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Magnetic structures of RbCuCl; in a transverse field
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A recent high-field magnetization experiment found a phase transition of unknown character in the layered,
frustrated antiferromagnet RbCuyCIn a transverse fiel@in the layer$. Motivated by these results, we have
examined the magnetic structures predicted by a model of RRCu€ihg the classical approximation. At
small fields, we obtain the structure already known to be optimal, an incommené@atpiral with wave
vectorq in the layers. At higher fields, we find a staircase of long-period commens@gaphasegseparated
initially by the low-field IC phasg then two narrow IC phases, then a fourth IC phadso with intermediate
C phasep and finally the ferromagnetically aligned phase at the saturation igldThe three-sublattice C
states familiar from the theory of the triangular antiferromagnet are never optimal. The C phases and the two
intermediate IC phases were previously unknown in this context. The magnetization is discontinuous at a field
~0.4Hg, in qualitative agreement with experiment, though we find much fine structure not reported.
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[. INTRODUCTION simplest model Hamiltonian and investigate it analytically

and numerically within the classical approximation. In the

The ABX; family of layered compounds has been studiedfield range belowHg, solution of the Euler-Lagrange equa-
extensively for several decade®luch of this interest arises tions yields four IC phases, and in addition many long-period

because the frustrated antiferromagnetic interactions in theommensuratéC) phases in both the low-field and high-field
a-b layers give rise to unusual magnetic properties. Quanturfgions; the three-sublattice C states of the TAFM are never
and thermal fluctuations can have exceptionally large effectg@Ptimal. Of these C and IC phases, only the low-field IC

in these materials; for example, the stacked triangular antithefica) phgse and the high-field I@an) phase were known

ferromagnet(TAFM) CsCuC} exhibits novel fluctuation- previously,” the two intermediate IC phases occupy how-

induced magnetic phase transitions in both a IongitudinaFver. only a very smgll f'eld range. The magnetization 'S_ dis-
field®? (in the ¢ direction, normal to the layersnd a trans- continuous, in qualitative agreement with experiment; the
verse field*—© ' discontinuity occurs however &=0.41Hg, rather than at

RbCUCH, another frustrated antiferromagnet of tBX 0.3H as observed, and the magnetization shows additional

L . fine structure.
family, is magnetically ordered for temperaturgsess than
Ty=19 K;’ the saturation fieldHg (above which the ferro-
magnetically aligned phase is stabig inconveniently large IIl. MODEL HAMILTONIAN

however ¢66 T)® Like CsCuC, RbCuC} is ferromag- The model Hamiltonian describing RbCuCh a trans-

netically stackedin the c direction and it has an incommen- ygrse magnetic fiel@which we take to lie in the direction,
surate(IC) structure in zero field. The Cf* ions in thea-b  tg pe explicit is®

planes of RbCuGldo not however form a regular triangular

lattice. A room-temperature structural phase transitidh

distorts the structure, yielding a spatially anisotropic intra- HZ_% 2‘]03n'3n+1_% 2A30S,Sh 11

plane exchange, as shown in Fig. 1. As a result, at zero field

the spins do not adopt the familiar three-sublattice, 120° i «

structure of the TAFM; the structure is instead an IC helical _<%n 2J7 n'ﬁn_gMBH% Sin - @
structure along thé direction with a rotation angle 108°

between adjacent spifé.

A neutron-diffraction experimeftat T=1.6 K in zero ./ J1 \. °
field found that the spins lie in the-b planes and are ferro- 7 - %, SN Y
magnetically aligned in the direction. The magnetic prop- SN SN SN
erties in large external field were recently investigated by (/ Y v ‘\.
means of magnetization measurements and by electron-spin % ey s ;
resonancé.A discontinuity was found in the magnetization \‘ SN ‘\‘ s
at a transverse field ?d1=21.2 T (=0.32H). The nature of a \‘" Y N
this field-induced magnetic transition and the structure of the ‘ o d
high-field state could however not be determined in these

experiments.

The following reports theoretical results for spin struc- FIG. 1. The exchange interactiors (broken lineg and J;
tures of RbCuGl in a transverse magnetic field. We use the(solid lineg in the distorted triangular lattice in tre-b plane.
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The x and z axes are taken along tree and ¢ directions, axial next-nearest-neighbor Heisenberg chain, except for the
respectively:S,, is the spin operator§=3) of theith CL?* restriction onL. The optimal solutions are never TAFM
site in thenth a-b plane, and théij) sum runs over nearest- states, but they have related features, and so we use also the
neighbor sites in tha-b plane. The first term in Eql) is  representation; | = ¢3..; wherei=1,2, and 3 is the sub-

the nearest-neighbor ferromagnetic exchange interactiolattice index.

