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Thermoelectric power of nondegenerate Kane semiconductors under the conditions
of mutual electron-phonon drag in a high electric field
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The thermoelectric power of nondegenerate Kane semiconductors with due regard for the electron and
phonon heating and their thermal and mutual drags is investigated. The electron spectrum is taken in the Kane
two-band form. It is shown that the nonparabolicity of electron spectrum significantly influences the magnitude
of the thermoelectric power and leads to a change of its sign and dependence on the heating electric field. The
field dependence of the thermoelectric power is determined analytically under various drag conditions.
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I. INTRODUCTION

Recently, the interest in thermoelectric power both th
retically and experimentally in various systems, mesosco
quantum dots,1,2 quantum wires,3 heterojunctions and quan
tum well structures,4–11 as well as the bulk materials,11,12has
been intensified. Almost all of the earlier theoretical inves
gations for analyzing the diffusion3,15–17 and phonon
drag7–9,18components of the thermoelectric power in mac
scopic systems are based on the Boltzmann equation
these works, the weakly nonuniform systems under the lin
transport conditions are considered in the absence of exte
electric field and in the presence of lattice temperature g
dient.

There are some theoretical investigations of thermoe
tric and thermomagnetic effects in semiconductors at h
external electric and nonquantizing magnetic fields.19–23 In
these studies, heating of electrons and phonons, and
thermal and mutual drags for the parabolic spectrum of n
degenerate electrons and for the nonparabolic spectrum
degenerate electrons are considered. These investigation
based on the solution of the coupled system of kinetic eq
tions of hot electrons and phonons in nonlinear transp
conditions. There are also theoretical investigations of
problem in the hydrodynamic approximation.

Lei theoretically discussed the thermoelectric power
both bulk materials and quantum wells in the presence
charge carrier heating with a high applied electric field
using the so-called ‘‘balance equation approximation’’ f
weakly nonuniform systems.11,13,24,25These calculations in
dicate that the hot electron effect on the thermoelec
power may not only change its magnitude but also chang
sign at high electric fields. This result has been confirmed
Xing et al.12 using the nonequilibrium statistical operat
method of Zubarev14 jointly with the Lei-Ting balance equa
tion approach.24 In Refs. 11 and 12 the phonon drag cont
bution to thermoelectric power is neglected at electron te
peratures of interest for hot electron transport. Thus, in b
treatments this contribution which is known to be importa
in linear transport at low temperatures in bu
semiconductors10 and two-dimensional systems4–6,10 is
missed. By using the hydrodynamic balance equation tra
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port theory extended to weakly nonuniform systems, W
et al. carried out a calculation of the phonon drag contrib
tion to thermoelectric power of bulk semiconductors a
quantum well structures.26 According to the authors, the ba
ance equation approach has the advantage of easy inclu
of hot electron effect and claims the importance of the p
non drag contribution to thermoelectric power in hot electr
transport condition. They note that their consideration is
plicable in the regime where the electron drift velocity
lower than the sound velocities for materials having hi
impurity concentrations and intermediate electric fie
strength. Contrary to the assumptions of Xinget al.,12 their
results demonstrate that the phonon drag contribution is
markably enhanced at low lattice temperature under the c
ditions considered. It is shown in Ref. 11 that the diffusi
component of the thermoelectric power may be nega
within a low enough lattice temperature range at high elec
field while the phonon drag component is still positive.
connection with these conclusions, it is necessary to note
such a result was obtained in 1977 by Babaev and Gassy
in Ref. 20. In that paper, the thermoelectric power and tra
verse Nernst-Ettingshausen~NE! effect in semiconductors a
high electric and nonquantizing magnetic fields are stud
by solving the coupled system of kinetic equations for el
trons and phonons. In the investigation, both the heating
electrons and phonons, and the phonon drag are taken
account. It is shown that when the temperature gradien
hot electrons (¹Te) is produced by the lattice temperatu
gradient (¹T), ¹E50, and¹Te5(]Te /]T)¹T, the elec-
tronic parts of the thermoelectric and the NE fields reve
their sign. In the case of heated phonons andTp5Te@T,
both electronic and phonon parts of the thermoelectric
thermomagnetic fields reverse their sign for all cases con
ered. HereTe , Tp , andT are the temperature of electron
phonons, and lattice, respectively. In Ref. 12 the thermoe
tric power of charge carriers heated under a strong app
electric field in semiconductors is obtained by making use
the nonequilibrium statistical operator method. The final E
~18! and ~19! for thermopower and the conclusion that th
hot electron effect may change both the magnitude and
of the thermopower repeat the results obtained in Ref. 20
a special case~when¹Te is realized by¹T). Moreover, we
©2002 The American Physical Society24-1
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note that for the high field case considered in Ref. 12,
electrons~or semiconductor! are in the regime of phonon
generation. Therefore, both the distribution function and
state of phonons are nonstationary as a result of the mu
drag of charge carriers and phonons at high electric fi
which is considered in Refs. 27–29. For the role of the m
tual electron-phonon drag and phonon generation at high
ternal electric and magnetic fields, see Refs. 28–30.

