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Effect of charge fluctuations on the persistent current through a quantum dot
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We study coherent charge transfer between an Aharonov-Bohm ring and a side-attached quantum dot. The
charge fluctuation between the two substructures is shown to give rise to an algebraic suppression of the
persistent current circulating the ring as the size of the ring becomes relatively large. The charge fluctuation at
resonance provides a transition between diamagnetic and paramagnetic states. Universal scaling, the crossover
behavior of a persistent current from a continuous to a discrete energy limit in the ring, is also discussed.
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Coherent electron transfer from one region to another
gion in a composite mesoscopic structure may drastic
affect the quantum-mechanical properties of the coupled
tem. Coupling between the subsystems due to electron tr
fer accompanies charge and/or spin fluctuation, and sig
cantly modifies the characteristics of the system. A protot
to investigate such kinds of effects is a mesosco
Aharonov-Bohm~AB! ring tunnel coupled to a quantum do
~QD! ~Refs. 1–8! or connected to a finite-size wire.9–14 A
purely one-dimensional~1D! ring of spinless electrons ex
hibits persistent current~PC!, being either diamagnetic o
paramagnetic depending on the number of electrons b
odd or even,15 respectively. This so-called ‘‘Leggett’s conjec
ture’’ breaks down when the ring is coupled to an addit
structure such as a QD, because the system is not purel
any longer. In a side-branched QD case of Ref. 1, it w
shown that coherent charge transfer from a QD to a r
induces a sharp transition between plateaus of diamagn
and paramagnetic states. This phenomenon is quite un
standable in terms of a single charge transfer that alters
number of electrons in the ring and in the QD one by o
However, discussion of Ref. 1 was limited to a relative
small ring where the energy level spacing (d) of the ring is
much larger than the tunnel coupling strength (G8) between
the QD and the ring.

The role of spin fluctuation associated with the Kon
effect on the PC recently became an issue of seri
debate.3–7 The central point of the debate is whether the f
lowing argument of the correspondence between an o
system and its closed counterpart can be applied to a sy
with a Kondo correlated quantum dot:The PC in a 1D non-
interacting scattering model with a fixed electron numbere
is completely determined by the transmission probability
the Fermi level, to the leading order of1/L, with L being the
length of the ring.16 Transport current~TC! through a 1D
quantum wire with a side branch QD is completely su
pressed in the Kondo limit.17 Conversely, it was shown by a
exact Bethe ansatz4 and by a diagrammatic expansion5 that
the PC of a mesoscopic ring with a side-branch QD is
affected by the presence of the Kondo effect in the c
tinuum limit ~supporting the spin-charge separation!. On the
other hand, Affleck and Simon6 obtained a result opposite t
that of Refs. 4 and 5 by using a renormalization-group ana
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sis combined with the above described argument of Ref.
and concluded that the normalized PC is completely s
pressed in the continuum limit.

At this stage, there arise fundamental questions associ
with strong charge fluctuations that have not been clarifi
up to now:~i! whether the PC and TC are straightforward
interrelated each other or not, and~ii ! the nature of the uni-
versal scaling behavior of the PC in the limit ofd/G8→0. To
clarify these points let us consider a QD side coupled t
mesoscopic ring. To understand the effect of charge fluc
tion on the PC and TC, it will be very instructive to study th
case of a noninteracting QD, because this model is exa
solvable. We show that charge fluctuations between the
and the QD suppress the PC algebraically. We argue tha
suppression can be understood without the assumption
the PC is a Fermi-surface effect. Although this result can
be directly applied to a system with a Kondo correlation, t
comparison between the PC’s due to charge and spin fluc
tions may provide deeper insights to resolve the ongo
issue of a Kondo-correlated quantum dot side coupled t
mesoscopic ring.

We begin with the model Hamiltonian of the system,

H5H01HD1HT , ~1a!

whereH0 , HD , andHT represent the AB ring, the QD, an
the tunnel coupling, respectively:

H052t (
j 50

N21

~eif/Ncj
†cj 111H.c.!, ~1b!

HD5«dd†d, ~1c!

HT52t8~d†c01c0
†d!. ~1d!

For the ring we employ a 1D periodic tight-binding model
N lattice sites (cN5c0) with the hopping integralt taken to
be real without loss of generality. The phase factorf is
defined byf52pF/F0, with F and F05hc/e being the
AB flux and the flux quantum, respectively. The QD, whic
is much smaller than the ring, is modeled as a single reso
level of the energy«d . For our concern, this model is suffi
cient to study the effect of a charge fluctuation on the P
The QD is coupled to the ring at site ‘‘0’’ by the tunnelin
©2002 The American Physical Society03-1
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matrix elementt8. Throughout our discussion,t8 is consid-
ered to be much smaller thant. Also, for simplicity, we con-
sider only the half-filled case,Ne5(N11)/2 with odd N,
where the total number of lattice sites including the dot
N11. This assumption does not affect the conclusion
will draw in the present study.