(Jo>0) in the c direction; the second, witiAJy<0, de- The Euler-Lagrange equations are obtained fi@fih ¢,
scribes an anisotropy of easy-plane type. The third term, with=0:

J} <0, is the antiferromagnetic exchange interaction in the

a-b planes. As shown in Fig. 1)] is anisotropic;J} 43, S[sin( ¢ — ¢y 1)~ SiN( By 1= )]

= —J; along theb direction whileJ} = — J; in the other two +23/ S si _ —si —

directions. The fourth and last term is the Zeeman energy. 1SS di2) = SN bi-2— )]

The parameters in EqQ.(1) are Jy=25.7 K, AJp =gugHSsing, . 5)
(?o?&iSC)K, J1=106 K, J;=17.4 K, and g=2.14 These areL coupled, nonlinear difference equations with

boundary conditiong, .| = ¢;(mod 27). It is not in general

We investigate this Hamiltonian in the classical approxi-le itimate to approximate them by differential equations; do-
mation. The spin operatof§, then become classical vectors . 9 PP y q :

of length 3, and the Hamiltonian becomes an energy func-'n(ihsfo\\:vvo;rllz mlsﬁ ftir(\aledzequences of C states that we find at
tion; the ground-state spin structures are those that minimize 9 '

. ; X Equation(5) has several analytical solutions, namely, the
fhe energy. the claseical ground state of 8n zero field ;¢ro-field helical state = ql, the aligned state =0, and

the TAFM states described by E@) with J; replaced by
S, =SXcogq- i)+ Sy sin(q-riy); 2 J=(2J3,+J7)/3. Analytical progress is possible for small
_ o fields and forH just belowHs.*® In general Eq(5) must be
the easy-plane anisotropy favors spins inahle planes. 'I,'he solved numerically; this led us to previously unknown solu-
optimal wave vector i%]=(0,qo,0), with cosqo==3/2J;;  tions. The equations have in fact a multitude of solutions.
the above parameter values gigg/2m=0.2993. This multiplicity results in part from a degeneracy not
In the special casé; =J;, Eq. (1) reduces to the Hamil- present in system&uch as CsCug) where the IC phase is
tonian of the stacked TAFM. Classically, the TAFM ground driven by a Dzyalshinskii-Moriya interaction. In RbCuCl
states are three-sublattice structures; they evolve contingoth right- and left-handed helices are degenerate in energy,
OUS|y with fieldH, from the zero-field 120° StrUCtUI(GVith at nonzero field as well as &i=0 (Where the relation
do/2m=1/3 in the above pictujeup to the aligned state at cosg,=—J,/2]; determines only the magnitude qf). The
Hs. These states are continuously degenerate atHall mytiplicity results also from the many possible periods for
<Hg; energy minimization gives only two relations for the fixed winding numbeN (defined below.
three angle&]ﬁi between the sublattice SpinS and the field, We solved the equations by Newton’s method, Starting
namely, from approximations obtained by various meaifisr ex-
_ ample, solutions at a nearby figldusing periodsL up to
COS¢h; + COSh,+ COSPh3=gugH/(61,S) (3 ~3%10* for several dozen values of up to 2103; we lin-
and =3 ;sin¢,=0. This degeneracy, which is nontrivial, is earized the equations about the starting values and solved the
broken in an identical manner by thermal and quantum fluclinear equations to obtain the corrections, repeating the pro-
tuations omitted in the classical approximaﬁ]éﬁ?’ cedure until the root-mean-square residual was less than
We determine the spin structures of RbCy@i trans- 10 ' or so. The field range from 0 tbls was covered in
verse fields with the help of three reasonable assumptionéicrements ofAH~2x 10 *Hs. Properties of the IC states
the spins remain in tha-b planes, they are aligned ferro- (such as the optimal chain length, the energy, and the mag-
magnetically along the direction, and they are aligned fer- netization are easily obtained by interpolation; for this pur-
romagnetically also along the direction. The last assump- Pose it is useful to work with lengths corresponding to many
tion is based on the fact that, along theirection, the spins periods. Periodic boundary conditions necessarily give struc-
are coupled only through th&, exchange interaction. We tures W|_th rational periods, but inspection usually suffices to
apply periodic boundary conditions in tiedirection, to re-  distinguish commensurate from incommensurate structures.
duce finite-size effects. Then, from Fig. 1, we can use a chain
description in which the classical energy per spin is ll. MAGNETIC STRUCTURES

