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Coherent backscattering of light in a strong localization regime
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Coherent backscatteringCBS of light in a strong localization regime is studied with absorption/
amplification included. The CBS cones arising from strongly localized states inside the complete gaps of
disordered photonic crystals have been observed by numerical simulations in two dimensions. The structure of
the CBS cones can be described well by a theory that incorporates mean free paths, localization length,
amplification/absorption length, and single-particle scattering anisotropy. The excellent agreement between
theory and simulations without any adjustable parameters makes it possible to determine the localization length
from a measured CBS cone, even in an absorbing medium.
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[. INTRODUCTION gence in the total reflection. However, this assumption is not
made in the study of Ref. 11. Very recently, a self-consistent
During the past decade the localization of classical wavetheory has been proposed to describe CBS near the mobility
in random media has been the subject of intensiveedge in the absence of absorptidnn this work, the authors
studiest™*® The observation of light localization has been take an approach of renormalizing the diffusion constant in
reported based on the exponential decay of light intensity aseal space. Again, no extrapolation length renormalization is
it propagates through the medid.However, these reports assumed. Thus, whether or not an extrapolation length renor-
have come under close scrutiny because of the presence wifalization is necessary remains a controversial issue.
absorption in the media. How to probe localized states in Much attention has been paid to the critical region, but
absorbing media has become a crucial issue at present. Rigtle attention has been paid to the structure of the CBS cone
cently, a statistical approach has been taken to determine tle the strong localization regime far below the Anderson lo-
extent of localization in the presence of absorpfidn.ad-  calization transition, which is actually an interesting problem
dition to transmission measurements, one may ask the queit its own right. One may ask the following question: If the
tion: Is it possible to detect localization from reflection mea-localization length is so small that it is of the order of the
surements? Recent results based on random matrix theofiattice constant,” would there still be a CBS cone? If so,
indicate that the statistics of reflected intensity cannot procould its structure provide any useful localization informa-
vide localization information. However, it is well known tion? In fact, Ref. 10 has predicted a totally flat curve with
that the structure of coherent backscattefi@8S) cones has no CBS cone in the strong localization regime. With the
provided a useful means to estimate the mean free path of thrapid development of the photonic band-gap materials, it has
system in the diffusive regim®’ A natural question to ask is become more likely to achieve strong localization states in-
whether the structure of the CBS cone in a localized regimside the complete gap of a disordered photonic cryétal.
can provide localization information of the system as well. The observation of strongly localized states has been re-
The phenomenon of enhanced backscattering, a precusported in both tw&® and three dimensionié:*® Recently,
of Anderson localization due to the interference effect, hasCBS measurements have been performed at frequencies in-
been well studied in weak scattering mefifaln the pres- side the incomplete gaps of weakly disordered photonic crys-
ence of absoprtiorfamplification, the CBS cone becomes tals. However, only diffusive behavior was fouttEven in
rounded(sharper due to the suppressio@nhancementof  random media, localized states with a localization length
long optical path$=® However, the theoretical study of the equal to ten times that of mean free path have been achieved
structure of the CBS cone in the critical region close to therecently* which is not far from the strong localization re-
localization transition has been an interesting and challenggime considered here.
ing problem!®~3 In this region, the structure of the CBS In this work, by using the multiple-scattering method, we
cone can change considerably due to the renormalization aftudy the structure of CBS cones arising from strongly local-
the diffusion constant. Just above the localization transitionized states inside the complete gap of disordered photonic
it is expected that the CBS cone has a sharp top with a rouncrystals in two dimension® This method is known to accu-
region close to it. Just below the localization transition, therately reproduce experimental measurements. Through this
sharp top disappears and a rounding of the CBS consimulation, we find that the CBS cone still exists and the
appears®!t13The rounding of the CBS cone has been ob-curve is not flat even when the localization lengtfs two to
served near the critical regidfln Ref. 10, the authors con- three times that of the lattice constant, contrary to the previ-
sider a momentum-space renormalization of the diffusiorous prediction in Ref. 10. What is more interesting is that,
constantD(q). Due to the requirement of flux conservation, from the results of three different wavelengths and localiza-
the authors also assume that the boundary layers at the suiens lengths, we find that the rounding of the CBS cone
face (or extrapolation lengthshould scale in the same way follows a simple relation\/£, whereX is the wavelength. In
as the diffusion constant to avoid artificial logarithmic diver- the absence of gain or absorption, such a relation makes the
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determination of localiztion length possible. In the presence 1 AR 7 ACEEE CEANE
of gain or absorption, we find that the CBS cone becomes [ y
sharper or rounded as it does in the diffusive regime.