Recently, the interest in the study of thermoelectric a
NE effect in II-VI semiconductors has been intensified.31–34

Earlier investigations of the magnetic field dependence of
longitudinal NE effect in HgSe~Refs. 35,36! and lead
chalcogenides37,38 in the region of comparatively high tem
peratures (T>77 K) demonstrated that the thermoelectr
motive force~emf! exhibits saturation in the classical regio
of strong magnetic fieldsH irrespective of the dominant sca
tering mechanism of charge carriers in the conduction ba
However, measurements of the longitudinal NE effect
iron-doped HgSe samples at low temperatures (20<T
<60 K), revealed presence of a maxima in the change
thermoelectric powerDa(H)5ua(H)2a(0)u. Da(H) first
increases quadratically with increasingH for Vt,1, then
passes through a maximum for someH5Hm , and finally
decreases as the field increases further. Here,V5eH/mc is
the cyclotron frequency, andt is the electron relaxation time
Another unusual fact is the sign reversal of the transverse
coefficient Q'(H) with magnetic field increasing in th
rangeVt.1.33,34 The experiments in Ga-doped HgSe de
onstrated that at low temperatures, NE coefficients cha
sign with increasing Ga concentration or the applied m
netic field strength. The unusual features of the NE eff
observed in HgSe crystals may be attributed to the effec
mutual drag, which can experimentally be detected in se
conductors with high concentration of conductio
electrons.39 As it is shown in the present paper, these con
tions can be realized more easily under high external elec
field at arbitrary temperatures.

A consistent microscopic theory of transport phenome
in semiconductors and semimetals in high external elec
and magnetic fields with due regard for the heating of cha
carriers and phonons, their thermal and mutual drags, and
possible phonon generation by the drift charge carriers m
be based on the solution of coupled system of kinetic eq
tions for charge carriers and phonons. Such a problem
formulated and solved for the first time by Gassymov,28 see
also Ref. 27. In the statement of the problem, it should
noted that the traditional approximation of small anisotro
of phonon distribution function~so-called ‘‘diffusion ap-
proximation’’! is applicable to phonons whose drift veloc
ties ~u! is much smaller than the sound velocity (s0) in crys-
tal. In the presence of external electric and magnetic fie
this condition obviously is not fulfilled. This violation show
up particularly in several ways under the acoustical insta
ity conditions (u>s0). Actually, both spherically symmetric
Ns(q) and antisymmetricNa(q) parts of the phonon distri
bution function as well asNa(q)/Ns(q) grow asu increases.
Indeed, Na(q)/Ns(q)→1 as u→s0, and Na(q)/Ns(q)@1
whenu@s0. The general solution of the Boltzmann equati
for phonons shows thatN(q) is stationary foru,s0, and
16532
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nonstationary foru>s0. These results are obtained by sol
ing the nonstationary kinetic equation for phonons intera
ing with charge carriers at high electric and arbitrary ma
netic fields in the nondiffusion approximation.27–29

In the light of the foregoing discussion, we must note th
the method of calculation used in Refs. 11, 12, and 26
intrinsically questionable assumptions. Actually in the pr
cess of obtaining the force and energy balance equations,
assumed that the distribution function of electrons has
form of drifted Fermi distribution function, and that o
phonons has the form of drifted Planck’s distribution fun
tion with effective electron temperatureTe and electron drift
velocity vd as a result of the electron-phonon collision
These assumptions mean that this method is applicable
in the strong mutual drag conditions whennp@n i and be
@bp , i.e., electrons and phonons transfer their energy
momentum to each other, and as a result they have the s
effective temperature and drift velocity. Note that herenp
and n i are the collision frequencies of electrons wi
phonons and impuritiesbe andbp are the collision frequen-
cies of phonons with electrons and phonons, respectiv
Under the strong mutual drag conditions, drift velocities
electrons and phonons are the same,u5s0, only at the
acoustical instability threshold~AIT !. At AIT, the distribu-
tion function of phonons is nonstationary and grows linea
in time. In other words, drift velocities of electrons an
phonons may be equal to each other only at the nonstatio
conditions of phonon generation or amplification in extern
electric and magnetic fields.28,29Thus, the assumptions mad
in Refs. 11, 12, and 26 make it possible to use this met
only under the strong mutual drag conditions and in the
gion of drift velocitiesvd!s0. On the other hand, under th
mutual drag conditions andvd!s0, electrons and phonon
interacting with electrons may have the same tempera
Te5Tp , but their drift velocities may not be equal to eac
other, i.e.,vdÞu.

