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Tunneling spectroscopy of mixed stable-chaotic electron dynamics in a quantum well
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Experimental and theoretical studies of mixed stable-chaotic electron dynamics in the quantum well of a
resonant tunneling diode are reported. The classical orbits of electrons injected into the well from an emitter
accumulation layer change from regular to chaotic when an applied magnetic field is tilted away from the
normal to the well walls. In the regime of mixed stable-chaotic electron dynamics, we identify a period-tripling
bifurcation, which, in contrast to previous experiments, is directly accessible to the tunneling electrons. Stable
classical orbits associated with this bifurcation are related directly to the wave functions of the quantum well
using a Wigner function analysis. There is a striking similarity between the form of the electron Wigner
functions and the corresponding classical Poinsaaions. This allows us to identify subsets of quantum well
states associated with stable orbits around the period-tripling bifurcation. These states control the flow of
electrons through the device and produce a series of strong resonant peaks in the measured current-voltage
characteristics. We also identify resonant features associated with “scarred” quantum well states in which the
probability density is concentrated along an unstable but periodic classical path.
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[. INTRODUCTION dimensional electron ga@DEG) in the emitter accumula-
tion layer (see Fig. 1 is measured as a function of the ap-
Understanding the behavior of quantum systems with chaplied voltageV. When the magnetic field is applied normal to
otic classical dynamics continues to stimulate a great deal dhe well walls (¢#=0°), the current-voltage (V) character-
research activity in diverse areas of physical science anitics of a wide range of RTD%%***"reveal simple series
mathematic$. The first experimental studies of such systemsof regularly spaced peaks similar to those observedBfor
were performed on highly excited hydrogenic atdfmsOver =0, which originate from resonant tunneling into the box-
the past 10 years, advances in the laser cooling of &foffs quantized stategtwo-dimensional subbantf$ of the well.
and in the fabrication of high-quality semiconductor The physical reason for this simple behavior is that for
nanostructurés—>’have provided new directions for experi- =0°, the periodic traversing motion across the well is de-
mental quantum chaology. Analogous electromagnetic waveoupled from the cyclotron motion in the plane of the well.
phenomena have been investigated in microwavdilting the magnetic field induces more complex electron
billiards* > and optical cavities with chaotic ray dynamics because the magnetic-field component in the plane
dynamics’*~%% In semiconductor physics, chaotic electron of the QW couples the traversing and cyclotron motion. For
transport has been studied in two-dimensional billiardsmall B and/or a narrow QW, the in-plane magnetic-field
structure$! =2 antidot array$/ superlattice$®~3! and in component can be treated as a perturbatieand the classi-
resonant tunneling diode@®TDs) containing a wide quan- cal motion remains reguldf:3® By contrast, for largeB
tum well (QW),%>~>°which are the subject of this paper. ~ and/or a wide QW, the in-plane magnetic field strongly
An electron moving in a QW follows regular classical
paths when a magnetic fieRlis applied perpendicular to the
well walls 32~°These stable orbits are characterized by two 2DEG
frequencies:wt=2=/T, whereT is the period for a one- \
dimensional return trip across the well, and the angular fre-:fm?
guency w. for cyclotron motion about the magnetic-field
axis. Tilting the magnetic field at an angieto the normal to
the well walls has a pronounced effect on the classical orbits
and corresponding quantized stat&s’ In particular, in-
creasing ¢ from zero induces a changeover from stable
regular motion to strong classical chaos. This transition
proceeds via a complex series of orbital bifurcations that z

occur Wpiggyg?ﬂgjgwc cosf, where n, and p are FIG. 1. Schematic conduction-band profile of the RTD under

integers>* 304143 T ) . bias V showing emitter 2DEG, electron energymeasured from
When the QW is incorporated in a double-barrier RTD, conduction-band edge at the right-hand side of QW, amtbped

the effect of chaotic electron dynamics on the correspondingontacts. Shaded regions show energy ranges of occupied states in

quantized states of the QW can be investigated using tunnefDEG and heavily doped contact regions wisn 0. Crosses rep-

ing spectroscopy experiments:243637n these experiments, resent ionized donors in collector contact. Inset shows orientation of