In addition to simulation, in this work we also present a
theoretical approach to study the CBS cone in the strong
localization regime. Our approach is similar to that described
in Ref. 10. However, we incorpate wave localization in a NN
slightly different way. In addition, we consider the single- 10 f A\ </ 3
particle scattering contribution to the CBS cones, which is
found to be important in the strong localization regime. The
effects due to absorption/amplification in the medium are
also included in our approach. Thus, our theory incorporates FIG. 1. Swave transmission coefficients for photonic crystals in
scattering and transport mean free paths, localization lengtlsquare lattice with dielectric cylinders of radR=0.28 (the
absorption/amplification length, and single-particle scatteringlashed ling 0.3a (the dotted ling and 0.32 (the solid ling, and
anisotropy. Due to strong wave localization, the issue of exe=11.4.
trapolation length renormalization becomes unimportant.

Our theory is capable of quantitatively reproducing the simudively. Here, only the second and the third gaps are shown.
lation data for a wide range of angles in all the cases we havEor each value oR, we choose one frequency to study. The
studied without any adjustable parameters. The excellerfollowing are the three cases we have studied h&aeR
agreement between theory and simulation has made it pos=0.30a, f=0.48, (b) R=0.2&, f=0.48, and (c) R
sible to determine the localization length from a measured=0.32a, f=0.64. Since the chosen frequencies are near the
CBS cone, even in the presence of absorption. An analyticatansimssion minima as shown in Fig. 1, they all lie inside
result for three dimensions is also preserited. the second and the third complete gaps of the ordered

This rest of this paper is arranged as follows. In Sec. Il,systems? After randomization, localized states will appear
we first present the results of the numerical simulation. Thénside these gaps. To determine the localization length, we
analytical approach to the study of CBS cones is described itake the geometric mean of the transmission coefficient,
Sec. Ill. Section IV includes the discussion of our results andvhich is expected to decay exponentially with sample thick-
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our conclusions. ness, i.e.T~exp(—L/&) or (InT)~—L/&! After an average
of 100 configurations, we showInT) as a function of
Il. NUMERICAL SIMULATION sample thickness in Fig.(&. From the slope we find

) ) . =19m, 3.2a and 5.& for cases(a), (b), and(c), respec-

We obtain a random medium by completely randomizinggjyely. Thus, these states are indeed strongly localized with
an ordergd photo_nlc crystal, WhICh c_:onS|sts of dielectric cylyne |ocalization length of the order of the lattice constant.
inders with a radiu and a dielectric constart=11.4 ar- For strongly localized states, the scattering mean free path
ranged in a square lattice with air as the background. If wgs 5150 very small. We can simulate the scattering mean free
let a denote the lattice constant, complete gaps exist for &ath from the exponential attenuation of the coherent part of
certain range oR/a for s-polarized waved® The Maxwell the transmitted field, i.e.|(E)|2~exp(~L/N).22 For each
equation takes the formic 2w?e(r)+ V2]E(r)=0, where  configuration, we measure the field at ten different points in
E(F) is the electric field along the cylinder axis aCF) is the central speckle. Similar data are taken for 500 configu-
the position-dependent dielectric constant. rations for averaging. The results are plotted in Figo)2

To randomize a sample of six¥x L (W layers in width ~ from which we findl;=0.56a, 0.91a, and 1.28 for cases
andL layers in thickness we randomly move the position of (a), (b), and(c), respectively. In the presence of absorption or
each cylinder within a distance (- 2R)/2. The procedure is
repeated 1000 times to ensure complete randomization. #

move is forbidden if two cylinders overlap. To calculate the =2 [ S @ 2

transmission and reflection properties of the sample, we usi G\«.g\exo . 4l ]
the multiple-scattering method described in Ref. 20. The2 -4 | T ] O

source is prepared by passing a plane wave through an opev O _I% 6 r ]

slit in front of the sample. The width of the slit is about 20%  _g | ]