The essential parameter representing the coupling stre
between the ring and the QD, namely,G8, is defined by

G85pr~«F!ut8~«F!u2, ~2!

wherer(«F) and t8(«F) represent the density of states a
the hopping amplitude at the Fermi energy«F , respectively.
For the half-filled case («F50) at the continuum limit,
r(0)5d215N/(2pt) and t8(0)52t8/AN. Thus G8 is
given by

G85
t82

2t
. ~3!

Hamiltonian~1! can be exactly diagonalized, which give
the N11 eigenvalues$Ea%. After some algebra, one find
that the eigenvalues can be obtained from the equation

Ea2«d5
G8

p
d(

m

1

Ea2«m
, ~4!

where«m522t cos@(2mp2f)/N# are the eigenvalues of th
ring HamiltonianH0 with m being integers corresponding t
the angular momenta.

At zero temperature, the PCI (f) is given by the coheren
charge response of the ground state to the AB flux as

I ~f!52
e

\ (
a

occ
]Ea

]f
, ~5!

with the summation to be taken only for occupied levels
$Ea%. Combining Eqs.~4! and ~5!, one obtains the expres
sion for the current,

I ~f!5(
m

F~«m!I m~f!, ~6a!

where

I m~f!52
e

\

]«m

]f
~6b!

is the current contribution by the bare energy level«m for the
ring, and

F~«m!5
G8

p
d(

a

occ
Aa

~Ea2«m!2
~6c!

represents the effective distribution function of electrons
the level«m with

Aa5F11
G8

p
d(

m

1

~Ea2«m!2G21

. ~6d!
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F(«m) corresponds to the probability of an electron occup
in the bare energy level«m , with its summation onm being
just the average number of electrons in the ring part,

(
m

F~«m!5Ne2nd , ~7!

wherend is the occupation number of electrons in the QD
First we discuss the current-phase relation at resona

(«d50), where the charge fluctuation is strongest. Figur
shows the PC in two different cases:~a! weak and~b! strong
couplings, respectively.I 0 denotes the PC amplitude of a
ideal ring with the same radius,I 05evF /L, with vF being
the Fermi velocity. Some interesting results are found both
the weak- and strong-coupling cases. First, the current
plays no parity effect, that is, it does not depend on
number of electrons being even or odd in contrast to pure
systems. Second, its period is half (F0/2) of that in an iso-
lated ring. It should be noted thatI /I 0 is a universal function
of d/G8 for «d50.

For a level spacingd much larger than the coupling
strengthG8 @Fig. 1~a!#, the behavior of the PC shows a cros
over from the diamagnetic state to the paramagnetic stat
an ideal ring with a sawtooth-shaped functional form. T
crossover of the ground state occurs at an AB fluxF
5F0/4, which leads to a period halving of the PC. Th

FIG. 1. Charge resonant («d50) persistent current phase rela
tions ~a! for weak coupling (d/G851000) and~b! for strong cou-
pling (d/G850.5). The dashed and dotted lines in~a! correspond to
the current of an ideal ring with the number of electrons being o
and even, respectively.
3-2
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crossover can be understood in the following way. Only
topmost level of the ring withNe electrons mainly contrib-
utes to the PC in thed@G8 limit ~to be precise, in thed
@t8 limit !. The PC follows that of an ideal ring withNe
electrons or withNe21 electrons, depending on whether t
topmost level is occupied or not. The criterion of whic
curve the PC will follow depends on the relative magnitu
of ENe

0 and ENe21
0 where ENe

0 represents the ground-sta

energy of an ideal ring withNe electrons. With this criterion
one can find that the ground state of the system should
diamagnetic atF,F0/4, and paramagnetic atF.F0/4.
This fact is not affected by the total number of electronsNe
being even or odd, and thus the parity effect disappear
this special case.

Figure 1~b! shows that, for a relatively strong couplin
I /I 0 is much suppressed due to the strong charge fluctua
and level hybridization. The current-phase relation resem
a sinusoidal function. This behavior is quite universal in t
d/G8→0 limit, with a much suppressed value ofI /I 0. Here
we emphasize thatthis feature of the transition from a dia
magnetic state to a paramagnetic state is a unique phen
enon of charge fluctuation which is not present in a Kon
system withd→0 limit. That is, the effect of a charge fluc
tuation does not provide a one-to-one correspondence to
of the spin fluctuation studied in Refs. 4–6.

The universal feature of the PC as a function ofd/G8 can
be understood from Fig. 2.I /I 0 as a function ofd/G8 is
plotted on a log-log scale.F5F0/8 is chosen for this figure
but the overall feature including the universal scaling is
dependent of a given value of the flux. In the very we
tunneling limit (d/G8→`), the current saturates to a valu
of an ideal ring,I /I 0520.25 for F5F0/8. This is exactly
what is expected from Fig. 1~a!. I /I 0 is diminished asd/G8
decreases. One can find that at smalld/G8(!1) the curve of
the PC becomes linear, with its slope being exactly 2. T
implies that I /I 0 is proportional to (d/G8)2 in this region,
and eventually reduces to zero in the continuum limit
d/G8→0 (L→`).

