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Soft modes of collective domain-wall vibrations in epitaxial ferroelectric thin films

N. A. Pertsev and A. Yu. Emelyanov
A. F. Ioffe Physico-Technical Institute, Russian Academy of Sciences, 194021 St. Petersburg, Russia

~Received 30 January 2002; published 2 May 2002!

Mechanical restoring forces acting on the ferroelastic domain walls displaced from the equilibrium positions
in epitaxial films are calculated for various modes of their cooperative translational oscillations. For vibrations
of the domain-wall superlattice with the wave vectors corresponding to the center and boundaries of the first
Brillouin zone, the soft modes are singled out, which are distinguished by a minimum magnitude of the
restoring force. It is shown that, in polydomain ferroelectric thin films, the soft modes of wall vibrations may
create enormously high contribution to the film permittivity.
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The formation of multiple patterns of elastic domai
~twins! is a characteristic feature of the epitaxial ferroelect
films.1–6 The experimental data3,7 and theoretical
considerations8,9 suggest that in perovskite ferroelectrics t
90° domain walls~DWs! may be highly mobile on the mi
croscopic scale even at room temperature.10 Accordingly, the
forced translational vibrations of 90° walls are believed
contribute considerably to the small-signal dielectric and
ezoelectric responses of ferroelectric films.8,11 Up to now,
however, only one specific mode of DW vibrations in epita
ial films, i.e., the antiparallel motion of neighboring wall
was described theoretically.8,11

In this paper, a general analysis of the cooperative tra
lational vibrations of the ferroelastic walls in epitaxial film
is carried out. The calculations are performed in a conv
tional linear elastic approximation and based on
dislocation-disclination modeling of the sources of intern
stresses in polydomain films.12,13 Forced low-frequency vi-
brations of 90° walls in epitaxial thin films with a lamina
c/a/c/a structure are considered, and soft modes of D
vibrations are singled out, which are characterized by
enhanced collective mobility of the domain walls. It
shown that the excitation of a soft mode in a polydom
ferroelectric film may increase drastically the film dielect
response.

Consider a laminar 90° domain structure with the wa
inclined at 45° to the film/substrate interfaceS ~Fig. 1!.
Domain patterns of this type are widely observed in epitax
thin films of perovskite ferroelectrics grown on~001!-
oriented cubic substrates.3–5 They consist of alternating elas
tic domains with the polarc axis orthogonal and parallel t
S (c and a domains!. Following Refs. 1 and 8, we sha
assume that in equilibrium thec/a/c/a structure has an exac
periodicity. Then the initial domain geometry may be d
scribed by the widthd of the c domains and the domai
periodD ~see Fig. 1!. Sincec/a anda/c walls create discli-
nations of opposite sign at their junctions withS,12,13 they
should be considered asphysically distinct. ~This approach
makes our theory essentially different from the description
twin-wall vibrations in bulk ferroelastic crystals, which wa
developed in Refs. 14,15.! Therefore, the domain patter
should be regarded as a superposition of two periodic ar
of equivalent DWs, shifted by the distanced from each other.
Accordingly, displacements of thec/a and a/c walls from
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their equilibrium positions will be denoted here asdm
(1) and

dn
(2) , respectively, where the integersm and n define initial

DW positions in the film. In this work, we assume th
dm

(1) ,dn
(2)!min$d,D2d%.

Let us calculate now the variationDU of the energy of a
polydomain film/substrate system, which is caused by tra
lational vibrations of 90° walls. Restricting our analysis
the low-frequency rangeV!ct /H (ct is the velocity of
transverse sound waves,H is the film thickness!, we can
neglect the kinetic energy of the medium16 and evaluateDU
in a conventional quasistatic linear elastic approximatio8

~This approximation should be valid at frequencies up toV
;100 MHz atH;100 nm.! Then in the absence of exte
nal fields the variationDU will be reduced to the chang
DW of the elastic energy and can be represented as the
lowing quadratic form:

DW5(
m,n

H 1

2
x@~m2n!D#~dm

(1)dn
(1)1dm

(2)dn
(2)!