smaller than the sample width to avoid diffraction. The 8T ]
multiple-scattering method allows us to calculate the near- _g . 10
and far-zone scattered field in both transmission and reflec 4 8 12 0

tion geometrie€® In our calculations, we choosé&/=101 Lia

and higher fregency gaps to ensure sufficient angular resolu- £ 2. The transmission coefficier{t<In T), as a function of

tion for the study of the CBS cone. For an ordered systeMgample thickness./a for three cases studied in the text) R
the transmission coefficienfsas a function of renormalized =0 3 at wa/27c=0.48 (solid line), (ii)R=0.2& at wal2mc

frequencyf (= wa/2mc), for a sample of size 1047 along  =0.48 (dotted ling, and (i) R=0.32a at wa/2wc=0.64 (dashed
the I'-X direction are plotted in Fig. 1 foR=0.28, 0.3, line). (b) The coherent part of the transmitted field(E)* as a
and 0.32, with dashed, dotted, and solid curves, respeci{unction of sample thickneds/a for the corresponding cases(@.
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angle(degree) ME lations(the dotted linesof the CBS cones for the cage=0.3a and

wal2wc=0.48 with (a) absorption €’=0.5) and(b) amplification
FIG. 3. Comparison between theoisolid curve$ and simula- (€"=—0.03) included. The dashed lines represent the simulation
tions (dotted curver of the CBS cones for three cases) R results in the absence of absorption/amplification.
=0.3a at wa/l2wc=0.48, (h)R=0.28 at wa/27c=0.48, (c) R o
=0.32 at wa/2mc=0.64. (d) shows the rounding angle of cBS the sharp peaks at 5° are due to the specular cqntrlbutlons
cone (A 6) as a function oh/¢. The inset shows how the degree of Not related to CBS. It should be pointed out that instead of

rounding is measured for caga. tilting the sample to avoid the specular contributions, an al-
ternative way is to calculate the specular contributions to the
total reflected intensity. This may be done by evaluating the
coherent part of the reflected intensity as a function of angle,
_ _— 8o i.e., [(E)|%. In the study of ballistic to diffusive transition,
gain length Iy by the relation W=1N=1M,4."" The  his coherent part represents the ballistic transport and is nor-
“bare” transport mean free patlf is related to the scattering mally separated from the diffusive part in the total transmit-
mean free path through the relation |7 ted intensity?>~2°
=1s/1f(6)|°d6/ [](6)|*(1—cos)ds, where f(6) is the Following Ref. 12, we quantify the degree of rounding in
scattering amplitude of a single scatterer and can be obtaineghch case by extrapolating two wings in the CBS cone into a
analytically. We find tha{=2.044,2.25, and 1.05¢ for  triangular cone as shown in the inset of Fi¢gd)3or case(a).
casesa), (b), and(c), respectively. These numerical results The results of rounding angle# are plotted as a function of
confirm that the states inside the complete gaps are strongly/¢ in Fig. 3(d). A straight line indicates thah 6—0 asé
localized with localization lengths comparable to the mean—x at the Anderson localization transition. It is interesting
free paths and they are all of the order of the lattice constanto see that even in such a strongly localized regime, the CBS
It should be pointed out thd{ denotes the bare transport cone is still a useful quantity to measure and the rounding of
mean free path, which is free of interference effects. In thehe CBS cone can give information on the localization length
localized regime, the true transport mean free path should bef the system.
renormalized to zero. To study the effects due to absorption or amplication, we
To simulate the CBS cone, we use samples that have iatroduce an imaginary dielectric constant for each cylinder,
thicknessL a few times longer than the localization length, i.e., e=11.4+i¢€". Taking the case(@ (R=0.30 andf
so that a converging result is reached. In order to separate the0.48) as an example, the CBS cones with absorptidn (
backscattering intensity from the specular contributions due=0.5) and amplificationg” = —0.03) included are shown in
to a residual photonic band-gap effect, we tilt the sample byFigs. 4a) and 4b) with the dotted curves, respectively. In
5° relative to the incident wave front and calculate the far-order to make a comparison with the CBS cone without
zone scattered intensity in the reflection geometry as a funabsorption/amplification, we replot the simulation results
tion of the angle. The results of 2000 configurations areshown in Fig. 8a) as dashed lines in Figs(a} and 4b). It is
shown in Figs. 82)—-3(c) with dotted curves for the cases clear that the CBS cone is reducéshhancegin the pres-
(a)—(c) described above, respectively. The valuek ohosen  ence of absorptioiamplification just as it is in a diffusive
are % for (a) and(b) and 1& for (c). The rounded peaks at medium. However, the degree of rounding shifts in the op-
—5° represent the CBS cones from localized states, wheregmwsite way. It is worth mentioning that when the amplifica-

