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Spin transport and relaxation in superconductors
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We study theoretically the effect of spin relaxation on the spin transport in a ferromagnet/superconductor
~FM/SC! tunnel junction. When spin-polarized electrons are injected into the SC from the FM, nonequilibrium
spin accumulation as well as spin current are created in the range of the spin diffusion length in the SC. We find
that the spin diffusion length in the superconducting state is the same as that in the normal state. We examine
a FM/SC/SC double tunnel junction, and show that the spin current is detected by the Joule heat generated at
the Josephson junction. This provides a method to obtain the spin diffusion length by probing the spin current
in SC’s.
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Spin transport through magnetic nanostructures has
tracted much interest. Using the method of tunneling sp
troscopy, Tedrow and Meservey1 demonstrated that the cu
rent through the junction between a ferromagnet~FM! and a
superconductor~SC! is spin polarized. Johnson and Silsbee2,3

and Jedemaet al.4 have observed nonequilibrium spin acc
mulation in a nonmagnetic metal sandwiched by FM’s. S
pression of the superconducting gap due to spin accum
tion has been shown experimentally5–7 and theoretically9.

SC’s are powerful probe for the spin polarization of t
current injected from FM’s as shown in FM/SC tunn
junctions1 and FM/SC point contacts.8 SC’s are also usefu
for exploring how the injected spin-polarized quasipartic
~QP’s! are transported, particularly the effect of spin rela
ation on the spin transport, because the spin-relaxation
and the spin diffusion length can be measured precisel
the superconducting state where thermal noise effects
extremely small. In addition, the unambiguous description
the spin-relaxation effect is possible due to the fact that
spin relaxation is dominated by spin-orbit impurity scatteri
in SC’s.

So far, there have been a number of studies on the
relaxation time and the spin diffusion length in SC’s. Ho
ever, the results are controversial: In a spin coupled re
tance in permalloy/Nb/permalloy trilayers,3 it was shown
that the spin diffusion length of Nb decreases with decre
ing temperature in the superconducting state. In contrast
spin relaxation time in SC’s was measured by the method
electron spin resonance~ESR! and was found to increas
with decreasing temperature in SC’s.10,11 It was also shown
that the spin diffusion length in SC’s increases with decre
ing temperature12 by assuming that the length is proportion
to the square root of the spin relaxation time. Since the s
diffusion length and the spin relaxation time are key qua
ties for the spin transport in SC’s, it is highly desired
construct a theory of the spin transport and relaxation an
solve the controversial issue mentioned above.

In this paper, we study the spin transport through
FM/SC tunnel junction. The spin accumulation and spin c
rent in SC’s are calculated based on the Boltzmann trans
theory. It is shown that the spin diffusion length in the s
perconducting state is equal to that in the normal state.
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examine a FM/SC1/SC2 double tunnel junction, and sh
that the spin current is detected by the Joule heat generat
the Josephson junction,13 which provides information abou
the spin diffusion length and the spin relaxation time in SC

We first consider a FM/SC tunnel junction. The bias vo
ageVT is applied to the tunnel junction of resistanceRT . The
tunnel barrier is atx50 and the current flows in thex direc-
tion. The tunnel current is calculated by using the pheno
enological tunnel Hamiltonian which describes the trans
of electrons from one electrode to the other. If the SC is
the superconducting state, we rewrite the electron opera
aks in the SC in terms of the QP operatorsgks by using the
Bogoliubov transformationsak↑5ukgk↑1vk* Ŝg2k↓

† and

a2k↓
† 52vkŜ

†gk↑1uk* g2k↓
† , where uuku2512uvku25 1

2 (1

1jk /Ek), Ŝ is the operator which annihilates a Coop
pair,14 and Ek5@jk

21D2#1/2 is the QP dispersion withjk
andD being the one-electron energy relative to the chem
potential of the condensate and the superconducting
respectively.

From Fermi’s golden rule, the spin-dependent tunnel c
rents across the FM/SC junction are given by9

I T↑~VT!5~GT↑ /e!@N2S~0!#, ~1a!