What about the terminology of thermal drag~or the drag
of electrons by phonons!, and mutual drag of electrons an
phonons? There is a misunderstanding. Actually, the ter
nology of mutual drag covers the drag of electrons
phonons if n i@np and be@bpb as well as the drag o
phonons by electrons ifnp@n i and be@bpb . Here bpb is
the collision frequency of phonons with phonons (p), and
boundaries of the crystal (b); and it is defined asbpb5bp
1bb . Therefore, the mutual drag covers both the drag
electrons by phonons~it is called ‘‘thermal drag’’! and the
drag of phonons by electrons. The latter is named in
literature incorrectly as ‘‘mutual drag.’’ However, the mutu
drag is the sum of both drags and, for this reason, it is so
times called as ‘‘veritable drag.’’ In the mutual drag, ele
trons and phonons are scattered preferably by each other
the strong mutual drag may form a coupled system with jo
temperatureTe5Tp and drift velocityvd5u.

In the literature, usually the phonon drag effect~thermal
drag! is studied in the absence of heating external elec
field and in the presence of small¹T in impure semiconduc-
tors when the collision frequency of electrons with impur
ions is much greater than that of electrons with phonons~low
mobility, low temperature, and high impurity concentration!.
4-2
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THERMOELECTRIC POWER OF NONDEGENERATE KANE . . . PHYSICAL REVIEW B 65 165324
In this situation the drag of phonons by electrons is less t
the drag of electrons by phonons~thermal drag!. In high
external electric field, electrons are heated and the freque
of their scattering by impurity ions decreases; meanwh
their scattering frequency by phonons increases.

For the nondegenerate hot electrons with parabolic sp
trum and effective temperatureTe , the ratio n i /np
;(Te /T)23 decreases sharply, and becomes unity at so
critical value of the electric fieldE5Ecr . For E.Ecr , elec-
trons and phonons scatter from each other, and the effe
their mutual drag becomes important. The experiments
investigation of the effect of phonon drag in specimens
InSb or Ge are usually carried out at external fieldsE
.10 V cm21 and lattice temperaturesT,20 K. At these
conditionsTe'102,103 T.

The effect of high electric field is not limited by the hea
ing of electrons; it also leads to the following effects.

~a! The drift velocity of electrons increases. Indeed, wh
¹Tei¹T,vd@v¹T . Herev¹T is the drift velocity of phonons
in the presence of¹T.

~b! The ratiobe /bp increases asTe /T increases.
~c! The momentum range of phonons interacting w

electrons increases by Te as 0,q,2p̄5A8mTe
[2pT(Te /T)1/2.

~d! The number of phonons interacting with electrons
creases byTe linearly. Namely,N(q)5Te /\vq

! . This is the
most important finding.

~e! Under the mutual drag conditions, the inelasticity
scattering of electrons by phonons is obtained from\vq

!

5\vq2u•q. It decreases with increasingu, and N(q)
5N(q,Te)/(12u•q/\vq) increases asu increases. Because
the denominator goes to zero asu→s0. At these drift veloci-
ties, the phonon generation or amplification by the exter
electric field starts, and the state of phonons becomes
stationary. Under these conditions the thermal drag, whic
proportional to the degree of the inelasticity of the electro
phonon scattering, tends to zero, and the mutual drag of e
trons and phonons is strong. Therefore, electrons
phonons form a system coupled by the mutual drag w
common temperatureTe and drift velocityu.27–29

The organization of the paper is as follows. The theor
cal analysis of the problem is given in Sec. II. In Sec. III w
discuss the results of the present work in detail. Finally,
conclusion is given in Sec. IV.

II. THEORY

The two-band Kane spectrum of electrons is

p~«!5~2mn«!1/2S 11
«

«g
D 1/2

, ~1!

wheremn is the effective mass of electrons at the bottom
the conduction band,«g is the band gap,p and « are the
electron momentum and energy, respectively.17

The physical process considered is the thermoelec
Seebeck effect in the presence of a heating electric fielE
and¹Te , which can be produced by¹E or ¹T. The basic
equations of the problem are the coupled Boltzmann tra
16532
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port equations for electrons and phonons. The quasiela
scattering of electrons by acoustic phonons is conside
For the case considered, the distribution functions of el
trons f (p,r ) and phononsN(q,r ) may be presented in th
form

f ~p,r !5 f 0~«,r !1f1~«,r !
p

p
, uf1u! f 0 , ~2!

N~q,r !5N0~q,r !1N1~q,r !
q

q
, uN1u!N0 . ~3!

