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Decoherence and relaxation of a superconducting quantum bit during measurement
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During measurement, information is transferred from the measured quantum system to the detector via their
coupling. The same coupling that extracts information from the quantum system transmits noise from the
detector’s environment to the system as well. In this paper, we derive the limit to the measurement efficiency
of a superconducting persistent-current qubit measured by a dc superconducting quantum interference device
~SQUID! and calculate the noise transmitted to the qubit from the environment of the dc SQUID. The method,
with simple linear circuitry correspondence, can be applied to calculate the noise transferred to a quantum
system from the environment of an arbitrary external system that interacts with it. The relaxation and deco-
herence induced by this noise are also estimated.
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I. INTRODUCTION

Quantum computers store and process information
quantum bits. Any coherent controllable two-state quant
system1 can register a quantum bit; such ‘‘qubits’’ have be
realized in a wide variety of physical systems.2 To collect,
manipulate or transfer information from a qubit, we need
entangle the qubit to an external quantum system such
detector, a radiation source, or another qubit. The exte
quantum system acts as an information transmission cha
that performs an operation on the qubit state and colle
information. In addition to the intrinsic decoherence of t
qubit, this operation transmits noise from the environmen
the external system to the qubit and decoheres the qubit.
stronger the interaction between the qubit and the exte
system is, the more information is obtained by one meas
ment and, at the same time, the more noisy the qubit will
Because the external system typically contains macrosco
noncoherent elements, it is often exposed to strong envi
mental noise and becomes a crucial noise source for the
bit. This raises the problem of designing optimized quant
circuits that can maximize the signal-to-noise ratio dur
information transmission. In this paper we will study th
measurement efficiency of the persistent-current qubit m
sured by a dc superconducting quantum interference de
~SQUID! and present a method to derive the noise tra
ferred to the qubit from the detector’s environment.

The superconducting persistent-current qubit~pc-qubit! is
a solid-state Josephson junction device that stores quan
information on circulating currents.3 pc-qubits have been
successfully fabricated and measured.4 These measuremen
are not only the first steps in realizing solid-state quant
computers, but also invoke fundamental studies on verify
quantum mechanics at macroscopic scales.5,6 In the experi-
ments the SQUID interacts with the qubit and influences
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qubit’s dynamics. To interpret experimental data correc
we need to study the interaction between the qubit and
detector carefully to analyze the influence of the detector
the qubit and to extract from the measured data the feat
that are due to the qubit’s behavior.

During a measurement, the detector entangles with
qubit and collects information from the qubit; it then tran
fers this information into macroscopic distinguishable sta
that are recorded. Meanwhile, via the same coupling,
detector transmits noise from the output parts of the circ
which are usually exposed to stronger environmental no
to the input parts where the qubit is located. The transfer
noise will damage the qubit state when it takes a long time
collect the information. This problem exists in many kinds
qubits. In the pc-qubit experiment, the detector is an und
damped dc SQUID, whose critical current is offset by t
flux of the two qubit states towards opposite directions. F
the offsets to be large enough to resolve the two qubit sta
stronger qubit-SQUID coupling is preferred. But noise fro
SQUID’s environment is transmitted to the qubit by the sa
inductive coupling; moreover, this noise increases with
square of the coupling strength while the offsets incre
linearly with the coupling strength. How to design a reaso
able circuit to optimize the measurement is thus an impor
issue.

A similar situation occurs when an ac radiation source
applied to manipulate a qubit. To operate the qubit e
ciently, the pass band of the connection circuit between
source and the qubit needs to cover the qubit frequency. T
connection lets noise of the same frequency pass as well
may induce strong qubit damping and decoherence. Th
fore how to get the best design of an external control sou
is also an important problem to study.

