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Average kinetic energy of the superconducting state
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Isothermal magnetization curves are plotted as the magnetization times the magnetic induction, 4pM•B,
versus the applied fieldH. We show here that this curve is the average kinetic energy of the superconducting
state versus the applied field, for type-II superconductors with a high Ginzburg-Landau parameterk. The
maximum of 4pM•B occurs at a fieldH* , directly related to the upper critical fieldHc2, suggesting that
Hc2(T) may be extracted from such plots even in cases when it is too high for direct measurement. We obtain
these plots both theoretically, from the Ginzburg-Landau theory, and experimentally, using a Niobium sample
with Tc58.5 K, and compare them.
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I. INTRODUCTION

The average kinetic energy in classical physics is a us
quantity that helps to obtain important information abo
several many-body systems, such as the Sun, whose int
temperature can be estimated in this way.1 In cases when the
interaction among particles is only partly known, and t
virial theorem applies, the total energy can be directly rela
to the average kinetic energy, and the average kinetic en
to the equipartition theorem, leading to the prediction of th
mal properties of the classical system. In this paper we d
onstrate, both theoretically and experimentally, that the a
age kinetic energy of the superconducting state can
directly read from isothermal magnetization curves, for
perconductors such that the Ginzburg-Landau parameterk is
larger than a few units. Thus this average only involves
paired electrons that form the condensate.

It is often the case in physics that just expressing data
different way is sufficient to bring a different insight into th
problem under investigation. This is exactly the present s
ation and we claim here that an interesting insight is obtai
if isothermal magnetization (4pM ) data are plotted differ-
ently, namely, as the product 4pM•B, where the magnetic
induction isB5H14pM andH is the equilibrium applied
field. In this paper we show that this new curve 4pM•B
directly determines the average kinetic energy for superc
ductors withk.kc , with an accuracy of less than 1% fo
kc'3.

A remarkable property of the product 4pM•B is that it
may have several local minima along the mixed state. T
property follows from the fact that 4pM•B vanishes at both
critical fields,Hc1 andHc2. At Hc1 , M reaches a minimum
andB vanishes, whereas atHc2 , B is maximum andM van-
ishes. Since 4pM•B vanishes at two fields, the two ex
tremes of the mixed state, it must necessarily have an a
lute minimum in between, and possibly several loc
minima. The connection between the average kinetic ene
and the isothermal magnetization follows from the vir
theorem for superconductivity,2 which states that

H•B

4p
5Fkin12F f ield , ~1!
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whereFkin andF f ield5^h2/8p&, are the average kinetic en
ergy and the average magnetic energy, respectively. The l
magnetic field inside the superconductor ish and ^•••& rep-
resents an average value taken over the volume of the su
conductor. This theorem has been discovered rather late
the Ginzburg-Landau~GL! theory and it has been prove
very useful since then, because it avoids taking the deriva
of the free energy for the determination ofH. The theorem
has been extended to the microscopic theory in the contex
the quasiclassical Eilenberger theory.3 There it was found
that the above theorem holds for temperatures well belowTc
and also in presence of nonmagnetic impurities. Thus
expects that even in presence of some types of pinning
above relationship still holds.

In this paper we obtain 4pM•B curves both theoretically
and experimentally for isotropic superconductors. We o
discuss here examples such that the symmetry along th
rection defined by the applied field turns the theoretical pr
lem into a two-dimensional one. In this case the vector
tation is no longer necessary and so, is dropped herea
The 4pM•B theoretical curve is derived in three situatio
of the macroscopic GL theory. We obtain analytical expr
sions for it in the Abrikosov and the London limits. we als
calculate this curve numerically, using the iterative sche
proposed by E. H. Brandt,4 a very accurate method that give
the periodic solution of the GL theory for any field in th
mixed state. Using the iterative method we show that fok
larger than a few units the curve 4pM•B indeed gives the
average kinetic energy. The absolute minimum of the n
curve,

d~4pM•B!

dH U
H*

50, ~2!

determines a critical field calledH* . A consequence of the
connection established here is that this field determines
maximum average kinetic energy, and from this one obta
the maximum root-mean-square current density,Jmax

[A^J2&. Thus using the present approach one obtains in
mation about the maximum current density without the u
of Bean’s model. For this one needs the London express
©2002 The American Physical Society09-1
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MAURO M. DORIA et al. PHYSICAL REVIEW B 65 144509
Fkin'2pl2^J2&/c2, wherel is the penetration depth. Actu
ally at H* the order parameter is not constant but we c
sider it as such, to obtain the order of magnititude of t
maximum current density circulating in the superconduct
state.