Here f 0 and f1 and N0 and N1 are the isotropic and the
anisotropic parts of the electron and phonon distribut
functions, respectively.

If the interelectronic collision frequencynee is much
greater than the collision frequency of electrons for the
ergy transfer to latticen« , then f 0(«,r ) is the Fermi distri-
bution function with an effective electron temperatureTe .
We consider the case that there is a ‘‘thermal reservoir’’
short-wavelength~SW! phonons for the long-wavelengt
~LW! phonons, with maximum quasimomentumqmax'2p̄
!T/s0, interacting with electrons. In this caseN0(q,r ) has
the form

N0~q,r !'
Tp~r !

s0q
, ~4!

whereTp is the effective temperature of LW phonons.40

Starting from the Boltzmann transport equations, we o
tain the following relations forf1 andN1 in the steady state

p

m~«!
¹ f 02eEc

p

m~«!

] f 0

]«
1n~«!f1

1
2pm~«!

~2p\!3p2

] f 0

]« E0

2p

N1~q!W~q!\vqq2dq50, ~5!

S0¹N01b~q!N12
4pm~«!

~2p\!3
W~q!N0~q!E

q/2

`

f1dp50,

~6!

where e is the absolute value of the electronic charge,Ec
5E1ET , whereET is the thermoelectric field,m(«) is the
effective mass of electron,\vq5s0q is the phonon energy
W(q)5W0qt is the square of the matrix element of th
electron-phonon interaction (t51 for deformation andt
521 for piezoelectric interaction!, andb(q) andn(«) are
the total phonon and electron momentum scattering ra
respectively.

For the Kane semiconductors with electron spectr
given by Eq.~1!, m(«) andn(«) have the form17

m~«!5mnS 11
2«

«g
D , ~7!

n~«!5n0~T!S Tp

T D l S 11
2«

«g
D S 11

«

«g
D 2r S «

TD 2r

, ~8!
4-3
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M. M. BABAEV, T. M. GASSYM, M. TAŞ, AND M. TOMAK PHYSICAL REVIEW B 65 165324
wherer 53/2,l 50 for the scattering of electrons by impurit
ions, andr 52t/2,l 51 for the scattering of electrons b
acoustic phonons. When LW phonons are scattered by
phonons or by crystal boundaries,b(q) does not depend on
the spectrum of electrons and has the form40

bp~q!5
T4

4pr\4s0
4

q, bb~q!5
s0

L
, ~9!

where the indicesp and b denote the scattering of LW
phonons by SW phonons and crystal boundaries andr andL
are the density and the minimum size of the specimen,
spectively. On the other hand, when LW phonons are s
tered by electrons,be(q) depends on the spectrum of ele
trons, and for the spectrum given by Eq.~1! we obtain

be~q!5S mns0
2

8pTe
D 1/2NW0

Te
S 11

2Te

«g
D 2S 11

3Te

2«g
D 23/2

qt,

~10!

whereN is the concentration of electrons.
Solving the coupled Eqs.~5! and ~6! by the same way as

in Ref. 23, it is easy to calculate the electric current den
of electrons,17

J52
e

3p2\3E0

`

f1~«!p2~«!d«. ~11!

Let the external electric field be directed along thex axis, and
¹T ~or the external electric field gradient¹E) along thez
axis. Under these conditions the electron part (ae) and pho-
non part (ap) of the thermoelectric power (a) are obtained
from equationJz50 as

a5ae1ap , ae52
b11

(e)

s11
, ap52

b11
(p)

s11
, ~12!

where

s115E
0

`

a~x!@11b~x!#dx, ~13!

b11
(e)5

1

eE0

`

a~x!H x2
z~Te!

Te
1F12

z~Te!

Te
Gb~x!J dx,

~14!

b11
(p)5

1

eE0

`

a~x!$l~x!1l~qe!b~x!%dx, x5
«

Te
,

qe5
Te

T
, qp5

Tp

T
. ~15!

Herez(Te) is the chemical potential of hot electrons

a~x!5
e2

3p2\3

p3~x!

m~x!n~x!
expFz~Te!

Te
2xG , ~16!

b~x!5
g~x!

12g~qe!

m~x!

m~qe!

n~x!

n~qe!
, ~17!
16532
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g~x!5
31t

~2p!31t

np~x!

n~x!
E

0

2pbe~q!

b~q!
q21t dq, ~18!

l~x!5
31t

~2p!31t

m~x!s0
2

Tp
np~x!E

0

2p 1

b~q!
q21tdq, ~19!

where np(x) is the scattering frequency of electrons b
phonons. The coefficientl(x) characterizes the efficiency o
the thermal drag, andg(x) describes the same for the mutu
drag.