amplification, [(E)|? decays as exp(L/l), where| is the
extinction length and is related to the absorption lergtor
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' ' ' ' sumption becomes invalid when the system is close to the
localization transition wheré&>17. In this case, a scale-
L\ dependent diffusion constant due to interference should be
L AR‘J\ ] used in the region betweefi and ¢£.*° However, in the case
:C‘ SEORON of the strong localization limit considered here, we hadve
S 10¢ g & 3 ~17. Therefore there does not exist a scaling region that
5 . necessitates the renormalization of the diffusion constant.
E‘«.E e This assumption allows us to replace the diffusion pole 1/
i B ] (—iw+Doq%) by 1[—iw+Dy(q?+& 2)], which, in the
static limit, produces a correct exponential decay in the in-
' ' ‘ ' ' tensity distribution at distances>¢. In the time domain,
such a replacement makes the incoherent part of the time-
Uls resolved abedo to decrease like%? for t<t,=¢&%/D,
and cross over to an exponential decay whett,., i.e.,
FIG. 5. The distribution of the normalized intensity of the re- exp(~t/t). If we define the time-dependent diffusion con-
er_cted speckles foe” =0 (triangleg, —0.03 (squarel and —0.3 stant by using(r2>~tD(t), we find that D(t)=Dexp
(circles. (—t/t.). A similar approach has been suggested in Ref. 10,

N " ) . . except that instead of a smooth change, a sudden cutoff of
tion is larger thare” = — 0.03, we find large angular intensity the diffusion pole is proposed far< ¢~ * and the diffusion
fluctuations as observed in “random lases” due to the en-

h t of t scatterfgt’ In order to show th constant is assumed to be zeroder £~ ort>t,. With our
ancement of recurrent scattering. In order 1o Snow tese ., 4 ifiaq diffusion pole, simple expressions fgrandy, can
fluctuations, in Fig. 5 we plot in semilog scale the distribu-

tion of the normalized speckle intensity at angles 56| be obtained following a procedure similar to that described
- | in Ref. 7. A brief derivation is given in the Appendix for a
< 25° for three different values of”: O (triangleg, —0.03 g Pb

emi-infinite scattering medium in two dimensiof®D) (d
(squarel and —0.3 (circles. In a passive medium, the dis- semEmin g um in two d ! ) (

A . o . =2). The results are
tribution obeys Rayleigh statistics as predicted by the ran- )

dom matrix theory. In the presence of gain, a tail in the 1 (= (=
exponential decay is found, which increases with the gain Yl ps, mi)= ——zf f I'(z1,2,;09,=0)
parameter. Thus at large gain, it becomes diffucult to obtain i1“Jo Jo
a smooth CBS cone.
1z, 1z
xXexpg —=|—+—||dzdz, (2
lll. THEORY I\ ks M

In the following, we present a theory to describe the struc- 1 (= (= _
ture of CBS cones in the strong localization regime with 7c(/vts,l/«i)=—'|—2 o ), F(z1:22:00)
absorption/amplification included. In a diffusive regime, the Hi

backscattering intensity can be described by the sum of three X cog Ko(pi— pms)(Z1—29)]

bistatic scattering coefficientsys(us, i), % (ms,ui) and

ve(ms, i), Which represent the contribution from single 1/1 1

scattering, diffusive transport, and interference between Xex%‘ﬁ(@’Lz (z1125) |d2,d2,

counterpropagating waves, respectiviely. Here p; ¢
=cosé s, and 6; and 6 denote the incident and scattered ©)
angles relative to the surface normal, respectively. To beyith

more precise, we havé,=0 for normal incident light and

6,=0 when the backscattered light is directly opposite to the 1 (= VY24 (21— 2,)?