In this paper we study the pc-qubit measured by a
SQUID. Both the measurement efficiency and the no
©2002 The American Physical Society16-1
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transferred to the qubit during the measurement are ca
lated. The decoherence and relaxation of the qubit are
estimated with the calculated noise spectrum. In Sec. II,
study the interacting system of the qubit and the SQUID
detail and derive the static response of the SQUID to
qubit. Then, we analyze the measurement process for
qubit-SQUID system in Sec. III and derive a limit to th
mutual information that could be achieved during one m
surement when 1 bit of classical information is encoded
the pc-qubit. In Sec. IV, we apply the Caldeira-Leggett f
malism to calculate the spectrum of the noise transferre
the qubit from SQUID’s environment by mapping the qub
SQUID Hamiltonian to a linear circuit. Relaxation and dec
herence rates due to this transferred noise are then estim
in terms of the noise spectral density. Conclusions are gi
in Sec. VII. Note that the study presented here was de
oped in the course of an ongoing collaboration with the D
group. In particular, complimentary aspects of the probl
were studied by Wilhelm and Grifoni7 and van der Wal
et al.8

II. QUBIT-SQUID INTERACTION HAMILTONIAN

The superconducting persistent-current qubit3 is a single
superconducting loop that has three Josephson junction
series. One junction has a slightly different critical curre
from that of the others. A magnetic fluxf qF0 is applied in
the loop, whereF0 is the flux quantum. Atf q near 1/2, the
lowest two energy levels of this quantum system are ne
localized flux states with opposite circulating currents a
are chosen as the qubit states. The two qubit states are a
gous to spin states and can be described bySU(2) algebra of
the Pauli matrix. By identifying the localized flux states
eigenstates ofsz , the qubit Hamiltonian isHq5(e0 /2)sz
1(t0 /2)sx , wheree0}( f q21/2) is controlled by fluxf q in
the qubit loop andt0 is the tunneling between the two loca
ized flux states. Typical parameters aree0510 GHz at f
50.495 andt051 GHz.

The qubit state can be measured by inductively coup
the qubit to a dc SQUID~Ref. 4! as shown in Fig. 1. The flux
of the qubit shifts the flux in the SQUID loop and, hence, t

FIG. 1. Persistent-current qubit measured by a dc SQUID.
qubit is in the SQUID loop.I c is the critical current of the Joseph

son junctions of the SQUID;CJ is the junction capacitance.w̃1 and

w̃2 are the gauge-invariant phases of the junctions with their di
tion indicated by an arrow beside the junction. The SQUID
shunted by a capacitanceCs . Z0 is the environment of the dc
SQUID. The SQUID is biased by ramping currentI b .
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effective critical current of the SQUID. During measur
ment, a bias currentI b is ramped through the SQUID; th
switching current, where the SQUID switches to a finite vo
age state, is then measured. Due to quantum fluctuation
thermal activation, the SQUID switches before the critic
current and has a finite distribution. The average switch
current shifts with the effective critical current and reflec
the probability of the two qubit states. In practice, a lar
capacitance shunts the SQUID to suppress fluctuations
reduce the width of switching current distribution.

When taking into account the self-inductance, the SQU
has two independent variables: the inner variable phasew̃m
that represents the circulating current of the SQUID loop a
the external variable phasew̃p that represents a quantum pa
ticle in a washboard potential that is tilted by ramping cu
rent I b . The external variable is in a metastable state wh
the potential is tilted byI b . A detailed study of the quanti
zation of the SQUID Hamiltonian can be found in Ref.
Here we only consider the case when the two junctions
symmetric.

After linearizing the potential energy near the ener
minimum, the SQUID variables behave as harmonic osci
tors interacting with each other. We have the following a
proximated Hamiltonian for the qubit-SQUID system:

Ht5Hq1
Pm

2

2mm
1

1

2
mmvm

2 ~wm1dw0sz!
2

1
Pp

2

2mp
1

1

2
mpvp

2wp
21J1wmwp , ~1!

