studied the crossover in the context of freeysing the two self-consistent equations: namely, Egjsand

fermions interacting with a nonretarded effective pair poten<{6). We comment that the presence of the Debye cuigfis

tial that is attractive at a well-defined distange the 6-shell  needed to evaluate the isotope effect as has been done re-

potential. However, they have not considered the normaleently by de Mello and Rodyuez-Ninez®

BCS line (A=0). We caution the reader that the present model is very naive
We would like to say again that the summation performedf we want to apply it directly to HTSC materials, which,

in Eq. (4) corresponds to the whole Fermi sea. However, inobviously, have a complex primitlive.cell. In addition, in the
toy model, when we use the criterion that=—1-q«, the

chemical potential pulls out from the bottom of the free

tight-binding band. According to this the Fermi surface is not
oL=-0.1 well defined. This is the reason to keep the chemical poten-

. tial inside the free tight-binding band. For example, the

fermion-boson model of superconductivityconsiders a
coupled system of fermions, with a well-defined Fermi sur-
. face and bosons which are responsible for producing super-
conductivity. However, this fermion-boson model of super-
conductivity has been recently challenged by Alexandrov
and Edward$® who consider that the relevant mechanism of
superconductivity is bipolaronic pairing.
. We have studied the phase diagranvs V/4t using the
BCS approach. However, we know that a mean-field treat-
] ment is valid for small values of/4t. When we reach inter-
mediate to strong values o&f/4t, namely, forV/4t=1, we
must take into consideration superconducting fluctuations as
]l done many years ago by Schnid.

It is well established now that the characteristic which
makes the cuprate superconductors unique is their non-
Fermi-liquid behavior and Coulomb effects in the under-
doped regime, as discussed by Ri€eSuch effects have

FIG. 4. Phase diagram, i.evs V/4t, for e=—0.1, for different  not been considered in this work, but they can be easily
values ofn (see text included®~33

Vidt
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