incident light. It is easy to show that by including the single- I (Z1,22:01)= 277I°J Ko 7

particle scattering anisotropy,(us,ui) has the form t

0

_ VW2 (z+2,+21)?
2ml[f(m— 6= 6917 s —Ko( ) cosa.y)dy
Vsl s, pi) = o ( n ) (1) 7
|Sf 1f(0)|2dg K 4
0 and
However, in a strong localization regime, the effects due to 1] -1
wave localization should be included in the evaluation of n—zzg—zi(%> , (5)

Y(ms, i) and ye(us,ui). Here, we assume that wave in-
tensity follows a diffusive behavior with a Boltzmann diffu- whereKj, is the modified Bessel function of the second kind,
sion constantD,=cl{/d in a regionr<¢ centered at the ky=w/c, q, =Kko(sinfs+sing), and extrapolation length,
source and decays exponentially when¢, i.e, exp(r/§). =(0.78))(1+R)/(1—-R). HereRis the ratio of the incom-
Here d denotes the dimensionality of the system. This asing flux to the outgoing flux at the sample boundary. It
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should be pointed out that in E@l), a constant bare extrapo- ' ' o ' '
lation lengthl, has been used for the entigespace. It has 05 ¢ '
been suggested in Ref. 10 thagaependent renormalized
extrapolation length, similar to the renormalization of the
diffusion constant, should be used in the critical regiort
<g<(I9) 1. Since we havé=~I? in the strong localization
region, we can use a bare extrapolation lenitHor the
entire region ofg>¢"1. As for the localized part withy
<& lorr>¢, we assume it gives a negligible contribution
to y, and y. when compared with the diffusive part. Thus,
the error we introduced is expected to be insignificant and
the question of extrapolation length renormalization becomes
unimportant. The justification of this assumption will be dis- ' / “ S
cussed later. / N

The presence of the last term in EG) represents the 0.25 1 / PR
interplay between absorption /gain and diffusion and is de-
rived in Eq.(Al12) of the Appendix with the assumption of
Ia,g>l?, wherel, andl, are, respectively, the absorption and
gain lengths of the mediufhThis result can also be under-
stood intuitively by using some diffusion arguments, i.e.,
L2 4=DoTag. Do=lgc/d, and 7, g=1, 4/c, wherelL, 4 and
Tag are the decaygrowth length and absorptiorigain)
time, respectively. The effects due to wave localization
come from the presence of thg 2 term in our modified 6, it is easy to see that whem>10°, ys shows strong an-
diffusion pole. This simple insertion is to cut off the diffu- gular dependence and behaves very differently between
sion pole to take into account the wave localization. It doesases(@), (b), and(c). This is due to large angular depen-
not include the interplay between absorption/gain and localdence in the scattering amplitudend its sensitivity to the
ization. However, the contribution to the change of the CBSatio M \/eR near Mie resonance. In fact, the ratioxfyeR
cone from the interaction between absorption/gain and locals about 2 for the caséds) and(b) and 1.5 for the casg). If
ization can be assumed to be much smaller than that from thae ignore the single scattering anisotropy, Ef.reduces to
diffusion part due to the exponential decay in the intensitythe known result ofys(us, ui) = us/ (st 1) in the absence
whenqg< ¢ 1. In this case, the diffusion pole is dominated of absorption/amplificatioh.By using this relation in our
by the large term¢ 2, which cuts off the contribution to the theoretical calculations, we replot the results of casgand
CBS cone and makes the error insignificant. This assumptioft) as dashed curves in Figsay and 1b). Compared to the
is supported by a recent work on the absorption in a metalli¢esults of Eq(1) (solid lineg, appreciable discrepancies be-
photonic crystaf® It has been found that the absorption is tween theory and simulations appear in the wings of CBS
much smaller in the gap region than in the band region dueones wher,>10°. Thus, in a strong localization regime, it
to the evanescent decay of wave intensity in the gap regions necessary to include the single scattering anisotropy in Eq.
Although the last term in Eq5) does not include the inter- (1) in order to achieve a quantitative agreement with the
action between localization and absorption/gain, the presencemulation data.
of this term is effectively to enhand@r reduce the local- In the presence of absorption or amplification, we also
ization effect in the case of absorptigor gain if we con-  calculate the extinction length numerically for case(a)
sider » as an effective localization length. This in turn will shown in Fig. 3. The absorption and gain lengths are found
reduce(or enhancethe CBS cone as we have seen in theto bel,~10 for ¢"=0.5 andl,~80 for €"=—0.03, re-
numerical simulationgFig. 4). __ spectively. By using these numbers in E¢B~(5), we ob-