where Hq is the qubit Hamiltonian. The phaseswm5w̃m

2w̃m
0 andwp5w̃p2w̃p

0 are the oscillator coordinates relativ

to the energy minimum (w̃m
0 ,w̃p

0). Pm , Pp are the momenta
of the inner and the external oscillators, and are conjug
operators of the corresponding phases. The oscillator ma
are mm52CJ(F0/2p)2 and mp5(F0/2p)2(Cs12CJ),
whereCJ is the capacitance of the junctions andCs is the
shunt capacitance as shown in Fig. 1. The inner oscilla
frequency depends on the self-inductance of the SQUIDLdc
and the critical current of the junctionsI c as vm

5A2/LdcCJ. In the experiment, the self-inductance of th
SQUID is weak withbL52pLdcI c /F050.004. Hencevm
'103 GHz is higher than all the other relevant energies
the qubit-SQUID system. As a result, the inner oscillator
enslaved to the qubit and follows the qubit’s dynamics ev
during qubit operation. The external oscillator frequency d
pends on the ramping current asvp5vp

0@12(I b /I c
e f f)2#1/4

wherevp
05A2pI c

e f f/CsF0 is the oscillator frequency at zer
current andI c

e f f is the effective critical current of the SQUID
under external flux. The inner oscillator offset6dw0sz
originates from the inductive interaction between the qu
and SQUID withdw05pMqI cir /F0, whereI cir is the circu-
lating current of the localized states of the qubit andMq is
the mutual inductance. TheJ1 term is the bilinear coupling
betweenwm andwp at the potential energy minimum and
determined by the ramping currentI b . We have J1

e

c-
6-2
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5utanw̃m
0 uI bF0/2p. When the ramping current is turned of

the J1 coupling disappears, andwm and wp interact via a
higher-order termwmwp

2 which brings negligible entangle
ment with the qubit state. Typical numbers for the SQU
are EJ

dc540 GHz with I c
dc580 nA, CJ52 fF, Cs

55 pF, Ldc516 pH, andMq58 pH. And dw0'0.002,
vp

051.3 GHz, andvp51.0 GHz atI b50.8I c
e f f .

This linear model omits the escape of the particle from
washboard potential which becomes stronger asI b increases.
As we mainly use this model to discuss the decoherence
relaxation of the qubit by the SQUID’s environment durin
the ‘‘pre-escape’’ entanglement process, this model is v
as far asvp is much smaller than the energy barrier~which is
true until I b'0.95). We want to point out that the esca
from the washboard potential, which is a crucial step in t
measurement and will be discussed in the next section, is
included in this model.

When the qubit stays in an eigenstate ofsz , the response
of the SQUID at ramping currentI b can be derived by a
perturbation approach. Assuming qubit inu↑& and takingJ1
term as perturbation, the unperturbed eigenstates
u↑,nm

↑ ,np&, where unp& are the external oscillator’s numbe
states andunm

↑ &5edw0]/]wmunm& are inner oscillator’s numbe
states shifted bydw0 by interacting with the qubit. The per
turbed ground state of the qubit-SQUID system is

ucg
↑&5u↑,0m

↑ ,0p&2
J1dw0xp

\vp
u↑,0m

↑ ,1p&2
J1xmxp

\vm
u↑,1m

↑ ,1p&,

~2!

where xm5A\/2mmvm and xp5A\/2mpvp are the widths
of the ground-state wave function. The state includes con
butions fromu1p&. Hence, the average ofwp increases lin-
early with I b as ^wp&05LJJ1(2p/F0)2dw0, where LJ

5(Csvp
2)21 is the dynamic inductance of the external osc

lator. When the ramping current is off,wp50, the external
oscillator responds negligibly to the inner oscillator and
effectively decoupled from the inner oscillator. When t
ramping current is on, the external oscillator becomes
tangled with the inner oscillator. Given the parameters fr
the experiment and atI b50.8I c

e f f , ^wp&0'0.002.
Compared with the Stern-Gerlach experiment, the qub

inner-oscillator system acts as the spin of a particle pas
through the gradient field. The external oscillator acts as
spatial degree of freedom of this particle. As the parti
passes the field, the spatial wave function of the part
becomes separated for the two spin states; by recording
spatial distribution, the probability of different spin stat
can be obtained. In the SQUID, as the ramping current
creases, the states of the external oscillator become sepa
in its coordinate space in correlation with the two qu
states; by detecting the switching current of the SQUID,
qubit state is detected.