the currentl due to tunneling transitions from a two- magnetic field relative to the coordinate axes.
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couples the traversing and cyclotron motion, thus generatingt a field value that depends &h For sufficiently largeB,
chaotic classical dynamicé-°° Despite the onset of chaos, whose magnitude is again determined\ythe voltage spac-
the 1 (V) characteristics still reveal series of quasiperiodicing increases again to a value similar to that found wBen
resonant peaks, though the voltage spacing of these peaks¥d. The main aim of the paper is to explain these observa-
usually between two and four times smaller than fortions. We show that the sudden reduction of the voltage spac-
6=0° 32343637t first sight, the observation of quasiperi- iNgs originates from a period-tripling bifurcation in phase
odic current resonances in the regime of strong classicdiPace, and relate this bifurcation directly to the quantized
chaos is Surprising because the energy_|eve| spectrum is Veﬁ}ates of the well and to the observed tunneling characteris-
irregu|arf10 and the distribution of nearest-neighbor level tics. This type of bifurcation has been identified previously in
spacings follows the Wigner statistics predicted by Randonihe phase space of RTDs containing wider QWA/:39:4043.44
Matrix Theory®® However, we have shown®"“°that the But for these earlier structures, the bifurcation was inacces-
I (V) characteristics are controlled by subsets of QW state8ible to experiment because the Lorentz force associated with
that are equally spaced in energy and exhibit wave-functiothe magnetic-field component in the plane of the QW was
“scarring:” a concentration of probability density along an insufficient to bend the tunneling electron paths into the re-
unstable but periodic classical p&thThe current flow is gion of phase space containing the bifurcation. For the nar-
dominated by tunneling into these scarred states, which gefiower QW considered heresr is higher, and so the period-
erate series of quasiperiodic resonant peaks in (A& tripling bifurcation corresponding to the resonance condition
characteristic>*"4° Consequently, the electrical properties @t= 3w, C0s¢ occurs at higheB values which are sufficient
of the RTD depend on the particular parameters of the devicr the electrons to be injected straight into the bifurcation
and applied fields, which shape the periodic orbits and assdegion®® We use a Wigner-function analysis to relate the
ciated scar patterns, rather than the universal energy-levéigenstates of the QW directly to the corresponding classical
statistics given by Random Matrix Theory. phase space. This allows us to identify a subset of states,
Experiments performed at very high magnetic figlds.,, €mbedded within the full spectrum, which corresponds to
high enough to ensure thai.=~ w7 for a given well width,  two different types of stable orbit associated with the bifur-
for which the electrons exhibit strongly chaotic motion, arecation. These states produce strong resonant peaks in our
now well understood?3327:40444By contrast, data obtained calculated! (V) curves, which reproduce all the main fea-
at lower magnetic-field values, which produce a mixedtures of the experimental data and provide a clear picture of
stable-chaotic classical phase space, are less well understod transition to chaos in the QW.
for two reasons. First, for RTDs there has been no direct
co_mparison betwee_n the o_Iistribution of stable islands in a Il. SAMPLE DETAILS AND EXPERIMENTAL
mixed stable-chaonc cla_ssu:al phase space and th_e form of ARRANGEMENTS
the corresponding quantized states. Second, there is still de-
bate about which parts of the classical phase space are ac- The RTDs used in our experiments consisted of the fol-
cessible to the tunneling electrofts.In our previous lowing layers, listed in order of growth on (@00 oriented
work,*24% we estimated the momentum spread of electronsubstrate: 2um GaAs, heavilyn-doped with Si atoms of
entering the QW by considering the initial momentum distri-density np=2X 10 cm 3, 50 nm GaAs, np=2
bution in the 2DEG, and the momentum transferred by thex 10" cm™3; 50 nm GaAs,np=2x10" cm™3; 10.2 nm
Lorentz force acting on the tunneling electrons. In the regimégaAs spacer layer, not intentionally doped; 5.7 nm
of strong classical chaos, this procedure has enabled us (&, ,Ga ¢ As barrier not intentionally doped; 30 nm GaAs
identify correctly those isolated unstable periodic orbits inQW, not intentionally doped; 5.7 nm ({AGa ¢ As barrier
the QW that generate distinct series of resonant peaks inot intentionally doped; 10.2 nm GaAs spacer layer, not in-
I (V). But when the electrons are injected into a region oftentionally doped; 50 nm GaAgp=2x 10 cm™3; 50 nm
mixed stable-chaotic phase space containing different typeGaAs, np=2x10 cm 3 500 nm GaAs, np=2
of nonisolated stable orbits associated with a bifurcation, anck 10'® cm™3. The material was processed into circular me-
also unstable orbits linked to the hyperbolic points of thesas with a diameter of 20@m and ohmic contacts were
bifurcation, it is much more difficult to determine which of made to the top layer and to the substrate. Experiments were
these orbits affect the quantized eigenstates| &)l curves.  performed at a temperature of 4.2 K in a pulsed magnet,
Existing semiclassical approximations, which relate the tunwhich generates fields of up to 42 T. Details of the shape of
nel current to particular periodic orbits in the GW*48=0  the magnetic-field pulse have been given previoffskach
are inapplicable in this regime, because they breakdown d{V) characteristic was measured at the peak of the
bifurcations?’~4° magnetic-field pulse during a time interval less than 0.25 ms,
Here, we explore the mixed phase-space case using far which the magnetic field is estimated to remain constant
RTD containing a narrower QWof width w=30 nm) than  within 50 mT. This small variation in the magnetic-field
in our previous work?3*and higher pulsed magnetic fields strength has negligible effect on both the measured and cal-
up to 42 T. For fixedB and 6, thel (V) characteristics reveal culatedl (V) curves.
simple series of regularly spaced resonant peaks, which are Figure 1 shows a schematic diagram of the conduction-
gualitatively similar to those observed in the regime ofband profile within the active layers of the device under bias
strong classical chaos. Ais increased from 0, the voltage V. A 2DEG accumulates in the undoped spacer ldgaritter
spacing of the resonant peaks suddenly falls by a fact®r  contac} adjacent to the left-han@_H) barrier. The spacer
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magnetic field was represented by the vector poteial
=(0,Bxsin §—Bzcos6,0), for which the Hamiltonian is in-
variant under translations along théirection. In this gauge,
the electron dynamics in the well reduce to two-dimensional
(x-z) motion described by the Hamiltonidh,

1mAI

H pZ+e?B2(x sin §—z cosh)?+ p?

- eFx (1)