In the absence of absorption or amplification, whére tain two solid curves in Fig. 4. The excellent agreements
=l, we use numerically calculatdd, I?, & andf(6) in between theory and simulations show the validity of Egs.
Egs.(1)—(5). The effective medium approximation is used to (1)—(5) even in the presence of absorption or amplification.
estimateR. The results are shown as the solid curves in Figs. The generalization of Eqgs(1)—(5) to 3D systems is
3(a)—-3(c). Apart from some small statistical fluctuations, we straightforward. In this case, the functibnin Eqg. (4) should
have obtained excellent quantitative agreements betweddt replaced by
theory and simulations for a wide range of angles in all cases
without any adjustable parameter. To isolate the CBS effect,

0.25 -

bistatic scattering coefficient

-30 0 30 60 90
angle(degree)

0 1
-90 -60

FIG. 6. Comparison o, y,, andy, for the three cases shown
in Fig. 2: (@) in solid lines, (b) in dashed lines, an¢t) in dotted
lines.

3 |exp—|z— 2,/ n %+q?)

we also plot separately the termys, v, andy, in Fig. 6. I'(z1,2550,) = 10 7 2+ 2

Compared with the same term in the diffusive regime, ! K .

now covers a much wider range of angles. Appreciable exp(—|zy+ 2o+ 21\ p 2+ )
amount of intensity appears even when the scattered @#ggle - = (6)
is above 10°. From the three curves-yaf 65) shown in Fig. V7 Taq;
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2 A A ] among the scatterers, systems possess certain short-range or-
- @ f ] der even when they have been completely randomized. As a
‘§ 15 L f, 3 result of such short-range order as well as the the presence of
L i ] Mie resonances, some quantitative differences in the trans-
é i i port properties between the states in the gaps and in the
3 " bands still remain. For instance, the localization length inside
8 a gap is generally smaller than that in a band. In fact, the role
% played by resonant scattering in determining the band-gap
8 position has been studiéd>’ Since the focus of this work is
in the strong localization regime, we did not study the CBS
cone arising from those less localized states in a band. How-
= ever, both the method of numerical simulation and analytical
‘@ theory presented here can also be applied to the localized
£ states in a band.
é Instead of complete randomness, if only a small disorder
3 is introduced, the wave propagation inside a gap remains
§ evanescent in nature. In return, the statistics of reflected
5 speckle intensities will exhibit a non-Rayleigh distributitin.
8 In this case the analytical theory presented here cannot apply.
. . ‘ ] However, for the case of complete randomness studied here,
0 T T T T Ty T T T T T the second and third gaps shown in Fig. 3 are closed. Waves

angle(degree) lose their evanescent nature completely and Rayleigh statis-
tics are recoveredf. This makes the analytical theory valid.
FIG. 7. The CBS cones for two cas¢s) R=0.3a atwa/2mc  The qualitative difference in the transport behavior between
=0.48 and(b) R=0.32 at wa/2mc=0.64 with the single scatter- the cases of small randomness and large randomness has first
single scattering ani;otrop{;_dashed lines respectively. The dotted crystals§2'33 It has been found there can exist two types of
lines represent the simulation result. localized states inside a band gap. In the case of large disor-
der, all the states inside a gap belong to normal-type local-

with ized states, satisfying the single-parameter scaling theory.

19| -1 However, when disorder is small, the localized states well
772=§2i<ﬂ) , 7) inside a gap do not satisfy the single-parameter scaling
3 theory due to the residual evanescent nature of the waves.

where q, = ko[ (Sin B:coSy;+sin 6.C0SY)2+ (sin Bsin i Such distinct transport behaviors inside a gap between the
+sin 6sin )2]¥2 andi ands stand for the incident and scat- ¢2Ses of small and large disorder also appear in higher di-

tered angles, respective7IyAgain, Egs.(6) and (7) are valid mensions. In this work, our focus is on systgms with large
only in the strong localization regime. disorder. The structure of the CBS cone arising from the

localized states inside the gap of a weakly disordered photo-
nic crystal remains an interesting subject for future study.