1t The effect of a transverse magnetic field on helical spin
E{ )= T E [4J,S%CoS b — )+ 1) structures arising from competing exchange interactions,
=1 such as described by the classical Hamiltonianlgn By,
12 _ _ . was studied analytically in detail by Nagamigaal.™> They
20,5 cos i i)~ GueHScoSh ] (4) found a distorted helical phase at low fields and an IC-fan
the chain-site index runs in theb direction, ¢, is the angle phase at high fields. In the latter, the spins oscillate about the
betweenS and the field, and the chain lendthis a multiple  field direction; the oscillations decrease with increasing field,
of 3. Equation(4) is just the classical energy per spin for the vanishing continuously ats. If the transition from the low-
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FIG. 3. The order parametdthe angles¢; . in the three-

FIG. 2. The field dependence of the reduced magnetization Sublattice representation, as defined below &g in the helical
phase aH=0.3Hs.

field helical phase occurs directly to the high-field fan phaseynere js a lot of fine structure not reported in Ref. 8. We now
then it is first order. Reference 13 gives the variational estiyescribe the phases in more detail.

mate H; /Hs=(1+B8)(2+B8)—(1+pB), with B=(1

—J,13})?, for the transition fieldH.; for RbCuC}, one A. Low-field region: 0<H <0.40%H ¢
findsH.=0.423 5 on using the parameters given below Eq. . . .
(1). Reference 13 found also that other structures can bﬁc;—shee;t:rr:J(s;tl;jt:?asttiireepuglsza\l/’\/i\rgvgsh tmgi(;;liggle;t,\s;blat-
optimal at intermediate fields, depending on the ratiaJ; ; '

_ . , ) _ times, where the total winding numbbris a multiple of 3,
in particular, forJ; /J; =1 as in RbCud, and for fields near  jixe the chain lengthL. The helical phase can be treated

2 Hs, the energy of a TAFM state lies below the analytical gnaytically at smallH, as in Ref. 13. The magnetic field

estimates for both of these IC phases. distorts the zero-field spin structugg = ql, modulating the
Our numerical solution of the Euler-Lagrange E&) phases. In weak fields,

gives the helical IC and fan IC phases at small and large

fields, respectively, as in Ref. 13. Our results differ qualita- $~ql+asingl, )

tively however at intermediate fields, frotd=0.2Hg to where th timal amplituda and wave numb re field
0.6Hs. For 0.2%<H/H<0.41, we find many helical com- ere the optimal amphituca a ave numbveq are 1ie

mensuratdC) phases not previously known in this context. dependent; they are determined so as to minimize the energy

These are not TAFM statesvith period 3 in the chain de- E. As the magnetic field is increased, the spin structure dis-

scription) but rather lock-in phases with larger periods; theytorts further as higher harmonics are generated. Figure 3

alternate with the helical IC phase, and within our field resoShows the order parametefthe anglesé;,. in the three-

lution (AH~2x 10 *H) eventually supplant it completely. sublattice representatipfiound from numerical solution of

The behavior is similar in some respects to that found in thgq;l_(hS) at HZOE&;S' f the helical ph .
axial, next-nearest-neighbor Ising mod®At H=0.41Hg, a € wave numbeq of the helical phase IS

first-order transition occurs to a previously unknown, second - N
IC phase(we call it the IC2 phase this appears to be the q= —( —-—, (8)
transition observed in Ref. 8. Two weaker first-order transi- 3 L

tions follow swiftly, to a third IC phas¢the IC3 phase, also i, terms of the total winding numbey and the chain length
previously unknown and then to fan phases; the latter are| . one must distinguish between and the wave number

predominantly IC, but we find also a sequence of lock-inp zN/L of the chain. From Fig. 4, at low fields increases
phases each optimal over a small field interval. Finally, there

is a second-order transition to the aligned phase; we derive 0.33

an analytical expression for the saturation field, in terms of ' ' ' '
the parameters in the Hamiltonian. 0321 |
Figure 2, our main result, shows the field dependence of '
the reduced magnetization &
3 031} 4
1 L 0.3L g
m= — E coS, . (6)
L=
0.29 s