In Eq. (1), the origin of thex coordinate is at the center of the
well, py, p, are momentum components, amt is the ef-
fective mass of an electron in the QW. We include the effects
of conduction-band nonparabolicity in our model. In particu-
lar, we measure the energy dependencendfby studying
the resonances in the experimenrit@V) plots for B=0.3"4°
) Between collisions with the barriers, the orbital paths in the
500 700 x-z plane can be determined analytically for alf?333544
V(mV) Successive orbital segments are linked by specular reflection
from the well walls. We have used Poincaections(slices
FIG. 2. Experimental (V) curves(vertically offset for clarity  through the classical phase spict® investigate how the
for #=30° and the range d8 values indicated. Vertical bar shows tilted magnetic field affects the electron dynamics. Figures
current scale. 3(a)-3(c) show Poincaresections for particular sets of the
experimental parametek§ B, and 6. The sections are con-
layer limits the diffusion of dopants into the barrier and QW structed from orbits with a range of starting velocities at the
regions and is four times thicker than in the devices used inH side of the well consistent with the energy of electrons
some of our previous experimertsThis ensures that the tunneling from the 2DEG. In each plot, the scattered points
QW provides a particularly clean and well-characterized enshow the lateral velocity componenis,(v,) every time the
vironment for the conduction electrons, relatively free fromelectron hits the LH(emitten barrier. WhenV=480 mV,
the effects of ionized donor scattering. Consequently, th@8=12 T, andg=0°, the electrons in the QW follow helical
resonant peaks observedlifV) are clearer than in previous paths around the magnetic-field axis and collide with the two
samples. Current flows when electrons tunnel from theconfining barriers in turn. These orbits are stable and produce
2DEG into the quantized states of the QW. Figure 2 shows, circular islandcomprising a series of ring#n the Poincare
I(V) curves measured for several magnetic-field values besection[Fig. 3(@)]. When the magnetic field is tilted at 30° to
tween O to 42 T and)=30°. We focus on this particular the normal to the well wall§Fig. 3(b)], an island of stable
parameter range throughout the paper because it is ideal feggular motion persists towards the LH side of the Poincare
investigating the effects of orbital bifurcation on experimen-section, but it is embedded in a sea of chaos. The size of the
tal tunneling characteristics. Whe#=0° (bottom trace in  chaotic sea increases with the magnetic-field strength and
Fig. 2), the resonant peaks ir(V) originate from Landau- fills the phase space whd@=42 T [Fig. 3(c)]. The regime
level-index conserving transitions from the single occupiedof strong classical chaos has been explored in tunneling
Landau level in the emitter 2DEG into the box-quantizedspectroscopy experiments on a range of RfD$%¢%7and is
states of the QW. The QW is sufficiently narrow for indi- now well understood. Here, we consider how the mixed
vidual box-quantized states to produce well-resolved resostable-chaotic dynamics that characterize the transition to
nant peaks irl (V), which we discuss in more detail below. chaos affect the quantized states and tunneling characteristics
For magnetic fields in the range 129B=< 22T, the voltage of the RTD. The islands of stability in a mixed phase space
spacings of the resonant peaks decrease by a factor closedan be classified by considering the periodic orbits at the
3. But at higher fields, they increase again to values similatcenter of the each island. Henceforth, we refer to a periodic
to those observed fat=0°. To begin our explanation of this trajectory in which the electron makes, respectivelgndr
behavior, in the following section we consider how the clas-collisions with the LH and right-han@RH) barrier per period
sical phase space of electrons in the QW changes when tla& an (,r) orbit. The almost circular stable island in Fig.
applied magnetic field is tilted away from the normal to the3(b) contains remnants of the helical traversing orbits that fill

0 250

well walls. the phase space whet=0° [Fig. 3@)]. At the center of this
island there is 41,1) stable orbititop diagram in Fig. )]
IIl. THEORETICAL MODEL AND COMPARISON OF in which the electron completes one return journey across the
MEASURED AND CALCULATED (V) CURVES QW per period. Away from the center, there is a three-fold

splitting or period-tripling bifurcation that creates the three
We have calculated classical orbits for electrons in thecrescent-shaped islands shown in Figh)3and (enlarged in
QW when there is a uniform electric fiel>=V across the Fig. 3(e). The successive breakdown of large stable islands
well, and a magnetic fiel= (B cos6,0B sin6) applied at into smaller island chains drives the transition to chaos in
an angled to the normal to the well wallésee Fig. L The this systen?>* The period-tripling bifurcation shown in
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component perpendicular to the well walls. The second fre-
4.0 quencyw, is exactly three times larger and equals the angu-
%2 20 lar frequencywy (defined abovefor the one-dimensional
£ oo motion across the QW that an injected electron would per-
2 20 form in zero magnetic field. Similar results are obtained for
. all orbits within the stable islands shown in Fig. 3. It is
-4.0 becauseaw,= 3w, for these orbits that the period-tripling bi-
furcation shown in Fig. @) occurs and produces the stable
4.0 islands around thé3,3) periodic orbit. The period-tripling
£ 50 — bifurcation is a consequence of reson&hdetween the two
g - characteristic frequencies of the stalflel) periodic orbit,
) 0.0 which splits the phase space surrounding this orbit into a
T 20 \ chain of three crescent-shaped islapsisown in Fig. 8e)].
4.0 R Although the QW is sufficiently narrow for each of its
~ - L box-quantized energy levels(associated with one-
2 [ W= 3= w7 dimensional motion along thedirection to produce a well-
- 4.0 > resolved resonant peak in the experimen{d) curve até
“'g 2.0 E =0° (Fig. 2, it is also wide enough to support many quasi-
o 0.0 g bound stategapproximately 20—30 whefi=30°). This en-
= L0 o1 ables us to relate the quantized states to the corresponding
> 5| @ccost classical phase space. To explore this relation, we calculated
4.0 3 l_ ) . the QW eigenstates using a matrix diagonalization
020002040 0.0 20 40 60 80 100 method>*°and taking the same magnetic vector potential as
R @ (10" rad s™) for the classical analysis. In this gauge, thdependence of
vy (10°ms™) the wave functions is a plane wave, and so the probability