2x@d1~m2n!D#dm
(1)dn

(2)J . ~1!

FIG. 1. Softc mode~a! anda mode~b! of collective vibrations
of 90° walls in ferroelectric films with the laminarc/a/c/a struc-
ture and special polarization distributions. DW shifts in extern
electric fieldE are shown by dashed lines.
©2002 The American Physical Society15-1
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In deriving Eq.~1! we have taken into account that the ela
tic interaction betweenmth andnth walls depends only on
the distancel between them, but not on their positions in t
film. The negative sign of the second term in curly brack
reflects the fact that displacements ofc/a and a/c walls in
the same direction result in opposite changes of the sou
of internal stresses in the epitaxial system. As shown in R
11, these changes are equivalent to the introduction of a
tional edge dislocations at the DW junctions with the int
faceS. Dislocations with the Burgers vectorsB normal toS
allow for shifts of wedge disclinations modeling the
junctions.12,13 In turn, the appearance of defects withB par-
allel to S is due to changes in the distribution of dislocatio
modeling the interface, which take place on sections oS
swept by moving DWs.11

The functionx( l ) involved in Eq.~1! can be derived via
the calculation of the elastic interaction between two para
edge dislocations, situated at the distanceH from the bound-
ary of elastic half space. Assuming the film/substrate sys
to be elastically homogeneous and isotropic~with a shear
modulusG and Poisson’s ration) and using the results o
Ref. 17, we obtained the following expression for the fun
tion x( l ) calculated per unit DW length along thex2 axis:

x~ l !5
G~Sa2Sc!

2

p~12n! F lnS 11
4H2

l 2 D 1
4H2~ l 224H2!

~ l 214H2!2 G ,

~2!

where Sa5(b* 2a)/a and Sc5(b* 2c)/c are the misfit
strains between the film~having a tetragonal lattice with th
parametersa andc.a in the free state! and a cubic substrat
with the effective lattice parameterb* .18 We have taken into
account that the dislocation Burgers vectors are proportio
to DW displacements and to6(Sa2Sc).

11

Equation~2! defines the coefficients of all terms in th
quadratic form~1!, except for the factorx(0), which char-
acterizes the restoring force that acts on a displaced
when all other DWs are kept at their initial positions. Indee
x( l ) diverges logarithmically atl→0 so that our method
cannot be used to calculatex(0). However, this factor may
be found from the condition of elastic-energy invariance w
respect to the translation of the DW ‘‘superlattice’’ as
whole. Using Eq.~1!, we obtain (k561,62, . . . )

x~0!5x~d!2(
k

@x~kD!2x~d1kD!#. ~3!

Let us represent now the displacements ofc/a and a/c
walls in the form of Fourier series,

dn
(1)5(

q
d̂ (1)~q!eiqnD, dn

(2)5(
q

d̂ (2)~q!eiqnD. ~4!

The Fourier transformsd̂ (a)(q) (a51,2) of DW displace-
ments are defined by the relations

d̂ (a)~q!5 lim
N→`

1

N (
n

dn
(a)e2 iqnD, ~5!
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whereN is the total number of walls in a DW array. Usin
Eqs. ~4!, which represent displacements of individual wa
as a superposition of the DW-lattice vibrations having va
ous wave vectorsq, we can rewrite the quadratic form~1! as

Dw5(
q

H 1

2
x̂0~q!@ d̂ (1)~q!d̂ (1)~2q!1 d̂ (2)~q!d̂ (2)~2q!#

2x̂d~q!d̂ (1)~q!d̂ (2)~2q!J , ~6!

whereDw is the change of the elastic energyDW calculated
per ‘‘unit cell’’ of the DW superlattice~containing two neigh-
boring walls!, and

x̂0~q!5(
n

x~nD!e2 iqnD, x̂d~q!5(
n

x~d1nD!e2 iqnD.