0 01 02 03 04 05

HI/H,
A discontinuity (Am=~9x10"3) occurs atH=0.40H; /

this field is however somewhat larger than tHe=0.32Hg FIG. 4. The field dependence of the wave numipar the low-
where a magnetization jump is found experimentilind  field region 0<H<0.40Hs.
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FIG. 5. The angle; . in the IC2 phase at =0.41Hs. FIG. 6. The angles; - in the IC3 phase ati=0.42H.

with the field, initially quadratically, as the higher harmonics correspondingly, the TAFM state becomes more favorable,
grow. At H=0.293Hg, however, a lock-in transition takes but before it becomes optimal there occurs a very weak first-
place to a helical C phase with’N=13; this phase extends order transition fm~2x10"°) to the fan phase. The IC3
to H=0.296Hs where the helical IC phase becomes optimalphase(like the IC2 phasgrequires a full numerical solution
again. Other lock-ins occupying comparable field intervalsof Eq. (5); it should be possible however to demonstrate
occur atL/N=16, 19, etc. in steps of 3, up tdN=52 atthe  analytically that the TAFM state becomes unstable to these
transition to the IC2 phase. Minor lock-ifisccupying much  perturbations at some field greater than 0H28the upper
smaller field ranggsoccur atL/N=29/2, 35/2, 18, 20, 41/2, limit of the IC3 phasg
21, 85/4, 91/4, 23, 47/2, 24, 53/2, 59/2, and 65/2; others We point out a remarkable connection with the theory of
likely exist but require a finer field step to be detected. Win-fluctuations in the TAFM*!® Both thermal and quantum
dows of the helical IC phase exist at higher fields, but the)ﬂuctuations break the classical degeneracy in the same way;
eventually become too narrow to detdet our field step  for H>3Hg, two angles are identical in the optimal state,
and we see a staircase of C states which terminaté$ at say, ¢, = ¢3.2*1° Our point is that this same state serves as
=0.40Hq in a first-order transitionAm~9x10"3) to the  the basis for the IC3 state in RbCuyCthe lattice distortion
IC2 phasé’ induces the spins to fluctuate spatially, and the energy is
minimized when the fluctuations occur about the state with
B. IC2 phase two angles identical, just as for thermal and quantum

This phase is optimal in the very narrow range 0405fluctuat|ons

<H/Hg<0.419. Figure 5 shows the order parametersi at
=0.41Hs. The structure resembles that of the helical phase D. High-field region: 0.428Hs<H<Hg
(as shown in Fig. B the three sublattices are however no

Lﬁ?gfrhegj I(\?gltigtr, tLOe:ntgleI t?\?(lenesazninotwg r?gnec(;f tg:g_;]:"nddirection, without winding through 2; the three sublattices
0 tim%l chain period increases monotonicall wi?h the field,2'© again equivalent. The amplitude of the oscillation de-
P P . y . 'creases aBl increases, going to zero at the transitiontHat,
from ~180 to~1800 at the transition to the IC3 phase; the,[0 the aligned phase
. . . . — 74 .
latter transition is weakly first order, withm~8x10"". The wave numbe in this region is obtained from the

chain periodL as

As shown in Fig. 7, the spins oscillate about the field

C. IC3 phase

This phase is also optimal over only a very small field —(27/3)(1—3IL 10
range, 0.419H/Hs<<0.428. The three sublattices are in- a=(2m/3)( )- (10
equivalent, as in the IC2 phase, but here none of the three

winds through 2r. Figure 6 plots the order parameters at 0.4} _
H=0.42Hg; one sees that the IC3 phase is a rippled com- é, &
mensurate phase, in which the order parameter oscillates 0.2F a o o oo, 1
about a particular TAFM state. The IC3 state can be ex- & oy °o s
pressed in terms of the amplitude and the phasé,; of the > op e L. e .
oscillation on theth sublattice as < 02 Yo .. 5. oLt .
24|’ &
QSI 1= (bl +a sin —— (L/S) (9) -04r , , 1
0 5 10 15

where ¢, = ¢5; the amplitudes are zero for the TAFM state /-
in question. As the field increases, the oscillations become
smaller and the periodl increases(from ~80 to ~260); FIG. 7. The anglesp; |, in the fan phase &t =0.5Hs.
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0.34 . . . . . where § is an arbitrary phase; the optimal amplitudes
determined by taking into account the fourth-order terms in
0.33F the energy functior€.
« 032] The difference between our resull3) and the field
a (123, +6J;)S/gug (below which the aligned state is un-
T 031} stable with respect to TAFM statesis 2(J;
—J})2S/Igugd; . Itis then obvious that the transition kit
0.3 with decreasing field is to a modulated state, except in the
029 . . . . . spatially isotropic casd;=J,. The TAFM states are then
04 05 06 07 08 09 1 rather fragile. They are unstable alsoHat=0 whenJ; # J;,