density of the eigenstates depends only on thand z
coordinates® When #=0°, the electron motion along the
=30°, B=12 T (b); §=30°, B=42 T (c). The scattered points and z directi.ons. is separable, and the total energy of the
show the lateral velocity components,(v,) for collisions on the electron,s_, is given by the en_ergy-l_evel Spe(?trum of the
LH barrier corresponding to electron orbits with a range of initial POX-quantized states for one-dimensional motion across the
velocities for fixed total energy. UppBower] diagrams ind) show ~ QW (x direction), plus Landau levels corresponding to mo-
(1,1) [(3,3)] stable periodic orbits projected onz p|ane(axes and tion pal’allel to the We" Wa||S. In a SemiclaSSical pictaf'e,
magnetic-field orientation insefThese orbits lie at the center of the the spacing of adjacent one-dimensional box-quantized states
circular [three crescent-shapesdtable islan¢s) in (b), which are  equalsh wt, wherew is the angular frequency correspond-
shown enlarged ine). The Fourier power spectrur(f) of x(t) ing to a single return trip across the QW. We used a transfer-
+2(t) for the (3,3 stable periodic orbit reveals two distinct fre- Hamiltonian approach to calculate the rates of tunneling
guenciesw; and w,=3w;. transitions from the singléowest energy occupied Landau
level in the emitter 2DEG, into the quantized states of the
Figs. 3b) and 3e) creates 43,3 stable orbit, located at the QW. These transition rates were then used to obtain theoret-
centers of the three crescent-shaped islands, in which theal current-voltagd (V) characteristics for the RTD. Figure
electron completes three return trips across the QW beforé(a) shows thel (V) curve calculated foB=12 T and#
closing the patlilower diagram in Fig. J)]. =0°, using an energy-dependent effective masdefined
Stable orbits are always separable in some coordinatgreviously’ to account for conduction-band nonparabolicity.
system® Since the Hamiltonian for the system reduces toThe curve contains a series of resonant peaks, and the insets
two-dimensional motion in thex-z plane® the theory of  show probability-density plots for the emitter and well-state
action-angle variabl&Stells us that it is always possible to wave functions at each resonance. Due to the conservation of
define a transformation from andz to new coordinatesr ~ angular momentum, the electrons can only tunnel into the
and B in which the motion is separable. In the new coordi- lowest Landau states in the QW, which have nonzero overlap
nate system, the electron orbit lies on the surface of a torusntegrals with the occupied emitter state. The resonant peaks
and the position of the electron at tinteis specified by in I(V), therefore, originate from transitions into successive
anglesa(t) and B(t) around the neck and circumference of one-dimensional box-quantized states of the QW. In our
the torus. The corresponding angular frequencies  theory, the electric field in the QW is assumed to be pro-
=da/dt and w,=dpB/dt are constants of the motion that portional to the applied bias voltage. The validity of this
depend on the shape of the orbit. These frequencies can lgenstant-capacitance approximation has been demonstrated
obtained by Fourier transforming the sum of tkeandz  previously for a wide range of resonant tunneling
coordinates of the electron orbits plotted as a function®3f  structures®3’ Here, the scaling factoy=F/V was deter-
The Fourier power spectrum in Fig(fB shows that for the mined by fitting the positions of the resonant peaks calcu-
(3,3 stable orbit, w; equals the cyclotron frequency lated for 6=0° to the corresponding experimental data
w. cosf#=eBcosd/m*, corresponding to the magnetic-field shown in Fig. 4b), from which we subtracted a smooth

FIG. 3. Poincaresections calculated at the energy of electrons
entering the QW forV=480 mV, and6=0°, B=12 T (a); ¢
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FIG. 5. Energy levels of the QW calculated fB=12 T, 6

FIG. 4.1(V Iculat nd measure(b) for the RTD
G (V) curves calculated) and measure(b) =30°, andV=630 mV. For these parameters, the total energy of

with §=0° andB=12 T. A smooth monotonic background has lect t ling into th Il is=195 meV. RH |
been subtracted from the experimental data to emphasize the resgectrons tunneling into the wetl 18= mev. gray-scaie

nant peaks. Insets if@) show probability density plots in the-z plots show probability o_Ien_sitX(wh_ite - .0’ t_)lack:_ high) in x-z
plane(white = 0, black= high) of the emitter and well state wave plane(axes and magnetic field orientation inset eigenstates cor-

functions at each arrowed resonance. Gray rectangles show poégspondln.g. 0 quasrLandgu levetsashed lines Gray rectangles
tions of the barriersI(V) curve (b) was only measured fo¥ show positions of the barriers.
<750 mV to avoid overheating the sample.
shown in Figs. &) and 3e), the corresponding total energy

monotonic background in order to emphasize the resonarmdigenvalues are quasi-Landau levels that are equally spaced
structure. The good agreement between the positions of resby 7ieBcosd/m*. As shown in Fig. 5, these quasi-Landau
nant peaks in the calculated and measui@g curves atd  levels (dashed linesare embedded within the full energy-
=0° shows that the constant-capacitance approximation ikvel spectrum for the QW. The probability-density plots of
accurate for a wide range of bias voltages. the associated eigenfunctions are also shown in Fig. 5. They

We now consider the eigenstates of the QW taking paramexhibit regular antinode patterns that resemble the simple
etersV=630 mV, #=30°, andB=12 T that produce a Landau and one-dimensional box-quantized states found for
mixed stable chaotic phase space at the electron injectioA=0° [see insets in Fig. (4)]. For example, the three
energy, containing a period-tripling bifurcation like that probability-density plots in the bottom half of Fig. 5 all have
shown for lowerV in Figs. 3b) and 3e). Since a large cha- five antinodes across the well and correspond to the 5th box-
otic sea surrounds the stable islands, the corresponding ejuantized state of the well wheh=0°. They form a triplet
genvalues of the total electron energy have a highly irregulaof successive quasi-Landau states with two, three, and four
spectrum. This can be seen from Fig. 5, which shows a sdateral antinodes. The three probability distributions in the
quence of energy levels close to the electron injection energtop half of Fig. 5 correspond to the same sequence of Landau
(195 meV). Most of the associated eigenfunctions are eitheistates, but have six antinodes for motion across the well.
scarred by unstable periodic orbits or have highly irregular We now consider how the quantized states of the QW
and diffuse spatial patterf8 Despite this complexity, there manifest themselves in the tunneling characteristics of the
is a subset of equally spaced energy levelsshed lines in  RTD. Figure 6 shows theoreticah) and experimenta(b)
Fig. 5, which originate from quantizing the classical orbits I (V) curves for§=30° andB=12 T. These magnetic-field
within the stable islands shown in FiggbBand 3e). Semi-  parameters produce a mixed stable-chaotic phase space at the
classical quantization of the two separable variablesxd3  electron injection energy for all of the voltages shown in Fig.
(defined aboveassociated with each of these stable orbits6. A smooth monotonic background has been subtracted from
produces two independent level ladders that add to give ththe measured curve in Fig(l§ to emphasize the resonant
total energy of the electron. The spacing of neighboring enpeaks. The filled blackgray) arrows in Fig. §a) indicate two
ergy levels associated with variabte (B) is hw, (hwy). distinct series of periodic resonant peaks in the calculated
Since w,=3w; for orbits within all of the stable islands [(V) curve. These peaks have a voltage spacing of
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V(mV) FIG. 7. Probability-density plotéwhite = 0, black = high) in
x-z plane(axes insetof the emitter and well state wave functions
_ FIG'_6' IO(V) curves calculatet) and measuret) forthe RTD . enonding to each numbered resonance in Féy. Rectangles
with 6=30° andB=12 T. (a) Positions of(numbered resonant g4 plack, white, and gray show positions of barriers for wave
peaks agsomatt_ed with the following: black arrow heads, UnStabl‘Functions associated with unstatile2); unstable(1,2), stable(1,1),
(1,2) orbits; white arrow heads, unstabie,2), stable(1,1), and ;4 staple(3,3); stable(1,1) and stable(3,3) orbits, respectively.
stable(3,3) orbits; gray arrow heads, stabl#,1) and stable(3,3) ¢y rves in top row show paths of unstable periodic2) orbits,
orbits.1(V) curve(b) was only measured for<750 mVto avoid  oiected ontax-z plane, which scar the wavefunctions on which
overheating the sample. they are superimposed.