As it follows from Eq. ~12!, by taking into account Eqs
~13!–~15!, ap consists of ‘‘thermal drag’’ and ‘‘mutual drag’
terms. Actually, the first term in Eq.~15! considers ‘‘the drag
of electrons by phonons’’~thermal drag! and the second term
considers ‘‘the drag of phonons by electrons’’~mutual drag!.

In Eq. ~15!, the first term is dominant ifn i@np and be
@bpb , i.e., phonons are scattered preferably by electro
but electrons are scattered by impurity ions~thermal drag!.
The second term is dominant, on the other hand, ifn i!np
and be@bpb . Since at high electric fieldsn i(«)/np(«)
5n i(T)/np(T)(Te /T)235Ecr /E, the mutual drag dominate
for E.Ecr . Using the total collision frequencyn(«)
5n i(«)1np(«), we studyE dependence of the thermal an
mutual drags by using Eq.~15!.

The ratio of the second and first terms in Eq.~15! is

@l(q)/l(x)#b(x). When x5 x̄5Te /T,@l(q)/l( x̄)#51.
Therefore, we have@l(q)/l( x̄)#b( x̄)'b(q)5g(q)/@1
2g(q)#. As it follows from this result,g(q)/@12g(q)# is
smaller than 1 forg(q), 1

2 , equal to 1 forg(q)5 1
2 , and

larger than 1 for12 ,g(q),1. Moreover, it tends to infinity
asg(q)→1. Therefore, at high electric field the mutual dra
is more important.

Because of the complexity of general analysis of E
~12!–~15!, hereafter we examine the dependence of elect
momentum on its energy in the form

p~«!5~2mn«g!1/2S «

«g
D s

. ~20!

This form, for the spectrum given by Eq.~1!, corresponds to
parabolic case forTe!«g ,s5 1

2 , and strongly nonparabolic
case forTe@«g ,s51. In these casesm(«), n(«), andb(q)
may be presented as

m~«!52smnS «

«g
D 2s21

, ~21!

n~«!52sn0~T!qp
l S «

«g
D (2s21)(12r )S «

TD 2r

, ~22!

b~q!5b~T!qe
n(s22)S T

«g
D n(s21/2)S s0q

T D k

, ~23!

wheren51,k5t for scattering of LW phonons by electron
n50,k50 for scattering by the crystal boundaries, andn
50,k51 for scattering by SW phonons.

For the spectrum expressed by Eq.~20!, from Eqs.~12!–
~19! we obtain
4-4
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ae52
1

e S 11C1

g0

12g0
D 21H 32s12sr2

z~Te!

Te

1F12
z~Te!

Te
GC1

g0

12g0
J , ~24!

ap52
1

e

C21~C12C2!g0

11~C121!g0

3
~31t !2(22 3k/2)s2

31t2k S mns0
2

T D (12 k/2)

3S Tqe

«g
D (s21/2)(41t2k2n)

qe
(3n1t2k)/2np0~T!

b~T!
, ~25!

where

C15
G~113s12sr12st2sk!

G~32s12sr!
,

C25
G~113s12sr1st2sk!

G~32s12sr!
, ~26!

g05
~31t !23(t2k)/2

312t2k S mns0
2

T D (t2k)/2

3S Tqe

«g
D (s21/2)(2r 12t2k2n11)

3qe
[ r 1t1(3n232k)/2]qp

12 l be~T!

b~T!

np0~T!

n0~T!
. ~27!

The chemical potential of nondegenerate electrons for
spectrum in Eq.~20! becomes

z~Te!5TelnH 3p2\3N

G~113s!~2mnT!3/2S T

«g
D 23(s21/2)

qe
23sJ .

~28!

Consider the limitsg0!1 andg0→1. The first limit corre-
sponds to the weak mutual drag case. In this case, by u
Eqs. ~24! and ~25!, the components of the thermoelectr
power is found to be

ae52
1

e H 32s12sr2
z~Te!

Te
2C1~22s12sr!g0J

~29!

and

ap52
1

e
$C21C1~12C2!g0%

~31t !2(223k/2)s2

31t2k

3S mns0
2

T D (12k/2)S Tqe

«g
D (s21/2)(41t2k2n)

3qe
(3n1t2k)/2np0~T!

b~T!
. ~30!
16532
e
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Since C1.0, and 22s12sr>0 for all real scattering
mechanisms and the spectrum of electrons withs> 1

2 , from
Eq. ~29! we find that the mutual drag leads to a decrease
ae both in the parabolic and nonparabolic cases.

The g0→1 limit, on the other hand, corresponds to t
strong mutual electron-phonon drag. In this casek5t, n
51, r 52t/2, l 51, andqp5qe . From Eq.~27! we obtain
g05@be(T)/b(T)#@np0(T)/n0(T)#→1. Hence,ae and ap
take the form

ae52
1

e H 12
z~Te!