III. LIMITS TO MEASUREMENT OPTIMIZATION

In the above measurement, the same measurement n
to be repeated many times to obtain a satisfactory switch
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current histogram that can resolve the qubit states. It is t
crucial to analyze the factors that limit the efficiency of t
SQUID measurement scheme. This will help to design
periments that can achieve better efficiency. We study
problem from the aspect of extracting classical informat
encoded in the pc-qubit.

In the experiment, the qubit interacts with the SQUID
inner oscillator via mutual inductance all the time and t
flux of the qubit is detected by the inner oscillator even wh
the measurement is not on, while the switching current h
togram is the directly observed physical quantity. We c
divide the qubit-SQUID system into two parts: the measu
system that includes the qubit and the inner oscillator of
SQUID and the ‘‘meter’’ that is the external oscillator of th
SQUID. The current ramping process entangles the sys
with the meter. When the SQUID switches, the meter va
able escapes from the supercurrent state to the finite vol
state, and a macroscopically distinguishable record is
tained; in this process, the coherence of the system is c
pletely destroyed by quasiparticle excitations at gap volta

The histogram of the switching current is affected
many factors: the critical current of the SQUID, fluctuatio
and the time dependence of the ramping current, etc. Flu
the SQUID loop changes by6dw0 due to the qubit states; a
a result, the effective critical currentI c

e f f is shifted byDI c

56I c
e f fdw0utanw̃m

0 u.61023I c
e f f , respectively, which re-

sults in a shift of the histogram of the same order. Due
strong quantum fluctuation and thermal activation, this s
is much smaller than the width of the histogram,12 and hence
the switching current in any given measurement is not p
fectly correlated with the state of the qubit. In other wor
the measurement is not strictly speaking a von Neum
measurement, but rather a more general positive-opera
valued measurement~POVM!.10

Encode 1 bit of classical information in the pc-qubit. Th
density matrix of the qubit isrq5 1

2 u↑&^↑u1 1
2 u↓&^↓u and the

Shannon entropy isH151. To extract this information from
the qubit, we measure the qubit state by ramping a cur
through the SQUID and measure the switching current h
togram. The density matrix of the SQUID isrsq
5 1

2 uf↑&^f↑u1
1
2 uf↓&^f↓u, where ufs& is the SQUID state

corresponding to qubit stateus&. The probability for the
SQUID to switch at currentI b and qubit stateus& is
P(I bus)5tr(ÂI b

ufs&^fsu), whereÂI b
is the positive operator

at I b . The probability that the SQUID switches atI b is
P(I b)5tr(ÂI b

rsq)5 1
2 P(I bu↑)1 1

2 P(I bu↓). By the Bayesian
theorem, the conditional probabilities for the qubit sta
when switching occurs atI b are P(↑uI b)5 1

2 P(I bu↑)/P(I b)
and P(↓uI b)5 1

2 P(I bu↓)/P(I b). If the histograms of the two
qubit states are well separated, given a switching atI b , one
can clearly infer the qubit state from the measurement.
when the histograms of the two qubit states are largely ov
lapped, which is the case in the current experiment,4 it is
hard to decide the classical bit of information from a sing
measurement. In terms of the mutual information gained
this measurement,I 15H12Hsw , whereH1 is the informa-
tion encoded in the qubit andHsw52( I b

P(I b)
6-3
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3@P(↑uIb)log P(↑uI b)1P(↓uI b)log P(↓uI b)# is the ensemble-
averaged Shannon entropy after the switching event.11 The
mutual information with the experimental parameters12 is
I 1'1024. This result indicates that in the switching curre
experiment each measurement only provides limited in
mation and the same measurement has to be repeated
times to decide the qubit states.