We would also like to point out that in the diffusive part,

In our theory, we have assumed that the diffusive part ofllthough the number of scatterings is small in the strong
the wave propagation represents the dominant contribution tocalization regime, nevertheless, this small number of scat-
the CBS cone, whereas the localized part makes a negligiblkerings is sufficient to develop diffusive behavior. If we take
contribution due to its exponential decay in wave intensity.a typical case ot~3l} and useD,=(l)?/3to, wheret, is
This assumption is supported by the excellent agreement béie scattering time, the crossover time it takes from diffusive
tween theory and simulation for all the cases we have studietb localized behavior is about,=¢%/Dy~2T7t,. Thus, it
without any adjustable parameters. In fact, our assumption iakes about 27 scattering processes before waves become
also supported by the result of the random matrix theorylocalized. In a recent study of ballistic to diffusive transition
which predicts Rayleigh-type statistics in the reflected intenusing transmitted pulse measurements, it has been found that
sity distribution even in the localized regiméf the contri-  the peak of the pulse starts to develop a diffusive behavior
bution from the localized part were not negligible, onewhen the sample thickness is as small as three mean free
should expect a tail in the exponential decay similar to thepaths®®. This indicates that only a few scattering processes
case of transmitted intensity distributidiCertainly, this is a  are needed to develop a diffusive behavior. Therefore, even
unique feature of wave propagation in the reflection geomin a strong localization regime, it is possible to have a diffu-
etry, not shared by the transmitted waves. sive region that constitutes the dominant part of wave propa-

At this juncture, we would like to stress that the 2D dis- gation in the reflection geometry.
order photonic crystals we have considered here are com- Although our present work is focused on the strong local-
pletely random. Thus, all states are localized, including thos&ation regime, both the numerical and theoretical ap-
in the passbands. However, due to the hard-core repulsiomsoaches presented here can, in principle, be extended to

IV. DISCUSSION AND CONCLUSIONS

155208-6



COHERENT BACKSCATTERING OF LIGHT INA.. .. PHYSICAL REVIEW B55 155208

include the critical region. Numerically, one has to simulate ACKNOWLEDGMENTS
the CBS cone arising from states wik» 1. In this case, the We wish to thank P. Sheng and B. A. van Tiggelen for

sample size becomes very large, I&/>L>¢. Unfortu-  qefyl discussions. This work was supported by Hong Kong

nately, our present computing capability does not permit UrGc Grants Nos. HKUST 6137/97P and 6160/99P.
to perform such large-scale simulation. Analytically, as the

critical region is approached, one has to renormalize the dif-
fusion constant as well as the extrapolation length as sug- APPENDIX

geste_d n Ref. 19' The interplay betwee_n absorption/ | thig appendix, we give some key steps that lead to the
amplifcation and diffusion can also be obtained from thefina results of Eqs(4) and (5) for the CBS cone in 2D. For
intuitive arguments described earlier by adopting a scalegonyenience, the notations used here follow the 3D work of
dependent diffusion constafit(L)=Dyl¢/L to replaceD,  van der Market al. in Ref. 7. Also, we assume that wave
for L<¢. Such a replacement will lead to the resul'[L(ifyg speedc in vacuum is unity. In 2D, the single-particle scatter-
=[(|B)2|a'g/d]2/3.34'35The existence of the fact@r 2 in the ing operators(lzl,lzz) takes the forrh
diffusion pole will again provide a smooth cutoff when
> ¢. Of course, the validity of this generalization should be K -
tested against thab initio simulation as we have done here. s(|21,|22):4i A\ /—Oexp< i—
If this can be done, through comparison between theory and 2 4
simulation, it may be able to resolve the controversial issue ) ) ]
of extrapolation length renormalization in the critical region. ASsuming a point scatterer, EGA1) has the following form
The excellent agreement in the structure of the CBS cond! réal space:
between theory and simulations suggests the possibility of a
method to determine the localization length even in the pres- .o kg T L. ..
ence of absorption. In order to do so, the absorption length Sa(F1.72) =4 TeXF( ' Z)f5(f1—ra) o(ra=ra),
and the scattering mean free path should be determined first. (A2)
In order to know the absorption length of the medium, one

can determ:%el the t?lpslf rption It'm.tg _by usm? da tkﬁ)utlsti wherer’ . denotes the position of the scatterer From Eg.
measurement. In a thick sampie, 1t 1S expected that the a5) e can write the vertex function for the ladder dia-
time-resolved total reflected intensity decays as exfiy). grams as