Te
J , ~31!

ap52
1

e

4A2 ~2s!2

3p3/2 S T

«g
D 3(s21/2) ~mnT!3/2

\3N
qe

3s . ~32!

One can also see the decrease ofae by the influence of
mutual drag, from a comparison of Eqs.~31! and~29!. As it
follows from Eq.~28!, for nondegenerate electrons we ha

~mnT!3/2

\3N
S T

«g
D 3(s21/2)

'expF2
z~T!

T G@1. ~33!

The E dependence ofqe in the weak mutual drag cas
was considered elsewhere.21 Here we investigate the sam
dependence in the strong mutual drag conditions. In this c
the electron temperature is determined by the energy bala
equation

s11~qe!E
25Wpp~qe!, ~34!

whereWpp(qe) is the power transferred by LW phonons
the ‘‘thermal reservoir’’ of SW phonons. Now we consid
the following limiting cases

~ i!
bp1bb

be
!

n i

np
, ~ ii ! bp@bb ,

bp

be
@

n i

np
,

~ iii ! bp!bb ,
bb

be
@

n i

np
. ~35!

The results obtained forqp5qe@1 are given in Table I.
As it is seen in Table I, the nonparabolicity of the electr

spectrum strongly changesE dependence of the electro
temperature. Using Table I, one can easily obtainE depen-
dence ofa for the cases considered in Eq.~35!. For instance,
if the first inequality is satisfied, thenap;E2 for the para-
bolic, andap;E3/2 for the strong nonparabolic spectrum
electrons.

Let us consider the dependences ofVe , ap , andVp on E
for different scattering mechanisms of electrons a
phonons. As it follows from the results obtained above,
dependence ofae on qe or E is weak~logarithmic! for the

TABLE I. Dependences ofqe on E in the conditiong0→1.

s5
1
2 s51

Case i qe;E4/3 qe;E1/2

Case ii qe;E1/3 qe;E1/5

Case iii qe;E4/11 qe;E2/9
4-5
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limiting casesg0→0 andg0→1. If qe@1 at one end of the
specimen, andqe51 at the other end,Ve;qe by the accu-
racy of logarithmic dependence. Wheng0→1, ap;qe

3s ,
andVp;qe

3s11 .
Taking into account the foregoing discussion and Tabl

one can find the dependences ofVe , ap , and Vp on E as
g0→1. The results are given in Table II.

In the weak mutual drag case, forTp5Te@1, ap , andqe
are given by

ap;qe
(41t2k2n)12n22 , qe5S E

Ei
D 2/(8s2122rs1 l )

,

~36!

whereEi is

Ei5S T

«g
D (s21/2)(42r )S mnT

\2N2/3D 3/4S mnT

e2 D 1/2

@ne~T!bp~T!#1/2.

~37!

We find dependence ofVe on E for several interaction
mechanisms as shown in Table III. In the weak mutual d
case, we obtain theE dependence ofap andVp for several
scattering mechanisms as follows.

~1! Electrons are scattered by deformation acoust
~DA! phonons; phonons transfer their energy to electro
but momentum to the crystal boundaries.t51,r 521/2,l
51,k51,n51 ~drag of phonons by electrons case!:

ap;E2/9 ~s51/2!, ;E2/3 ~s51!,

Vp;E2/3 ~s51/2!, ;E8/9 ~s51!. ~38!

TABLE II. Dependences ofVe , ap , andVp on E in the condi-
tion g0→1.

s5
1
2 s51

Ve ;E4/3 ;E1/2

Case i ap ;E2 ;E3/2

Vp ;E10/3 ;E2

Ve ;E1/3 ;E1/5

Case ii ap ;E1/2 ;E3/5

Vp ;E5/6 ;E4/5

Ve ;E4/11 ;E2/9

Case iii ap ;E6/11 ;E2/3

Vp ;E10/11 ;E8/9

TABLE III. Dependences ofVe on E in the conditiong0!1.

Interaction s5
1
2 s51

DA interaction of electrons with Ve ;E4/9 ;E2/9

acoustical phonons (t51, r 521/2)
PA interaction (t521, r 51/2) Ve ;E4/7 ;E2/7

The momentum scattering of electrons Ve ;E4/3 ;E1/2

by impurity ions (r 53/2)
16532
I,

g

l
s,

~2! Electrons are scattered by DA phonons, and phon
by electrons. t51,r 521/2,l 51,k51,n51 ~the mutual
drag case!:

ap;E2/3 ~s51/2!, ;E2/3 ~s51!,

Vp;E10/9 ~s51/2!, ;E8/9 ~s51!. ~39!