Now let us look at what is the best we can achieve w
this flux-measuring scheme by coupling the pc-qubit to
SQUID magnetometer. The measurement process is the
tection of the inner oscillator states by the external oscilla
instead of the direct detection of the qubit state. In ot
words, the ‘‘meter’’ switches according to the inner oscillat
states instead of to the qubit state. As a result, with the qu
SQUID coupling scheme, measurement optimization is l
ited by how different the two inner oscillator states are c
responding to the two qubit states.

The inner oscillator entangles with the qubit even wh
the ramping current is not on; furthermore, asvm@v0 ,vp ,
it follows the dynamics of the qubit faithfully even durin
qubit operation. The inner oscillator is enslaved by the qu
just as an electron is enslaved by the atomic nucleus
solid. Due to the inductive coupling with the qubit, the inn
oscillator states becomeu6a&5e6dw0]/]wmu0m& for the two
qubit states respectively, whereu0m& is the oscillator ground
state at no interaction anda5dw0/2xm describes the shift o
the oscillator states. Written explicitly,a is determined by
the ratio betweendw05pMqI cir /F0, the coordinate spac
shift of the oscillator ground state due to coupling with t
qubit, andxm5A\/2Mmvm, the width of the ground-state
wave function. In the experiment,dw0'0.002 andxm'0.1;
we havea'0.01, and the overlap of the two coherent sta
is ^2aua&5e22a2

51 –231024. Hence, the two states ar
nonorthogonal and highly overlapped, which means it is h
to distinguish them with any possible measurement. With
qubit encoding 1 bit of classical information, the density m
trix of the inner oscillator becomesrm5 1

2 @ ua&^au1u2a&
^2au#. To resolve the information from these two states
measurement is conducted to resolve the oscillator sta
The mutual information in any measurement is limited by
Holevo bound13: I 1<S, whereS52tr(rm ln rm) is the von
Neumann entropy ofrm and is determined by the paramet
a. At largea, which indicates well-separated states, the
tropy goes to 1; ata'0.01, the entropy is very small with
S'0.0015. This result shows that, with the qubit-SQU
coupling, the most information we could achieve in o
measurement isI 1'0.0015. Although this limit is very
low, it is one order higher than that of the ongoing expe
ment.

This analysis indicates that it is possible to improve
measurement efficiency in the flux-measuring scheme w
keeping the same qubit and SQUID parameters as in
ongoing experiments. Meanwhile, by adjusting the qubit
the SQUID designs to increasea, better measurement can b
expected. Another approach which will be explored in o
future work is to go beyond the flux-measuring scheme
exploit the orthogonality of the qubit states, without direc
measuring the small flux of the qubit.
14451
t
r-
any

a
e-
r
r

r
it-
-
-

n

it
a

s

d
e
-

a
s.

e

-

-

e
le
e

r

r
o

IV. DECOHERENCE AND RELAXATION
DURING MEASUREMENT

Now we investigate the environment of the qubit-SQU
system. In solid-state systems, decoherence warrants se
attention due to the many redundant degrees of freedom
interact with the qubit. Noise from the direct environment
the pc-qubit was studied in our previous work14 where the
decoherence time can be controlled to be longer t
O(1024) sec. However, during the ramping of currentI b ,
as the qubit and SQUID become entangled, the noise f
the environment of the SQUID affects the qubit via the
inductive interaction. In this section, we calculate the sp
tral density of the noise transferred to the qubit from t
environment of the SQUID and derive the decoherence
relaxation due to this noise. For simplicity we only discu
the environment of the external oscillator and neglect
environment of the inner oscillator.15 Although we work on
the example of pc-qubit measured by a SQUID, the fram
work of our discussion is general and can be applied to
bitrary external system interacting with a qubit.