I T↓~VT!5~GT↓ /e!@N1S~0!#, ~1b!

whereGTs is the tunnel conductance for electrons with sp
s when the SC is in the normal state, ande the electronic
charge. The quantityN is the ordinary tunneling term driven
by VT : N(VT)5*2`

` DS(E)@ f 0(E2eVT)2 f 0(E)#dE,
where DS(E)5Re@ uEu/AE22D2# is the normalized BCS
density of states andf 0(E) the Fermi distribution function.
The quantityS(x) is the normalized spin density at positio
x in the SC;

S51/~2DN!(
k

@ f k↑2 f k↓#, ~2!

where f ks5^gks
† gks& is the distribution function for a QP

with energyEk and spins, andDN the density of states in
the normal state. In Eq.~1!, we neglected the contribution o
charge imbalance by assuming that the charge diffus
©2002 The American Physical Society09-1
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BRIEF REPORTS PHYSICAL REVIEW B 65 172509
lengthlQ is much smaller than the spin diffusion lengthls .
It has been reported thatls;450 mm ~Ref. 2! and lQ

;10 mm ~Ref. 15! for Al. The charge currentI charge
T 5I T↑

1I T↓ and the spin currentI spin
T 5I T↑2I T↓ through the junc-

tion are given by

I charge
T 5@N2PS~0!#/~eRT!, ~3a!

I spin
T 5@PN2S~0!#/~eRT!, ~3b!

where 1/RT5GT↑1GT↓ and P5(GT↑2GT↓)/(GT↑1GT↓)
is the tunneling spin polarization.

Let us examine the effect of spin relaxation on the s
accumulation and the spin current in SC. In a steady st
the Boltzmann equation is written as

vk•¹r f ks1 k̇•¹k f ks5~] f ks /]t !scatt, ~4!

where vk5\21¹kEk5(jk /Ek)vF is the group velocity of
QP’s andvF the Fermi velocity. In the superconducting sta
there is no electric field inside SC and thusk̇50. The scat-
tering term on the right side of Eq.~4! arose from scattering
of QP’s by nonmagnetic impurities, and is decomposed i
the terms due to elastic scattering and spin-flip scatterin16

~] f ks /]t !scatt52
f ks2 f 0s

t imp
2

f 0s2 f 02s

2tsf
, ~5!

wheref 0s is the distribution function defined by the avera
of f ks with respect to the direction ofk, t imp

5(Ek /ujku)t imp
(n) ,16 andtsf5(Ek /ujku)tsf

(n) are the elastic and
the spin-flip scattering times in the superconducting st
respectively, andt imp

(n) andtsf
(n) are those in the normal state

In the FM/SC junction, the physical quantities vary in t
x direction and are uniform in theyz plane, where¹yf ks

5¹zf ks50. From Eqs.~4! and ~5!, we have

f ks; f 0s2t impvk
x¹xf 0s. ~6!

The spin-dependent current densityi s flowing in thex direc-
tion is calculated as

i s5e(
k

vk
x f ks522eD ND (n)E

D

`

¹xf 0sdE, ~7!

whereD (n)5 1
3 vF

2t imp
(n) is the diffusion constant in the norma

state.
The spin accumulation at positionx in the SC is created

by shifting the chemical potential of up-spin QP’s bydm(x)
and that of down-spin ones by2dm(x), which is described
by taking f 0s(E,x)5 f 0„E2sdm(x)…. When dm is much
smaller thanD, f 0s is expanded as

f 0s~E,x!; f 0~E!2s@] f 0~E!/]E#dm~x!. ~8!

From Eqs.~7! and ~8!, the charge current density vanishe
i charge5 i ↑1 i ↓50, while the spin current densityi spin(x)
5 i ↑2 i ↓ is driven by the gradient ofdm(x),

i spin~x!524eD ND (n) f 0~D!¹xdm~x!. ~9!

The divergence ofi spin(x) is given from Eqs.~4!–~8! by
17250
n
e,

,

o

e,

:

¹xi spin~x!52@4eDN /tsf
(n)# f 0~D!dm~x!. ~10!

Thus, the chemical potential shift satisfies the equation

ls
2¹x

2dm~x!5dm~x!, ~11!

wherels is the spin diffusion length in the SC

ls5AD (n)tsf
(n). ~12!

In the FM/SC junction, Eq.~11! has a solution of the form
dm(x)5dm(0)exp(2x/ls), and therefore both the spin accu
mulation and spin current decay exponentially on the len
scale ofls . Note that the spin diffusion length in the supe
conducting state is the same as that in the normal state.This
result is understood as follows: In the superconducting st
the diffusion constant isD5 1

3 vk
2t imp5(ujku/Ek)D

(n) and the
spin-flip timetsf5(Ek /ujku)tsf

(n) , so that the density of stat
factorEk /ujku in ls5ADtsf is canceled out, resulting in Eq
~12!.