~3! Electrons are scattered by piezo acoustical~PA!
phonons; phonons transfer their energy to electrons and
mentum to the crystal boundaries.t521,r 51/2,l 51,k
50,n50 ~drag of phonons by electrons case!:

ap;E22/7 ~s51/2!, ;E2/7 ~s51!,

Vp;E2/7 ~s51/2!, ;E4/7 ~s51!. ~40!

~4! Electrons are scattered by PA phonons, and phon
by electrons.t521,r 51/2,l 51,k521,n51 ~the mutual
drag case!:

ap;E6/7 ~s51/2!, ;E6/7 ~s51!,

Vp;E10/7 ~s51/2!, ;E8/7 ~s51!. ~41!

~5! Electrons transfer their momentum to impurity ion
energy to DA phonons; and phonons transfer their energ
electrons, momentum to the boundaries.t51,r 53/2,l 50,k
50,n50 ~‘‘thermal drag’’ or drag of electrons by phonons!:

ap;E2/3 ~s51/2!, ;E3/2 ~s51!,

Vp;E2 ~s51/2!, ;E2 ~s51!. ~42!

~6! The momentum of electrons is transferred to impur
ions, energy to DA phonons; and phonons transfer their
ergy and momentum to electrons.t51,r 53/2,l 50,k51,n
51 ~drag of electrons by phonons or ‘‘thermal drag’’ case!:

ap;E2 ~s51/2!, ;E3/2 ~s51!,

qVp;E10/3 ~s51/2!, ;E2 ~s51!. ~43!

~7! The momentum of electrons is transferred to impur
ions, energy to PA phonons, and phonons transfer their
ergy to electrons and momentum to the boundariest
521,r 53/2,l 50,k50,n50 ~drag of electrons by phonon
‘‘thermal drag’’!:

ap;E22/3 ~s51/2!, ;E1/2 ~s51!,

qVp;E2/3 ~s51/2!, ;E ~s51!. ~44!

~8! The momentum of electrons is transferred to impur
ions, energy to PA phonons; and phonons transfer their
ergy and momentum to electrons.t521,r 53/2,l 50,k
521,n51 ~‘‘thermal drag’’ case!:
4-6
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ap;E2 ~s51/2!, ;E3/2 ~s51!,

Vp;E10/3 ~s51/2!, ;E2 ~s51!. ~45!

It should be noted that the cases 6 and 8 lead to the s
results, because in both casesr 53/2, l 51, k5t, andn51.

III. DISCUSSION

The nonparabolicity of electron spectrum significantly
fluences the thermoelectric power of hot charge carriers
leads to a change of its electron temperature dependenc
it is seen from Eqs.~24! and ~25!. For all scattering mecha
nisms 41t2k2n.0. Therefore, the nonparabolicity of th
spectrum leads to a more rapid increase ofap with increas-
ing Te . Moreover,ap consists of the factornp0(T)/b(T)
@1.

As it follows from Eqs.~29! and~30!, in the weak mutual
drag caseae does not depend onTe or E by the accuracy of
logarithmic dependence, and the thermoelectric field~or
voltage! depends onTe linearly. Indeed,ae!ap , and ap
depends onTe andE more strongly.

For nondegenerate electrons, the factor in Eq.~31! is

~mnT!3/2

\3N
S T

«g
D 3(s21/2)

'expS 2
z~T!

T D@1. ~46!

By comparing Eqs.~31! and ~32! we may easily see tha
under the strong mutual drag conditionae!ap . In other
words, the thermoelectric power mainly consists of the p
non part. Indeed, we again see that the nonparabolicity of
electron spectrum strongly changes the dependence ofap on
Te . In the weak mutual drag case,ap;Te

(3n1t2k)/2 for the
parabolic, andap;Te

(21n2k2t) for the strong nonparabolic
spectrum of electrons. In the strong mutual drag,ap;Te

3/2

for the parabolic, andap;Te
3 for the strong nonparabolic

spectrum cases.
According to Eq.~31! in the strong mutual drag case, th

dependences ofae on qe and E are logarithmic andVe
;qe . In Table I we see that under the strong mutual d
conditions,Ve , ap , andVp grow asE increases in the lim-
iting cases given in Eq.~35!. According to Table II in the
strong mutual drag case, the nonparabolicity of the spect
leads to a weaker dependence ofVe on E than in the para-
bolic one. In other words, asE increases,Ve grows faster in
the parabolic case. The influence of the nonparabolicity
the spectrum onap andVp is more complicated. In the cas
~i!, ap and Vp grow more rapidly withE for the parabolic
spectrum. However, in the cases~ii ! and~iii !, ap grows more
rapidly with E for the nonparabolic spectrum. On the oth
hand, the dependence ofVp on E approximately is the sam
for both parabolic and nonparabolic spectrum of electron

In the weak mutual drag case, according to Table III,
the scattering of electrons by phonons, ifVe is proportional
to En for the nonparabolic spectrum, then, it is proportion
to E2n for the parabolic spectrum of electrons. What abo
the dependences ofap andVp on E for the weak mutual drag
16532
e

d
, as

-
he

g

m

f

r

r

l
t

case? One can see from Eqs.~38!–~45! that for all the cases
considered, the thermoelectric voltageVp grows asE in-
creases.