We apply the Caldeira-Leggett approach for the reserv
where the reservoir is modeled as oscillator modes wit
continuous spectrum.16 Localized spin modes17 can be
mapped to oscillator modes when the interaction with
reservoir modes is weak. With the reservoir included,
have

H5Ht1(
a

F pa
2

2ma
1

1

2
mava

2S xa1
ca

mava
2

wpD 2G , ~3!

whereHt is the Hamiltonian of the qubit-SQUID system;xa
and pa are the coordinates and momenta of the reserv
modes. Theca terms are the bilinear interaction between t
external oscillator and its reservoir. The direct influence
the reservoir on the associated quantum system—the exte
oscillator—can be completely described by the spectral d
sity:

J0~v!5
p

2\ (
ca

2

mava
d~v2va!.

The reservoir modes$xa% have no direct interaction with
the qubit. They affect the qubit via the interaction betwe
the qubit and SQUID. The qubit sees an effective reserv
which includes both the$xa% modes and a finite number o
discrete modes from the external system. In this ‘‘large
reservoir, different modes are not independent of each ot
namely, modes from the detector interact with the$xa%
modes. Meanwhile, the discrete modes of the detector in
act with the qubit. In the qubit-SQUID system, the SQU
adds two oscillators to this ‘‘larger’’ reservoir. The extern
oscillatorwp interacts with the$xa% modes, the inner oscil-
lator wm interacts with the external oscillator, and the qu
interacts with this effective reservoir by interacting withwm .
The noise spectral density for the qubitJe f f , according to
standard approach,18–20 can be derived from the dissipatio
which is the imaginary part of the generalized susceptibil
6-4
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Je f f(v)5 lime→0(1/\)Im@K̂(z)#z5v2 i e , where K̂(z) is the
generalized susceptibility of the qubit when taking acco
of the SQUID.

Instead of calculating the susceptibilityK̂(z) directly
from the classical equations of motion, the noise can be
rived from a simple but general linear circuitry approa
which is easily applied to arbitrary external system to der
the transferred noise. Given the Hamiltonian of a line
quantum system, different energy terms can be mappe
linear circuit elements such as inductances, capacitances
resistors of a linear network. The classical equations of m
tion for the interacting system are the circuit equations
this linear circuit by Kirchoff’s laws. The noise on any qua
tum variable at zero temperature can hence be calcul
from the effective impedance of this circuit:21 Je f f

(0)(v)
5@\/(2e)2v Re@Y(v)# for finite temperature, Je f f

(T)(v)
5Je f f

(0)(v)coth(\v/2kBT), which is the Johnson-Nyquist nois
at high temperature.

First, we map the system described by Eqs.~1! and~3! to
an equivalent circuit. For eachw i

2 term we introduce an in-
ductance; for eachPi

2 term we introduce a capacitance
parallel to the inductance; the environment ofwp is an im-
pedanceZ0 @admittanceY0(v)# in parallel to the inductance
elementwp

2 . The circuit is shown in Fig. 2. It has three in
dependent flux variables:Fq5(F0 /2p)^q& (q5dw0sz),
Fm5(F0/2p)^wm&, andFp5(F0 /2p)^wp&.

From Fig. 2, the currents in the three loops are related
the flux by the inverse inductance matrix:

F i q

i m

i p
G53

1

Lq

4

Ldc
0

4

Ldc

4

Ldc
S 2p

F0
D 2

J1

0 S 2p

F0
D 2

J1

1

LJ

4 F Fq

Fm

Fp

G , ~4!

whereLq is determined by the self-inductance of the qu
and will not affect our result. Letv i ,i 5q,m,p be the voltage

FIG. 2. Equivalent circuit derived from the linearized Ham
tonian of the qubit-SQUID system. The phasesq, wm , andwp are
chosen as the independent circuit variables of the three loops o
circuit. The capacitances of thewm loop and thewp loop areCm

52CJ and Cp5Cs12CJ , respectively. The inductances in th
three loops interact via mutual inductances as indicated by
paired dots near the inductances.Z0 is the environment of thewp

loop.
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of the corresponding inductance. We derive the effective
mittanceYe f f5Ze f f

215 i q /vq from circuit equations

Ye f f5
1

ivLq
1

16

v2Ldc
2 Ym

,

Ym5 ivCm1
4

ivLdc
1

~4p2J1!2

v2F0
4Yp

, ~5!