In order to determine the scattering mean free path, one can

measure the decay of ballisticoherentintensity as a func-

tion of sample thickness in thin samples in transmission mea- L=, f So(M1,T2)S5 (13, 12)dr,,

surements, i.el{E)|2~exp(—L/l9).22 Then!? and the func- @

tion ys of Eq. (1) are calculated by using the scattering Ak

function f(6) of the single scatterer. Finally, the localization =|—05(F1—F2)5(F3—F1) 8(Fq—r1), (A3)

length can be determined by fitting the measured CBS cone

to the analytic results. ) ) )
In summary, we have simulated CBS cones of light atwherel = 1/(27nyf<) andny is the density of scatterers. For

different wavelengths and localization lengths inside theP©!Nt Scatterers, the functidris angular independent and the

complete gap of disordered photonic crystals in two dimen_.transport mean free path equals the scattering mean free path,

f(kJ,Ko). (A1)

sions by using the multiple-scattering method. We havd-&; 1:(0)=1s=1. Thus, the functiorF(ry,r) in the ladder
found that CBS cones still exist and the curve is not flat everfiagram satisfies

when the localization length is two to three times that of

the lattice constant. Furthermore, the rounding of the CBS  _ _ Ko 4 by -

cone is found to follow a simple relatio/ £, which can be ~ F(ry,r2)=|4 Tf) NA(r1—r3)

used to estimate the localization length. Like in a diffusive

regime, the presence of absorption or amplification is found Ko 2 . L L

to reduce or enhance the CBS cone. In addition to simula- +no| 4 Tf) fA(Fl—f')F(flyfz)dr’,
tions, we have also presented an analytical theory that incor-

porates scattering and transport mean free paths, localization (Ad)
length, absorption/amplification length, and single-particle

scattering anisotropy. We have obtained excellent quantitavhere

tive agreement between theory and simulations with a wide

range of angles in all the cases we have studied without an - s - - - -
adjgstable r?arameters. This makes it possible to determin)é A(rl—r2)=(Gk0+w,2(r1—r2))<G’k‘0,w,2(r1—r2)>,

the localization length from a measured CBS cone, even in (A5)
the presence of absorption. The main results obtained here
are also valid in three dimensions. and
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e"ZFdIZ
[Ko+i/(21)]2—K?

. 1
(@)= |

=—iHV[{ko+i/(21)}|r]1/4, (AB)

where 1f =1/ = 1/, , has been defined in Sec. Il ang" is
the Hankle function of the first kind. Equati@A4) is solved
in the momentum space by taking its Fourier transform, i.e.

16k3

I—ZA(d)

akg .
1- —°A@)

F(q)= (A7)

where

A= [ (Gl NG,k T, (aD

Substituting Eq{(A6) into Eq. (A8) and taking the diffu-
sion limit, we find

. 8ko/(I1?)
a— D_o +q
where
2(1+1,)?
% for absorption
= : (A10)
—2(l4—1? :
_ for gain,
15
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(I+1y)
I
(Ig=1)
I

for absorption
(Al11)

for gain,
g

whereDy=1/2. In absence of absorption and gain, we have
a=0 andb=1 and Eq.(A9) contains a diffusion pole as
expected. In the situatioh, ;>1, a andb can be approxi-
mated by (Il a'9/2)‘1 andb=1. Here+ and— correspond

to the absorption and gain, respectively. In the localization
regime, from the assumption described in Sec. Ill, we should
replace the factor 14—iwb/Dy+g?) in Eq. (A9) by 1/(a
—iwb/Do+qg?+£72), whereé is the localization length. In
the casd, ¢>1, Eq. (A9) becomes

. 8ko/(11?)
iw B

: (A12)
2

where 2= ¢ 2x (11, 4/2) "%
Thus, in the static limit ¢=0), by taking the Fourier
transform of Eq.(A12), we obtain

whereK, is the modified Bessel function of the second kind.
In the real situation where the functidns angular depen-
dent, the bare transport mean free pIq?tIshouId be used for

I. Inserting Eq.(A13) into the bistatic scattering coefficients
for the ladder and maximally crossed diagrams described in
Ref. 7, we obtain Eq94) and(5).

r

n

2k,

F(r):ﬁKo( (A13)
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