1(mA)

‘~74 mV, which is similar to the value of 77 mV forthe  {he corresponding classical phase space, we have calculated
corresponding resonant structure observed in the experimege wigner function® defined by

tal data, and approximately three times smaller thanéfor
=0° (Fig. 4). The theoreticall (V) curve also contains a

series of weaker and less evenly spaced resonant featuresy (x 7, ):ifw Jm v x+k Z+E
which are marked by arrows with open white heads in Fig. " % h2J)-=)-a"" 27 2
6(a).

Figure 7 shows probability-density plots for the single X x—h Z_E
occupied emitter statéo the left of the two rectangles rep- n 2’7 2

resenting the barrierand the individual well stateg,(x,z) :
that generate each of tlieumbered resonant features in the Xexd —im* (v At v A )/fi]dNdA,,
calculated!l (V) curve [Fig. 6(@)]. The subscripin relates 2
each eigenfunction to a particular numbered resonant peak in

Fig. 6(@). We now consider the structure of the wave func-where\, and\, are real variables. We transformi¢, to a
tions, and their relation to the classical motion of electrons irfwo-dimensional function of, andv, in the following way.
the well. The four QW wave functions in the top row of Fig. First, in Eq.(2), we setx=—w/2, so that the Wigner func-
7 are scarred by thél,2) unstable periodic orbits shown tion is calculated at the LH side of the QW, just like the
overlaid. The scarring occurs whenever the classical actionlassical Poincareections shown in Figs. 3 and 9. For this
for the orbitS=(j + ¢)h, where¢~1.2 is a constant phase value of x and specified velocity components (v,), z
factor andj is the number of antinodes in the scar patternzxtana—m*vy/eBcosa,40 andv, is obtained from the to-
along the classical paffi.Wave functions 1—4 in Fig. 7 form tal energye, and the form of the Hamiltonian, Eq1), for

a sequence of scarred states wjith5—8. Quantization of two-dimensional X,z) motion in the QW. Figure 8 shows
the classical action means that for givénthe energy spac- W, as a function ofv, andv, for n=1,2,3...,16. The
ing of adjacent QW states scarred by tfle2) orbit is  Wigner functions reveal the distribution of lateral velocity
hio ), Whereo; »~ w+/3 is the angular frequency for the componentsy, ,v,) for each eigenfunction and are quantum
periodic motion. This spacing is approximately three timesanalogue¥ of the classical Poincargections shown in Fig.
smaller than that of the box-quantized states of the well a9, in which @,,v,) are plotted each time the electron col-
6=0°. To link each of the quantized well states in Fig. 7 tolides with the LH barrier. These Poincasections are calcu-
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FIG. 8. (Color Wigner functions(blue >0, yellow <0, black = 0) calculated for the well state wave functions with probability
distributions shown in Fig. 7, and corresponding to the numbered resonant features i@Fi§g6ares filled black, white, and gray at top
right of each plot all have a sidelength of°1éns *. They indicate scale of Wigner functions associated with uns{@h® unstable(1,2),
stable(1,1), and stabld3,3); and stablé1,1) and stabld3,3) orbits, respectively. Crosses in plots 1-4 mark starting velocitigs, ¢ o) for
the (1,2 unstable periodic orbits shown in plots 1—-4 of Fig. 7. The origin of each plot is at the center of the surrounding square frame.

lated for voltages corresponding to each of the numberedrescent-shaped stable island produced1h9 stable orbits
resonant peaks shown in Figah at the energy of electrons (previously called type-3 stable orbits9. This island ap-
entering the QW. In the top RH corner of each plot in Figs. 8pears as a yellow crescent in the corresponding Wigner
and 9, there is a square of sidelengt? 1@s %, which indi-  function.