Yp5 ivCp1
1

ivLJ
1

1

Z0
,

whereYm is the admittance of the circuit without the qub
loop andYp is the admittance of the circuit without both th
qubit and inner oscillator loops. PluggingYe f f into Je f f

q (v)
and putting the 2dw0 factor back, the noise spectrum co
pling to the qubit is18–20

Je f f~v!5~2dw0!2
4\

e2vLdc
2

ReF S 2ivCJ1
4

ivLdc

1
@J14p2#2

v2F0
4S ivCs1

1

ivLJ
1Y0~v! D D

21G , ~6!

Note that this linear circuit does not have direct corresp
dence to the physical system, but comes from the lineari
Hamiltonian. This equivalent circuit method is easier to a
ply to arbitrary external system. Once the linearized Ham
tonian is known, a linear circuit can be obtained whose
mittance determines the noise and can be calculated ea

For the qubit-SQUID system, asvm@vp ,v0, the spec-
trum atv!vm can be simplified by ignoring the capacitan
Cm term. Assuming an Ohmic environment with resistan
Rs and substitutingdw0 with pMqI cir /F0, we have

Je f f~v!'
4~eIcir I bMq!2

Cs
2\3Rs

v

~v22vp
2!21~v/RsCs!

2
. ~7!

Je f f(v) increases with the square of the mutual inductan
and the square of the ramping current; hence, when the
pling between qubit and SQUID is stronger, the noise is a
stronger. When the ramping current is off, the noise tra
ferred to the qubit is negligible as the entanglement betw
the inner oscillator and the external oscillator is negligib
For finite ramping current, at low frequency whenv!vp ,
the spectrum increases linearly withv; compared with the
spectrumJ0(v), Je f f(v) is rescaled by a constant factor a
Je f f5J0(v)(4pdw0I bLJ /F0)2. So at low frequency withI b

of the same order ofI c
e f f , the noise transferred is reduced b

an order ofdw0
2 . At high frequency whenv@vp , besides

the rescaled linear term, another factor shows up asJe f f
5J0(v)(4pdw0I bLJ /F0)2(vp /v)4, and the spectrum de
creases withv23 which further reduces the noise atv5v0.
The SQUID thus acts as a filter that cuts off the hig
frequency noise transferred to the qubit. Atv'vp , a sharp
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Lorenzian peak appears in the spectrum with a width
(RsCs)

21. This structure is due to the discrete external
cillator mode of the SQUID that interacts with the reservo
when the interaction between the SQUID and reservoir g
to zero (Rs→`), the peak becomes ad function. The spec-
trum is plotted in Fig. 3.

During a measurement, information of the measured s
tem is obtained by entangling this system with a meter v
able. In many discussions of measurement, entangleme
accomplished in a very short time during which the evolut
of the measured system is neglected; afterward, the m
variable is projected to macroscopically distinguisha
states. Hence the dynamics of the measured system ha
effect on the result of measurement once an initial stat
selected. However, in the measurement of the pc-qubit,4 en-
tanglement is a slow process~milliseconds! and the interac-
tion between system and meter is much weaker than the
bit energyv0. As a result, we have to take into account of t
qubit dynamics, including relaxation and decoherence, w
studying the measurement. In the following we study
decoherence and relaxation of the qubit due to the effec
noise transferred to the qubit from the SQUID’s enviro
ment.