H/H, and we show above that they are never optimal for the an-
isotropy appropriate to RbCug;lit remains to be determined
FIG. 8. The field dependence of the wave numbpeér the high-  \whether they survive at intermediate fields for general
field region 0.4281 s<<H<Hg. anisotropy.
By using the classical approximation, we have omitted the
EStfects of quantum fluctuations. One can argue that quantum
fluctuations are not important for RoCuCfor their effect in

As the field increases, the optimal chain length decreas
from an estimated value greater thar? #the 1C3-fan tran-

sition, to the interpolated val_ue 29.4 atHs. Correspond- CsCuC} in transverse field is to give rise to a plateau in the
ingly g decreases monotonically fron¥2mw/3 to ~1.88

0
(=~2mX0.299); Fig. 8 gives numerical values. The structureIC wave numbef, rather than a new phase. On the other

is incommensurate in most of the fan region, but we find alscpand' quantum and thermal fluctuations in CsGLEBAbilize

narrow lock-in phases: these are less prominent than in thiates that are otherwise not optimal, in longitudirahd

helical region at low fields. The widest C phase, wit/8 transverséfields, respectively. We made a preliminary effort
=16 and width 0.008, occurs near 0.64s. Sever'1 others to understand the effects of quantum fluctuations, using a
occur at smalleH, at L/3=22, 28 etc.; smaller field steps Piquadratic term in the enerd9.Not unexpectedly, we find
would likely find many more. that the magnetization develops plateaus, in conflict with ex-

The transition aHg is second order and so the fan phasePeriment on RbCuG| but we did not search extensively for
can be treated analytically in this region, as in Ref. 13. Ex-Other states. We note however that such a plateau has re-

panding the energy functiofiin ¢,, one finds cently been reportéd in the distorted triangular antiferro-
magnet CsCuBYIy; it appears that fluctuations are more im-
E=S%(4J,+23,—gugH/S) portant here than in RbCugl
SZ ’ 2
+ 5 2 {[9ueH/S—(83:+43))]4i
' IV. SUMMARY
+8J1¢h b1+ 431 by ot +O(B%). (11) The classical theory of spin structures of RbCu@®l a

transverse magnetic field is surprisingly rich. We found four
IC phases and as well two series of C phases. We showed
that the wave number of the helical IC phaseHat 0 is
£=S2(43,+ 23} — gugHIS) ide_ntical to that of the fan IC ph_ase &—Hg, and we
pointed out a remarkable connection between one of the IC

Introducing the Fourier transforng,=1/JLZ,¢,e'", one
can write Eq.(11) as

2 phases and the effects of thermal and quantum fluctuations in

NETH Eq: {gugH/S—2[J(0)—J(a) ]} pgl>+O( "), the TAFM. We showed that the TAFM states of the isotropic
case are fragile; infinitesimal anisotropy makes them nonop-
(12 timal at both small and large fields, and they are nonoptimal

where J(q)=4J,c0sq+2Jcos 2. Obviously the optimal at all figlds for RbCuGJ. We fc_)und th_at Fhe magnetization is
state of Eq.(12) is given by ¢,=0 for all q if H>Hsg dlscor_mnuous _an0.4]HS, in qualitative ag_reement_wnh
=2[3(0)- J(o) 1S/ I es whereqqo gives the minimum experiment. Direct observation of the two intermediate 1C
value ofJ(q), i.e., cogp=—J,/2],. Surprisingly, the opti- phase; anq the C phases will be difficult; they occupy only
mal IC wave number in the limiti— Hy is identical to the small field intervals, and the large value I8 requires de-

- N manding pulsed experiments. Our predictions for the struc-
value atH _.0’ even though the structures are quite dlﬁerent‘ture of the high-field fan phase are likely more easily tested.
Our analytical result

He=(8J,+2J2/3,+8J3,)SIgus (13
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