The spin injection experiment has been done to extract
spin diffusion length ls in Nb by using bipolar spin
transistors.3 From the measurement of an excess voltageVs
(}dm) due to spin accumulation, a strong dependence oVs
on temperature~T! was found below the superconductin
critical temperatureTc . From an analysis ofVs using the
relationVs5Vs0exp(2x/l̃s), l̃s}(12T/Tc)

2n (n;1/2) was
deduced.3 However, sincels is independent ofT as given in
Eq. ~12!, l̃s in Ref. 3 is not the spin diffusion length, bu
rather the penetration length of the QP evanescent wave
SC due to Andreev reflection~AR!.17 This is because AR is
dominant when SC is in metallic contact with FM’s as in t
experiment of Ref. 3. To measurels , it is desirable to insert
a thin insulating barrier between FM and SC for making t
QP spin injection predominant.

Another important quantity for the spin transport is t
spin relaxation timets of S in the superconducting state
which is measured by the ESR experiment. Ifts is intro-
duced by the relaxation time approximation (]S/]t)scatt
52S/ts , we find

ts5

E
D

` uEu

AE22D2
@ f 0↑2 f 0↓#dE

E
D

`

@ f 0↑2 f 0↓#dE

tsf
(n) . ~13!

For dm!D, Eq. ~13! reduces to the result of earlie
theories.18 Figure 1 shows the temperature dependence
ts . In the normal state (D50) aboveTc , ts is equal totsf

(n) .
In the superconducting state belowTc , ts increases rapidly
with decreasing T and behaves similar to ts

.(pD/2kBT)1/2tsf
(n) at low T. It is worthwhile to note that

one cannot usets in place oftsf
(n) in Eq. ~12! when evaluat-

ing ls , becausets is the relaxation time of the macroscop
quantity S while tsf

(n) is the transport relaxation time o
an individual QP with particular energy, which makes the
9-2
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BRIEF REPORTS PHYSICAL REVIEW B 65 172509
different in the superconducting state. In the normal st
however,ts is equal totsf

(n) and thus can be used for estima
ing ls . Note thatdm(0)'(ts/tsf

(n))dm (n)(0) for eVT!D,
wheredm (n)(0) is the shift of chemical potential in the no
mal state.

The above discussions are summarized as follows;~1!
The strongT dependence ofVs ~Ref. 3! is not related tols
but to the decay length of the evanescent wave in Andr
reflection.~2! The ESR experiments10,11 are consistent with
our theory.~3! The theoretical treatment ofls in Ref. 12 is
not correct because they used the incorrect formulals

5AD (n)ts which differs from Eq.~12!.
In order to investigate the spin diffusion length and t

spin current in SC’s, we consider a FM/SC1/SC2 double t
nel junction. The SC1 and SC2 are identical SC’s, and th
thicknesses ared and semi-infinite, respectively. The resi
tance of the FM/SC1 tunnel junction and that of the SC
SC2 Josephson junction~JJ! areRT andRJ , and the voltage
drops across the junctions areVT andVJ , respectively. The
tunnel current through the JJ is expressed as

I 5I charge
J ~VJ!1I J1~VJ!sinw1I J2~VJ!cosw, ~14!

wherew is the phase difference of the gap parameters in S
and SC2. In Eq.~14!, the first term describes the QP tunne
ing, and the second and third terms describe the phase
herent~Cooper pair! tunneling. The usual Josephson effect
associated with the sinw term. Using Fermi’s golden rule, w
have the spin-dependent QP tunnel current

I qp
s ~VJ!5

1

2eRJ
E

2`

`

dEDS~E!DS~E1eVJ!

3@ f 0~E2sdm1!2 f 0~E1eVJ2sdm2!#,

~15!

wheredm i(x) is the shift of the chemical potential in thei th
SC. The QP charge currentI charge

J 5I qp
↑ (VJ)1I qp

↓ (VJ) and
spin currentI spin

J 5I qp
↑ (VJ)2I qp

↓ (VJ) across the JJ are give
by

FIG. 1. Temperature dependence of the spin relaxation ti
The gapD0 is the value ofD at T50.
17250
e,

v

-
ir

/

1

o-

I charge
J 5

1

2eRJ
E

2`

`

dEDS~E!DS~E1eVJ!

3 (
s56

@ f 0~E2sdm1!2 f 0~E1eVJ2sdm2!#,

~16!

I spin
J 5

1

2eRJ
E

2`

`

dEDS~E!DS~E1eVJ!

3@ f 0~E2dm1!2 f 0~E1dm1!2 f 0~E1eVJ2dm2!

1 f 0~E1eVJ1dm2!#. ~17!

The phase coherent tunneling terms are obtained as

I J15
D2

2eRJ
E

2`

`

dE
u~ uEu2D!