The transmitted noise affects the qubit viasz coupling. As
@sz ,Hq#Þ0, which is generally the case, damping occurs
well as decoherence. We write

sz85cosusz1sinusx , sx852sinusz1cosusx , ~8!

whereu is the angle between the qubit eigenstate and thesz

basis with cosu5e0 /v0 and sinu5t0 /v0. v05Ae0
21t0

2. sz8
and sx8 correspond to the Pauli matrices when choos
usz8561& as the qubit eigenstates. The qubit-reserv
Hamiltonian

Hq,r5
\v0

2
sz81cosuX̂zsz82sinuX̂zsx8 , ~9!

whereX̂z is the coupling between the qubit and the effect
noise reservoir whose spectrum isJe f f(v). In Eq. ~9!, we
have both pure dephasing noise with spectrum cos2uJef f(v)
and relaxation coupling with spectrum sin2uJef f(v). Once we

FIG. 3. Effective noise spectrum vs frequency for ramping c
rent I b50.8I c

e f f at zero temperature with an Ohmic environment
Rs5100 V .
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know the noise spectrum, the relaxation and decohere
rates can be derived.22–24At finite temperature,

T1
215

t0
2

2v0
2

Je f f~v!coth
\v

2kBT U
v5v0

,

T2
215

e0
2

2v0
2

Je f f~v!coth
\v

2kBT U
v→0

~10!

1
t0
2

4v0
2

Je f f~v!coth
\v

2kBTU
v5v0

.

Due to the reduction factorvp
4/v0

4 in the spectral density a
v5v0, relaxation is slowed by the filtering of the SQUID
With the system parameters, we calculate the damping t
ast r50.15 sec and the decoherence time astd52 msec at
I b50.8I c

e f f . The decoherence time is much shorter than
estimated intrinsic decoherence,14 while relaxation is slow
enough that it will not hinder the extraction of qubit info
mation. The noise transferred to the qubit is negligible atI b
50 when no measurement is being conducted.

Note that the noise increases with the square of the ind
tive coupling, so are the decoherence and relaxation rate
contrast,a, the parameter that determines the measurem
efficiency, only increases linearly with the inductive co
pling. When increasinga by 10 times by adjusting the mu
tual inductance, the relaxation rate is two orders stron
This puts an extra restriction on measureme
optimization—to keep the noise low for a good enou
signal-to-noise ratio.

V. CONCLUSIONS

In this paper we studied the measurement of the pc-q
by a dc SQUID. We derived the limit to the measureme
efficiency in terms of the mutual information. Besides info
mation, the measurement process also transfers additi
noise to the qubit from the SQUID’s environment. We ca
culated the noise transferred to the pc-qubit with t
Caldeira-Leggett formalism and estimated the relaxation
decoherence of the qubit due to this noise. This study s
gests that better readout circuit can be designed to optim
the measurement within the qubit-SQUID coupling schem

When calculating the transferred noise, we map the
earized Hamiltonian of the interacting qubit-SQUID syste
to a linear circuit. By calculating the impedance of this c
cuit, noise spectrum can be derived directly. This appro
can be applied to arbitrary external system, including m
surement circuit, control circuit, etc. Note that this line
circuit can not be derived directly from the physical circu
of the interacting systems, but is derived from the lineariz
Hamiltonian. Several other impedance environments w
examined from a direct circuit analysis8 which is valid in the
specific parameter range of the experiment4 whenvm@v0.

The inductive coupling between the qubit and the SQU
contributessz noise to the qubit. As@sz ,Hq#Þ0, this noise
induces damping as well as decoherence. We found

-
f
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when the measurement is on, relaxation is reasonably s
and will not prevent the collection of accurate information
the qubit; when the measurement is off, the SQUID int
duces negligible noise to the qubit. A more comprehens
study of the structured environment~e.g., the continuous
spectrum environment plus the discrete modes of
SQUID! shows that when the qubit frequency is close to
plasma frequency of the external oscillator, the structure
the environment affects the relaxation and decoherence
sophisticated way.7

This study also brings up a general question in quan
information processing: how to divide the system from t
environment during any information exchange between
quantum system and an external control devices, such
detector, a controller, or another qubit. To calculate the no
.
A

r

,

.
.

E

E

th
ion
te

.
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transferred to the qubit, the SQUID and its environment fo
an effective environment with spectrumJe f f . However, in
order to determine the measurement efficiency, the qubit
SQUID’s inner oscillator must be treated as a joint quant
system in its own right.
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