cates the scale. Comparison of Figs. 8 and 9 shows that the Even though the&1,2) unstable periodic orbits that scar
form of the Wigner functions reflects the structure of thewave functions 1-4 in Fig. 7 have zero measure in the clas-
classical phase space. In particular, the stable islands at tisécal phase space, they show up clearly in the corresponding
LH sides of the Poincarsections appear as ringlike patterns Wigner functiongFig. 8). In particular, the Wigner functions

in the Wigner functiongfor example, compare plots 10, 12, have large positive valugblue islands in plots 1-4 of Fig.
and 14-16 of Figs. 8 and)9More subtle features of the 8) near the starting velocities {,v ) of the (1,2) unstable
Poincaresections are also reproduced by the Wigner funcperiodic orbits(crosses in Fig. B Note that the starting ve-
tions. For example, the period-tripling bifurcation revealedlocities of the(1,2) orbits lie to the right of the blue islands

by Poincaresection number 7 of Fig. 9 appears as a chain ofn the Wigner functions, rather than at the center of the is-
three yellow islands in the corresponding Wigner functionlands. This is partly because the energies and quantum num-
(Fig. 8. The period-doubling bifurcation in Poincasec-  bers of the scarred states are too l@wt close enough to the
tions 1-3 of Fig. 9 also manifests itself in the associatedsemiclassical limjt to give precise quantitative agreement
Wigner functions. This is most easily seen in Wigner func-with the corresponding classical phase space, and partly be-
tion 2 where two blue arms extend towards the left and passause the quantum states are calculated fop By ¢) AS

right through the upper and lower islands of stability in thebarriers of finite heigh{to obtain a nonzero tunnel currgnt
classical phase space. In addition, just to the right of thevhereas the classical orbits are enclosed by impenetrable
circular island in Poincarsection 4 of Fig. 9, there is a small barriers.
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FIG. 9. Poincaresections calculated at the energy of electrons entering the QW for voltages corresponding to the numbered resonant
peaks in Fig. 6. The scattered points show the lateral velocity componengsuv() for collisions on the LH barrier corresponding to
classical orbits with a range of initial conditions consistent with the electron injection energy. Squares filled black, white, and gray at top
right of each plot all have a sidelength of*1@ns ®. They indicate scales of Poincasections associated with unstalile2); unstableg(1,2),
stable(1,1), and stablg3,3); and stablg1,1) and stablg3,3) orbits, respectively. Crosses in plots 1-4 mark starting velocitigg, { o) for
the (1,2) unstable periodic orbits shown in plots 1-4 of Fig. 7. Solid continuous curves show approximate range of lateral starting velocities
for electrons tunneling into the QW. The origin of each plot is at the center of the surrounding square frame.

IV. INTERPRETATION OF EXPERIMENTS INATILTED closely aligned with the single occupigdbwest energy
MAGNETIC FIELD Landau state in the emitter 2DEG, whose probability distri-

bution is shown by the antinode to the left of the potential

barriers. Tunneling transitions from the emitter into the

responding experimental dafgig. 6(b)]. First we consider scarred sYtates of the QW, therefore, have large matrlx
the peaks numbered 14 in Figa§ which originate from elements’ and generate the evenly-spaced peaks 1-4 in the
tunneling into the scarred states shown in plots 1—4 of Fig. 7¢alculated (V) curve[Fig. 6@]. The large tunneling matrix
As noted above, for givek{, the energy Spacing of adjacent elements are a consequence of momentum conservation in a
scarred states in the well is% w1/3, that is approximately ~classical picture. Electrons launched from the 2DEG enter
three times smaller than for the box-quantized states of ththe QW approximately within the regions of (,v,) phase

well at #=0°. Consequently, a¥ is changed so that the space enclosed by the solid continuous closed curves in Fig.
bound-state energy of the emitter 2DEG scans the level spe& The positions and shapes of these regievisich are ap-
trum of the QW, we expect that resonant tunneling into thes@roximately circular for plots 13—16vere estimated by cal-
scarred states will generate a regular series of resonant peatslating the classical momentum transferred as the electrons
in 1(V), with a voltage spacing-3 times smaller than for move from the 2DEG to the LH edge of the G¥#*In plots
6#=0°. The amplitudes of the resonant peaks depend on the-4 of Fig. 9, the ranges of lateral velocities for electrons
tunneling matrix elements, which are determined by theentering the well are very close to the starting velocities
overlap between the emitter and well-state wave functions(vyg,v,0) Of the (1,2) unstable periodic orbits, which are
The LH antinode of each scarred wave function in Fig. 7 ismarked with crosses. This type of orbit is, therefore, directly