AE22D2

u~D2uE1eVJu!

AD22~E1eVJ!
2

3 (
j 51,2

@12 f 0~ uEu2dm j !2 f 0~ uEu1dm j !#,

~18!

I J25
D2

2eRJ
E

2`

`

dE
DS~E!DS~E1eVJ!

E~E1eVJ!

3 (
s56

@ f 0~E1eVJ2sdm2!2 f 0~E2sdm1!#,

~19!

whereu(x) is the step function. Equations~16!–~19! are the
generalized formulas for the conventional JJ.19 From Eq.
~11!, dm i has the formsdm1(x)5B1ex/ls1B2e2x/ls in SC1
and dm2(x)5B3e2x/ls in SC2, whereB1 , B2, and B3 are
determined by the boundary conditions that the spin curre
are continuous at each junction. The results are used to
culate the currents through the FM/SC1/SC2 junction.

In the following we assume that the bias voltage acr
the JJ is zero (VJ50). It follows from Eqs.~16!–~19! that
I charge

J andI J2 vanish, whereasI spin
J }@dm1(d)2dm2(d)# and

I J1;Jc , Jc being the Josephson critical current. These
sults indicate that the charge current is carried by the Coo
pairs as the dc Josephson current when the bias curre
less thanJc , while the spin current is carried by the QP’s
the QP current.

Figure 2 shows the spatial dependence ofdm i (2dm i) for
the up-~down-! spin QP’s in thei th SC as well as the pai
and QP tunnel currents across the JJ atVJ50. The up-spin
tunnel current across the JJ is driven by the drop@dm1(d)
2dm2(d)# in the forward direction, while the down-spin on
is driven by the same drop in the backward direction. In
SC’s, the up-spin and down-spin QP’s, which are drifted
the slope of the chemical potentials, flow in opposite dire
tions to each other, so that the QP’s carry only the spin
do not carry the charge. This is one of the realizations
spin-charge separation.20

e.
9-3
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BRIEF REPORTS PHYSICAL REVIEW B 65 172509
The most striking feature of the junction is that the sp
current across the JJ is accompanied by Joule heating at
bias voltage (VJ50). The power of Joule heating is given b
W5@dm1(d)2dm2(d)#I spin

J /e, and has thed dependence o
the form

W5P2a exp~22d/ls!/@12b exp~22d/ls!#
2, ~20!

where

a5
4h1

2@N~VT!/G0#2G2

e2RJ~11x1!2~112x2!2
, b5

~12x1!

~11x1!~112x2!
.

Here,xn5(Gn /G0)hn (n51,2), G052 f 0(D), and

Gn5E
2`

`

@DS~E!#nS 2
] f 0

]E DdE, ~21!

with h15(rNls /RTA), h25(rNls /RJA), the normal-state
resistivity rN of SC, and the junction areaA.21

Figure 3 shows the Joule heatW as a function of the
thicknessd of SC1 in the case where FM is a half met
(P51). An efficient generation ofW occurs for large values
of h i , which corresponds to a low area tunnel resista

FIG. 2. Spatial variation of the splitting in the chemical pote
tials of SC1 and SC2 in a FM/SC1/SC2 tunnel junction. The das
curves with up and down spins indicate the shifts,dm i(x) and
2dm i(x), of the up-spin and down-spin quasiparticles~QP’s! in the
i th SC, respectively, and the long dashed line indicates the chem
potential of the Cooper pairs.
17250
ero

e

and/or longls . It is seen that the curves show an expone
tial decay ford/ls*1; W} exp(22d/ls). At d/ls50.5 and
for h i50.01, RJA51026 Vcm2, andD050.39 meV~Al !,
we obtainW/A50.4 mW/cm2 per unit area of the JJ, which
is large enough to observe experimentally. IfW is measured
for various thickness of SC1 atVJ50, it provides not only
the spin diffusion lengthls but also a direct evidence for th
spin current flowing in SC’s. Note that our method diffe
from the previous one;2 the former probes thespin current
and the latter thespin accumulation.

In conclusion, we have studied the effect of spin rela
ation on the spin transport in superconductors based on
Boltzmann equation, and shown that the spin diffusi
length in the superconducting state is equal to that in
normal state. This result resolves the controversial issue
the spin diffusion length in the superconducting state.
propose a spin-injection device with the Josephson junc
to extract information about the spin diffusion length and t
spin current by measuring Joule heat generated at the Jos
son junction.
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FIG. 3. Joule heatW generated at the JJ versus the thicknesd

of SC1.W is normalized byW05D0
2/e2RJ .
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