~7!

Equation~6! makes it possible to compare the mobilitie
of domain walls at different modes of their collective vibr
tions. ~The damping factor may be ignored here because
frictional forces are local and thus independent of the mo
of cooperative DW motion.! In this paper we shall conside
only the modes with the wave vectorsq50 andq56p/D,
which correspond to the center and boundaries of the
Brillouin zone. In this case,d̂ (a)(q) are real numbers so tha
the energyDw becomes a function of only two variables at
fixed q. It is useful to introduce now the new collective co
ordinates r (q) and w(q) satisfying the relationsd̂ (1)(q)
5r (q)cosw(q) and d̂ (2)(q)5r (q)sinw(q). Evidently, the
‘‘radius’’ r (q) defines the deviation of the DW superlattice
a whole from the equilibrium state at the appearance o
mode with the wave vectorq. The ‘‘polar angle’’w(q) shows
to which extent thec/a and a/c walls are involved in the
vibrations: atw(q)50 or w(q)5p/2 only the c/a or a/c
walls oscillate, whereas atw(q)5p/4 both walls participate
equally in the vibrations.

The mechanical restoring force, which hinders the dev
opment of a certain mode of cooperative DW vibrations,
defined by the derivative of the energyDw with respect to
r (q). Using Eq. ~6! and taking into account thatd̂ (a)(q)
5 d̂ (a)(2q) at q50,6p/D, we obtain

f̂ ~q!52
]Dw

]r ~q!
52r ~q!@ x̂0~q!2x̂d~q!sin 2w~q!#. ~8!

The magnitude off̂ (q) depends on the parameterw(q) and
reaches extreme values atw(q)5p/41pk/2 with k561,
62, . . . Therefore, the maximum and minimum DW mobil
ties correspond to the modes withd̂ (1)(q)5 d̂ (2)(q) or
d̂ (1)(q)52 d̂ (2)(q).

Using Eqs.~4!, it can be shown that atq50 the modes
with extreme magnitudes of the restoring force turn out to
the rigid translation of DW superlattice (dn

(1)5dn
(2)5d) and

the antiparallel motion8 of c/a and a/c walls (dn
(1)52dn

(2)

5d). In turn, atq56p/D the relations defining two ‘‘ex-
treme’’ modes take the form
5-2
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dn
(1)52dn

(2)5~21!nd, ~9!

dn
(1)5dn

(2)5~21!nd. ~10!

The perturbation of DW superlattice described by Eq.~9!
represents the antiparallel motion of neighboringa domains,
during which their sizes remain constant@Fig. 1~a!#. The
widths of neighboringc domains change in the opposite wa
so that the vibrations of this type may be termedc mode.
Equation~10! describes a type of motion pairwise to thec
mode (a mode!, where the widths of neighboringa domains
change in opposite phase, whereas thec domains shift as a
whole @Fig. 1~b!#.

For the revealed extreme modes, it is necessary to ca
late the magnitude of the restoring forcef res

52(1/2A2H)]Dw/]d acting per unit area of a displace
wall. At q50, Eq.~6! givesDw5@ x̂0(0)7x̂d(0)#d2, where
the upper sign refers to the rigid translation of DW super
tice, whereas the lower one refers to the antiparallel mo
of c/a and a/c walls (h mode!. From Eqs.~7! and ~3! it
follows that x̂0(0)5x̂d(0). Accordingly, in case of the rigid
translation the restoring forcef res52kd goes to zero. For
the h mode, this force is defined by the constantkh

5(A2/H)x̂d(0). Substituting Eq.~2! into Eq. ~7! and sum-
ming the series atq50, one can calculatex̂d(0) and obtain
kh as

kh5
A2G~Sa2Sc!