The vanishing ofI /I 0 at d/G8→0 limit could be inter-
preted in two different ways, as follows. The first interpre
tion is based on an analogy between the open system an

FIG. 2. Universal curve ofI /I 0 on resonance («d50) as
a function ofd/G8, for F5F0/8. The dashed line corresponds
I /I 0}2(d/G8)2.
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ring with L→`.16 It was shown in Ref. 17 that the linea
response conductance through a 1D perfect quantum
with a side-coupled QD is given by

G5
2e2

h
T~«F!, ~8!

whereT(«F)5cos2pnd is the transmission probability at th
Fermi level for spinless electrons. At resonance,nd51/2;
thus the conductance reduces to zero. This perfect reflec
is understood as a result of the destructive interference
tween the direct transmission through the wire and the re
nant transmission via the QD. The vanishing of the norm
ized PC in our study might be regarded as the sa
characteristics with the perfect reflection in the correspo
ing open system.

However, the following alternative viewpoint can eluc
date the suppression of the PC in a closed system with
introducing the analogy with the open system. For«d50
with d/G8!1, various configurations of the distribution i
the ring states contribute to the current, with its total num
of electrons beingNe or Ne21. These include many excite
states with excitation energies lower thanG8, with fluctuat-
ing numbers, of electrons in the ring part. Each configurat
contributes to the current, with its magnitude and size
pending very much on the configuration of excited stat
These configurations modify the occupation weight of ea
states«m in the ring. The effective distribution is plotted i
Fig. 3 as a function of the ring energy level. One can fi
that, for «d!2G8, F(«m) coincides with the distribution
function of an ideal ring withNe21 electrons. That is,
F(«m)51 for Ne21 lowest energy states, andF(«m)50
otherwise. Similarly, for«d@G8, F(«m) corresponds to the
distribution function of an ideal ring withNe electrons. On
the other hand, at the charge resonance point («d50),
F(«m) shows a partial occupation weight for the levels a
jacent to«d . Actually, this induces an algebraic suppressi
of the PC. It is important to note that this alternative inte
pretation does not require an assumption that the PC ca
regarded as a Fermi-surface effect. Furthermore, this a
ment cannot be applied to the Kondo system where
charge fluctuation is completely suppressed.

FIG. 3. Effective distribution function of the ring energy leve
in the strong-coupling limit (d!G8). The parameters are given a
Ne5388, F5F0/8, andd/G855.0631022.
3-3
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In Fig. 4, the PC as a function of«d is displayed for
different values ofd/G8. The current shows a crossover fro
I 5I ideal

Ne21 at «d!2G8 to I 5I ideal
Ne at «d@G8. The crossover

occurs around2«d* <«d<«d* , where «d* .G8, for small
enoughd/G8. In fact, I /I 0 is expected to be a universal fun
tion of the renormalized parameter«d /G8 in the limit of
d/G8→0. One can find that the crossover value of the
level «d* increases as the level discreteness of the ring
comes important. In thed/G8@1 limit, the crossover value
«d* no longer corresponds toG8. This can be easily seen b
considering the extremely discrete limit of the ring whered
@2t8. In this limit, only the topmost energy level, namel
«L , will participate in the charge transfer to the dot.1 Then
one can write the current in the simplified form

FIG. 4. Crossover of the persistent current fromI ideal
Ne21(f) to

I ideal
Ne (f) as a function of the dot level position. Here the paramet

are given asNe5188, andF5F0/8.
s.

mp
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I ~f!5I ideal
Ne21

~f!2
e

2\

]«L

]f S 11
«d2«L

A~«d2«L!21~2t8!2D ,

~9!

from which one can find thatI .I ideal
Ne21 at «d2«L!22t8 and

I .I ideal
Ne at «d2«L@2t8. The crossover energy value is«d*

.2t8 instead ofG8. BecauseG85t82/2t!2t8, in our study
«d* increases asd increases, which indicates that the discre
ness of the ring eigenstates weakens the effect of ch
transfer resonance. A similar kind of evolution from the co
tinuum to the discrete limit was studied in Ref. 18 for
double-barrier resonant tunneling model, which shows
transition from true resonance to a semiresonance beha
of the PC. Our case can be considered as another manif
tion of the crossover from true resonance to semiresona
for the case of a side-attached QD.

In conclusion, the effects of resonant charge transfer
tween a QD and an AB ring have been investigated by c
sidering the PC circulating the ring. We have discovere
nontrivial algebraic suppression of the PC due to charge fl
tuations in the continuum limit of ring energy levels. W
have also found that the transition of diamagnetic to pa
magnetic states is closely interrelated to the PC suppress
and that this property does not provide an exact one-to-
correspondence to the coherent charge response to the
flux at Kondo resonance.
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