We now use Figs. 7 —9 to explain the origin of the reso-
nant peaks in the theoreticglV) curve[Fig. 6(@)] and cor-
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accessible to the tunneling electrons. It has been detectedldetailed analysis of inter-Landau-level transitions for elec-
previously in our experiments on RTDs containing either atrons in a RTD with a narrow-10 nm) QW and a small
120 nnt?*%or 22 nn?’ wide QW, but in these previous stud- (~5 T) tilted magnetic field has been reported
ies the accessible phase space was strongly chaotic. For tpeeviously?’ In these calculations, the magnetic-field compo-
present device, tunneling transitions into states scarred byent in the plane of the QW was treated as a perturbation,
(1,2 unstable periodic orbits generate the resonant peaks olwhich allowed analytical expressions for the tunneling rates
served in the experimental data f/d=400 mV. Compari- to be obtained. This approximation is invalid for states asso-
son of Figs. €a) and Gb) reveals that the voltage positions ciated with the chaotic part of the phase space where there is
and spacings of these peaks are in good quantitative agrestrong mixing of motion along the and z directions. But it
ment with the theory. works well for the subset of quasi-Landau states whose
Resonant peaks 10, 12, 14, 15, and 16 marked by grastructure is primarily determined by the magnetic-field com-
arrows in Fig. §a) originate from tunneling transitions from ponent perpendicular to the well walls, and corresponds to
the 2DEG into the quasi-Landau states shown in Fig. 5 andtable orbits within the chaotic sea.
numbered 10, 12, 14, 15, and 16 in Fig. 7. The corresponding Next we consider resonant peaks 5-9, 11, anphig&ked
Wigner functions contain striking ring patterns concentratedby arrows with white heads in Fig(®], which occur in the
within the islands of stability in the classical phase spacesoltage range 400 m\&V=<725 mV. The wave functions
(Fig. 9). The total number of ringé/ellow and blu¢ in each  and Wigner functions corresponding to these peaks have a
Wigner function equals the number of lateral antinodes in thenixed stable-chaotic character and contain features associ-
corresponding probability-density plots. Although theseated with (1,1) and (3,3 stable orbits, plug1,2) unstable
quasi-Landau states have different numbers of lateral antirperiodic orbits. In particular, the Wigner functions have non-
odes, they all contribute to the tunnel current because, imero amplitudes throughout both the regular and chaotic
contrast tod=0°, the Landau level index is not conserved in parts of the corresponding classical phase space. As the peak
tunneling transitions from the single occupied Landau leveindex increases, the probability-density plots for these hybrid
in the emitter 2DEG. This is because, in a quantum picturestable-chaotic states gradually become more regular, reflect-
the tilted magnetic field produces a relative shift of the emit-ing the transition from peaks 1-4 associated witl?) un-
ter and well-state wave functions along thaxis. As shown stable orbits to peaks 10, 12, and 14-16 associated with
in Fig. 7, this aligns antinodes of the emitter and well statesstable orbits. For example, the wave functions with high in-
thereby producing large tunneling matrix elements. This disdices 9, 11, and 13 in Fig. 7 form a sequence of states with
placement of the emitter and well state wave functions corfairly regular probability distributions comprising four anti-
responds to the classical momentum transferred by the Lonodes across the well, and respectively four, five, and six
entz force as the electrons move from the 2DEG to the QWateral antinodes. The resonant peaks corresponding to these
For V=550 mV, the distribution of initial velocities for three states have approximately equal voltage spacings in
electrons entering the QWéolid curves in Fig. Dintersects  Fig. 6(@). Since all of the hybrid stable-chaotic states origi-
the stable islands associated with the period-tripling bifurcanate from complex quantum interference processes associ-
tion (see plots 8-16 in Fig.)9 Stable orbits within these ated with more than one type of classical path, their energy
islands are, therefore, accessible in energy and momenturspacings are not constant. Consequently, the voltage spacings
conserving transitions from the emitter 2DEG. In previousof the corresponding resonant peaks in the calculat®
experiments on wider QW%, these orbits were not acces- curve[marked by arrows with white heads in Figiaf are
sible in energy- and momentum-conserving transitions frormot generally regular. Since the Wigner functions for the hy-
the 2DEG>® This is because for giveyi, w is lower for the  brid states extend across the whole, (v,) phase space,
wider wells, and so the period-tripling bifurcation for which these states couple less strongly to the emitter 2DEG than the
wt=3w,C0sH occurs at lower magnetic fields. As a conse-scarred or quasi-Landau states in Figs. 7 and 8, whose
guence, the in-plan&) component of magnetic field is too Wigner functions are concentrated near the starting velocities
small to bend the electron trajectories sufficiently for them tofor electrons entering the QW. This explains why, in the cal-
enter the QW within the stable islands around the bifurcaculated!(V) curve [Fig. 6@], the resonant peaks due to
tion. The peak tripling observed in the previous transitions into the hybrid stable-chaotic states in the range
experiment® actually originates from transitions into stable 400 mV <V=725 mV generally have lower amplitudes
(1,3 orbits in a different part of the phase spd¢é° than peaks outside this voltage range, which are associated
Note that Wigner functions 10, 12, 14, 15, and 16 in Fig.with either purely stable or purely unstable classical paths.
8 fill all of the phase space occupied by stable islands in th&Ve observe a broadly similar region of diminished oscilla-
Poincaresections, rather than being concentrated within theory amplitudes in the experimental di2 T trace in Fig. 2
stable islands corresponding to just thi¢l) orbits or justthe and Fig. b)]. The voltage dependence of the calculated
(3,3 orbits. We, therefore, conclude that the quasi-Landatpeak heights is in reasonable qualitative agreement with the
states originate from quantizing both tfig1) and (3,3) or- data, particularly for V=400 mV. Precise quantitative
bits, and so the contributions of those orbits to the tunnehgreement between the measured and calculated peak heights
current cannot be distinguished. Sineg= w+/3 for all of s, however, lacking for three reasons. First, a smooth mono-
these orbits, the voltage spacing of the resonant peaks tsnic background has been subtracted from the experimental
approximately three times smaller than #+0° in both the (V) curve in Fig. §b) in order to emphasize the resonant
calculated Fig. 6(a)] and measurefFig. 6(b)] I(V) curves. peaks. The heights of these peaks are, therefore, not directly
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FIG. 10. (Color). Contour plots plotggreen= high, blue= low) of | versusB andV calculated@ and measurecb) for the RTD with
6=30°. The plots are constructed frdrflV) curves calculated or measured for a rang® ehlues, with smooth backgrounds subtracted to
emphasize the resonant peaks. Solid parabolas show lo&uarafV values whereo+= 3w, cosé for electrons injected into the QW. Within
the region ofB-V space between the solid and dashed parabolas, the voltage spacing of adjacent resonant peaks is approximately three times
smaller than aB=0. To the right of the dashed parabolas, the voltage spacings of adjacent resonant peaks are comparable with the values
observed foB=0.

comparable with those in the calculatéfV) curve [Fig. ties in the barrier thickness and height, it is difficult to make
6(a)], from which no background has been subtracted. Secaccurate calculations of the current magnitude. For these rea-
ond, the tunnel current is exponentially sensitive to the barsons, we have not specified the current scale in Fig). 6

rier parameters: thickness, potential height, and effective We have investigated how tH¢V) characteristics of the
mass. Uncertainties in these parameters for an actual expeRTD change with magnetic field at a fixed tilt angle of 30°.
mental device, therefore, make it hard to predict the exactigure 10 shows color contour plots of the current calculated
magnitude of the current. We estimate these uncertainties Q) and measuretb) as a function o/ andB. To emphasize

be approximately= 1 atomic monolayer in the tunnel barrier he resonant peaks in this type of contour plot, it was neces-
thickness,=5% in the potential height of the barrier, and g4y o subtract a smooth background from all of the theo-
approximately+10% in the tunneling effective mass. Third, o001 ang experimental(V) curves (some of which are
the calculated peak heights depend on several approxim@hown in Fig. 2 used to construct Fig. 10. The experimental

tions made in our theoretlcal analysis, Wh'.Ch is based on th‘oemd theoretical plots both reveal similar features, which we
transfer-Hamiltonian formalism for tunneling through high o . . L
; g . . now consider in detail. The solid curves in Fig. 10 both show
and wide barriers® Within this formalism, the tunnel current . .
the locus ofB andV values for which the resonance condi-

into each QW state is proportional to the square of the tran- . - .
sition matrix element, which is determined by the amplituded'o" wr=3w:Ccosp is satisfied. Sincawrx V2> and o

of the emitter and QW wave functions in the LH barrier, and™ B- this locus forms a parabola B-V space. To the left of
also depends on the energy-level lineshape. To estimate t}@iS parabola, the simulated contour plot ifV,B) [Fig.