2

p~12n!H FRS d

2D
,

H

2D D1RS d

2D
1

1

2
,

H

2D D G ,
~11!

where the functionR(x,y) is given by

FIG. 2. Normalized force constantksc(12n)H/G(Sc2Sa)2 of
the c mode as a function of the domain-wall periodicityD/H at
three different values offc5d/D. Since according to Eqs.~13!–
~14! ksc(12fc)5ksa(fc), these curves can be used to describe
constantksa of the a mode as well.
17411
u-

-
n

R~x,y!5 lnFcosh~4py!2cos~2px!

12cos~2px! G
28p2y2

@cosh~4py!cos~2px!21#

@cosh~4py!2cos~2px!#2
. ~12!

It should be noted that earlier8 the force constantkh was
derived as kh5@A2G(Sa2Sc)

2/p(12n)H#R(d/D,H/D).
The analysis shows that Eq.~11! can be cast into this form a
well.

At q56p/D, the elastic-energy changeDw caused by
the appearance of an extreme mode is given byDw

5@ x̂0(p/D)6x̂d(p/D)#d2, where the upper and lowe
signs refer to thec anda modes, respectively. By summin
the series~7! at q56p/D with the account of Eqs.~2!–~3!,
it is possible to findx̂0(p/D) and x̂d(p/D). This yields the
following expressions for the constantsksc andksa defining
restoring forces for thec anda modes:

ksc5
A2G~Sa2Sc!

2

p~12n!H FRS d

2D
,

H

2D D2RS 1

2
,

H

2D D G , ~13!

ksa5
A2G~Sa2Sc!

2

p~12n!H FRS d

2D
1

1

2
,

H

2D D2RS 1

2
,

H

2D D G .
~14!

Numerical calculations based on Eqs.~13!–~14! show that
ksc and ksa are positive at all allowed values ofH/D and
d/D, which indicates the stability of the initialc/a/c/a
structure.

Compare now the constantskh ,ksc , andksa . The analysis
of Eqs.~11!–~14! demonstrates thatkh is considerably larger
thanksc andksa at any domain geometry. This feature is d
to the fact that theh mode changes the fractionfc5Vc /V of
the film volume occupied byc domains, whereas thec anda
modes leavefc unaltered~see Fig. 1!. Thus, the antiparalle
motion of c/a and a/c walls appears to be the mosthard
modeof collective DW vibrations.

e

FIG. 3. Normalized c-mode contribution D«33«0G(Sa

2Sc)
2/Ps

2(12n) to the electric permittivity as a function of th
film thicknessH/H0. The curves are plotted at different values
Sr /Sr

0 , whereSr
051/2(11n).
5-3
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In turn, the force constantksc at d/D.0.5 is smaller than
ksa , whereas atd/D,0.5 it is larger thanksa . For the wave
vectorq5p/D, therefore, the minimum restoring force co
responds to thec mode atd/D.0.5 and to thea-mode at
d/D,0.5. Accordingly, in the domain structures, where t
equilibrium width of c domains is larger than that ofa do-
mains, thec mode may be regarded as asoft modeof DW
vibrations. In the opposite case (d/D,0.5), thea mode be-
comes the soft mode of these oscillations. Atd/D50.5, the
equality ksc5ksa holds, and all the modes withq5p/D
have the same restoring force.~In nonperiodic domain struc
tures, similar soft modes of DW vibrations should exi
which do not alter the average widths ofc anda domains in
the film.!

Equations~11!–~14! show that the force constants give
in units ofG(Sa2Sc)

2/@(12n)H# depend on the paramete
D/H and d/D of unperturbed domain pattern only. For th
constantksc , these dependences are shown in Fig. 2. It
be seen thatksc decreases gradually with increasing volum
fraction fc5d/D of c domains in the initial structure, but i
is a nonmonotonic function of the normalized domain per
D/H.