The cases 2 and 4 consider the mutual drag condition
the region of common drift velocitiesu!s0. In this case the
dependence ofap on E is exactly the same for both parabol
and nonparabolic spectrums. But, the dependences ofVp are
different. Actually,Vp increases faster for the parabolic spe
trum with increasingE.

The cases 1 and 3 consider the drag of phonons by e
trons under the conditions of scattering of electrons by
and PA phonons. As it is seen from Eqs.~38! and ~40!, in
these casesap andVp grow more rapidly asE increases for
the nonparabolic spectrum.

The cases 6 and 8 consider the drag of electrons
phonons or the ‘‘thermal drag.’’ As it follows from Eqs.~43!
and ~45!, the dependences ofap andVp on E are the same
independent of the type of the scattering of electrons by
or PA phonons. Moreover,ap and Vp grow faster asE in-
creases for the parabolic spectrum.

In cases 5 and 7 we have the condition of drag of el
trons by phonons with common drift velocities equal to th
of phononsu. In case 5, the dependence ofVp on E is the
same for both the parabolic and nonparabolic spectru
whereasap grows more rapidly for nonparabolic case. O
the other hand, bothap andVp grow faster for the nonpara
bolic spectrum asE increases in case 7.

In the weak mutual drag case,qe is proportional to
Es[41(t2k)2n] 12n22. Therefore, whent5k and n51 we
haveqe;E3s.

In the absence of mutual drag, electronic part of the th
moelectric field~or the integral thermoelectric power! is

Ecz52
1

e
~2rs24s13!¹zTe . ~47!

For the strong nonparabolic spectrum, when electrons
scattered by PA phonons (r 51/2), Ecz vanishes. However
when electrons are scattered by DA phonons (r 521/2), Ecz
reverses its sign compared to the parabolic spectrum c
Thus, the nonparabolicity of the electron spectrum leads
change of the sign of the thermoelectric field.

In the case of the parabolic spectrum and heated electr
if the electron temperature gradient is produced by the lat
temperature gradient, then the electronic part of the ther
electric field reverses its sign in comparison to the case
nonheated electrons (Te5T). For the caseTp5Te@T,
]Te /]T,0 is negative. Therefore, both electronic and ph
non parts of the thermoelectric field reverse their signs co
pared to the nonheating case for all considered situation

IV. CONCLUSION

In the present work, we show that the nonparabolicity
electron spectrum significantly influences the magnitude
the thermoelectric power and leads to a change of its s
compared to the parabolic spectrum case. The nonparab
ity also remarkably changes the heating electric field dep
dence of the thermoelectric power.
4-7
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It is shown that in the strong mutual drag conditions, t
phonon part of the thermoelectric power dominates over
electron part. Indeed, the thermoelectric power increa
with the electronic temperature as;Te

3/2 for the parabolic,
and as;Te

3 for the strong nonparabolic spectrum of ele
trons. For all the cases consideredap , and the thermoelectric
fields Ve andVp grow asE increases. Indeed, we show th
this growth is more rapid for the parabolic spectrum of ele
trons.

In the weak mutual drag case for the scattering of el
trons by phonons, it is found out thatVe grows faster with
increasingE for the parabolic spectrum case. Moreover, f
all the cases studiedVp grows asE increases.

It is shown that in both weak and strong mutual dr
cases, electronic part of the thermoelectric power does
depend onTe or E by the accuracy of logarithmic depen
dence. Hence,Ve depends onTe linearly.

It is found out that under the mutual drag conditions, f
the drift velocities much smaller than the sound velocity
the crystal, theE dependences ofap are exactly the same fo
n
o

,

v.

.

s

:

16532
e
e

es

-

-

-

r

ot

r

both parabolic and nonparabolic spectrum of electrons. H
ever, the dependences ofVp are different.

Under the drag of phonons by electrons conditions, for
scattering of electrons by DA and PA phonons, it is sho
that ap and Vp grow more rapidly asE increases for the
nonparabolic spectrum of electrons. In the thermal drag c
the dependences ofap andVp on E are the same independe
of the type of interaction of electrons by DA or PA phono
In the case of drag of electrons by phonons with comm
drift velocities of phonons, the dependence ofVp on E is the
same for both parabolic and nonparabolic spectrum of e
trons, whereasap grows faster for the nonparabolic spectru
case.
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