level broadening, we assumed that the scattering rate of eledd@] contains only widely spaced resonant peaksV(
trons in the QW equals the longitudinal optic-phonon emis-=200 mV for V=400 mV), which appear as a series of
sion rate in bulk GaAs. But the QW wave functions, which yellow/green bands. These peaks originate from resonant
determine the scattering rate, are completely different frontunneling into the one-dimensional box-quantized states of
those of bulk GaAs and can change dramatically from onéhe QW that are only weakly perturbed by a small tilted
QW level to the next. Also, atomic monolayer fluctuations inmagnetic field. Just to the right of the boundary in the cal-
the thickness of the barriers and the QW are likely to affectculated color contour pldiFig. 10@], the number of reso-
the linewidths. Consquently, each QW state might have it§ant peakgyellow/green bandswithin a given voltage in-
own characteristic energy broadening and line shape. Thiterval suddenly triples. This is because whenr
would affect the relative heights of the peakslifV) and =3w.cos6, the QW supports a sequence of accessible
explain why weaker resonant features and shoulders in theandau-like states similar to those shown in Figs. 5 and 7.
theoreticall (V) curve, Fig. 6a), are not observed in the Tunneling transitions into these states produce strong reso-
corresponding experimental data. In our calculation of thehant peak$for example, peaks 10, 12, 14, 15, and 16 in Fig.
matrix elements for tunneling transitions from the emitter6(a)] with a voltage spacing three times smaller than dor
2DEG into the QW, we assumed that the emitter wave func=0°. A changeover to resonances with voltage spacings re-
tion is separable, that the electronic effective mass is indeduced by a factor of-3 also occurs in the experimental data
pendent of position in the QW and also independent of enfFig. 1Qb)], along the solid parabolic boundary -V

ergy in the barriers. Since the transition rate is exponentiallgpace. Note that the Landau-like states only generate large
sensitive to the effective mad$as well as to the uncertain- peaks inl (V) for B andV values which are close to the solid
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parabolic boundaries in Fig. 10. In the region®¥ space island of(1,1) stable orbits aB andV values for which the
between the solid and dashed parabolas, the electrons tunriésonance conditiomr=3w. cos6 is satisfied. This condi-
mainly into (1,2) unstable periodic orbits that, as shown ontion defines a parabolic boundary BV space(solid curves

Fig. 7, scar subsets of eigenstates and thereby generate péfi-Fig. 10 along which the voltage spacing of the resonant
odic resonant peaks i(V). Since the period of these orbits peaks in both the calculated and measur@d) curves falls

is roughly three times longer than the traversing orbits foundy a factor~3. The resonant peaks close to this parabolic
for #=0°, the voltage spacing of the associated resonarfpoundary originate from tunneling transitions into a series of
peaks is approximately three times smaller thander0°,  quasi-Landau states whose energy spacing is three times
just as for the resonances associated with quasi-Landa@maller than that of the one-dimensional well states found for
states. For large magnetic fields to the right of the dashed=0°. By using Wigner functions to relate the eigenstates of
parabolic boundaries in Fig. 10, the voltage spacings of théhe QW directly to the corresponding classical phase space,
resonant peaks in both the calculated and measi{édB) we have shown that the quasi-Landau states originate from
color contour plots suddenly increase and approach valugge quantization of stable orbits close to the period-tripling
close to those observed fé=0°. In this highB regime, the  bifurcation. The Wigner functions for the quasi-Landau
resonant peaks appear as a series of yellow/green bandsstates exhibit large amplitude fluctuations across the entire
the experimental data, and either yellow/green or red bandgnge ofv, and v, values within the classical islands of

in the theory. Similar behavior has been observedstability. This demonstrates that the quasi-Landau states
previously®® and occurs because the electrons tunnel int@riginate from quantization of both the traversifigl) and
unstable but periodic traversing orbits whose periods ar@eriod-tripled(3,3) stable orbits. As/ is reduced below the
very similar to the traversing orbits found fer=0°. Note  Vvalue required for the period-tripling bifurcation at a givén
that the current peaks evolve in a less regular way with invalue, there is a changeover to resonant peaks associated
creasing magnetic field in the experimental ddt. 10b)] ~ With well states scarred by unstable periodic2) orbits.

than in the theon|Fig. 10@)]. This is primarily a conse- Finally, we emphasize that despite the complex mixed stable-
quence of noise in the experimental data, which is amplifie¢haotic structure of the classical phase space, the tunneling
by the background subtraction procedure used to construgrocess is dominated by small subsets of well states, which
the contour plot. Sample imperfections, such as charged ingenerate quasi-periodic resonant peaki(W). These states
purities and monolayer fluctuations in the well and barrierare associated with both stable and unstable classical orbits
widths, might also influence the positions of the resonanwithin the small regions of phase space accessible to the
peaks inB-V space though, as noted in Sec. Il, we used largéunneling electrons. Since particular periodic orbits control
spacer layers to minimize the diffusion of dopants into thethe tunneling rates, the(V) curves are insensitive to the
QW and barrier regions. universal statistical properties of the quantized states pre-

dicted by Random Matrix Theory.

V. CONCLUSION
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