Let us analyze now how the extreme modes may be
cited during the forced vibrations of 90° walls in epitaxi
layers. In ferroelectric films, translational domain-wall vibr
tions can be induced by an external ac electric fieldE(t)
5Emsin(Vt). In a conventional plate-capacitor setup, t
field E interacts mainly with the spontaneous polarizationPs
in thec domains. When in allc domains the vectorPs has the
same orientation due to poling, the measuring fieldE(t) in-
duces theh mode.8 The excitation of the softc mode appears
to be a much more complicated technical problem.
achieve this goal, it is necessary to create a spatially in
mogeneous electric fieldE(x1) in the film. The normal com-
ponentE3 of this field must be modulated in the film plan
so as to be opposite in sign in the neighboringc domains at
the same time. To create such a field, fingered electro
with a special geometry, which provides the field modulat
along thex1 axis fitting the DW periodicityD, must be de-
posited on the substrate boundary and the film free surfa

The system of fingered electrodes may be used in
different ways. First, thec mode may be induced in a prepo
larized film with the usual spatial distribution ofPs , where
the vectorPs has the same orientation in allc domains. In
this case, a strong dc field with a fixed polarity must
applied to the film during its cooling through the Curie tem
perature in order to promote the formation ofc domains un-
der the electrodes and to create uniform polarizationsPs in-
side them. After this preliminary poling, a weak ac fie
E3(t) should be induced between the upper and lower e
,

r,
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trodes having opposite polarities for the neighboring pairs
electrodes at any moment. Second, this system of electr
may be used to construct a special initial distribution of t
polarizationPs in the film, wherePs has opposite orienta
tions in the neighboringc domains@Fig. 1~a!#. The applica-
tion of ac field in the same phase to all pairs of electrod
will induce the softc mode in this film.

The dielectric response«33 of a film with the above spe-
cial polarization pattern will contain a DW contributio
caused by thec mode of wall vibrations. This contribution
D«33 may be calculated in the same way as it was done
the h mode in Ref. 8. The calculation givesD«33

52A2Ps
2/(«0kscD). Using Eq. ~13! for the force constant

ksc , we see thatD«33 can be represented as a product of t
material parameterh5Ps

2(12n)/«0G(Sa2Sc)
2 and a di-

mensionless function of the structural parametersD/H and
fc5d/D. Since the equilibrium values ofD/H and fc are
known functions of the normalized film thicknessH/H0 and
the relative coherency strainSr5(b* 2a)/(c2a) in the
epitaxy,13 we can calculate the dependences ofD«33 on these
parameters. Some of our results are shown in Fig. 3.

The dependence ofD«33 on the film thicknessH is
marked by the presence of a local maximum and by
increase ofD«33 at H→0. The most important feature, how
ever, consists in the fact that thec mode creates enormousl
large contribution to the permittivity of the ferroelectric film
with a conventional thickness ofH5(0.1–1) mm. Indeed,
at H@H0 @H0;1 nm for BaTiO3 and PbTiO3 ~Refs. 8,9!#
the h mode gives onlyD«33;0.5h, whereas thec mode
providesD«33;10h and even more in a considerable ran
of misfit strains Sr . Accordingly, in BaTiO3 and
Pb(Zr0.51Ti0.49)O3 films, for example, the contributionD«33
of the c mode at room temperature may be larger th
20 000, since in this caseh'2000.8

For the excitation of thea mode, it is necessary to crea
a spatially inhomogeneous electric field directed in the fi
plane (E1Þ0). Theoretically, the softa mode may give
anomalous contribution to the film in-plane permittivity«11.

Thus, in polydomain ferroelectric films, the measuri
electric field may excite a soft mode of translational vibr
tions of 90° walls, which provides much larger collectiv
DW mobility than the antiparallel motion of neighborin
walls. Using a special setup with fingered electrodes, it m
be possible to observe a very high dielectric response o
epitaxial film due to appearance of a soft mode of forced D
vibrations.

The research described in this publication was made p
sible in part by Grant No. I/75965 from the Volkswage
Stiftung, Germany.
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