In this paper we also show that the ratioH* /Hc2 becomes
k independent fork larger than a few units. This propert
can be useful because it suggests thatHc2 can be determined
at a lower field, namelyH* . Frequently the upper critica
field of many compounds cannot be reached experimen
just because it falls beyond the capabilities of a given exp
mental setup.

The 4pM•B experimental curves were obtained here
ing a Niobium sample with an approximately spheric
shape, massm50.6487g, and critical temperatureTc

58.5 K with a transition width ofDT;0.3 K. The sample
was obtained in an arc-melt furnace from 99.9% purity
wire. X-ray diffraction done in this sample shows the e
pected metallic Nb phase. Isothermal magnetization d
were always obtained starting from a zero-field cooled p
cedure and using a commercial Quantum Design PPMS
traction magnetometer facility.

Features and properties not visible in the traditional w
of plotting magnetization curves are unveiled here by t
4pM•B plot. Some of them are explained in this paper, b
there are others, such as the multiminima structure in
irreversible region, that require further discussion not do
here. In the reversible region, only one minimum rema
and we find good agreement between theory and experim
Close toTc the experimental and theoretical 4pM•B curves
show good agreement and the experimental ratioH* /Hc2 is
well predicted by the present theoretical models. Notice t
the virial theorem, Eq.~1!, holds for the microscopic
theorem,3 and for this reason the connection between
curve 4pM•B andFkin remains valid beyond the GL theo
retical framework of this paper.

This paper is organized as follows. In Sec. II we show t
the curve 4pM•B gives the average kinetic energy of th
superconducting state and derive this curve both analytic
and numerically in different theoretical situations. The fie
H* is calculated and its properties discussed here. In Sec
the experimental 4pM•B curves for the Nb sample are ob
tained, and the fieldH* determined. The phase diagram
this Nb sample is obtained with the curveH* (T) included.
Finally we draw conclusions in Sec. IV.

II. THEORY

Let us first obtain analytical expressions for the ene
function 4pM•B in two simple situations and determin
there the critical fieldH* . The lower and upper critical field
are given byHc15(F0/4pl2)ln l/j andHc25F0/2pj2, re-
spectively, j is the coherence length, andk5l/j the
Ginzburg-Landau parameter. The first case investigated
is Abrikosov’s theory which calculates the vortex lattice ne
Hc2 in the framework of the GL free energy. There5 the
magnetic induction is given by
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B5H2
Hc22H

~2k221!bA
, ~3!

where bA5^uDu4&/^uDu2&2 is a parameter determined from
the vortex lattice symmetry,D being the wave function tha
describes the superconducting state. One obtains that

4pM•B52
Hc22H

~2k221!bA
S H2

Hc22H

~2k221!bA
D ~4!

is a parabola that vanishes atHc2 /@11(2k221)bA# and at
Hc2. Although Abrikosov’s theory is valid only nearHc2,
still, for k@A2/2, the first vanishing field approaches 2/(
12bA)F0/4pl2, which is of the same order of magnitud
as the trueHc1 field. The absolute minimum of 4pM•B is
achieved at the field

H* 5
Hc2

2 S 2bAk22bA12

2bAk22bA11D . ~5!

A simpler expression is obtained noting thatbA is very close
to 1, which is true for the triangular lattice (bA
51.159 595 3•••): H* '(Hc2/2)*(111/k2). Thus for any
superconductor withk larger than a few units, this critica
field is given byH'0.5Hc2.

The second model is London theory, known to provide
good description of the superconducting state in the inter
diate field region far away from the critical fields. This is
fairly good approximation as long as variations of the ord
parameter near the vortex cores can be ignored, and so
order parameter can be considered constant all over the
perconductor. In this region the magnetic induction is ve
well approximated by5

B5H2Hc1

ln~Hc2 /B!

ln k
. ~6!

Then the energy function becomes

4pM•B52BHc1

ln~Hc2 /B!

ln k
~7!

whose absolute minimum is at the field value

H* 5
Hc2

e
2

Hc1

ln k
. ~8!

SinceHc1 /Hc25 ln k/2k2, notice, once more, that in casek
is larger than a few units the last term can be neglec
renderingH* '0.37Hc2.

The product 4pM•B is related to the average kinetic en
ergy of the condensate, without any approximation, throu
the virial theorem@Eq. ~1!#:

4pM•B52Fkin /22Š~h2^h&!2
‹, ~9!

is expressed here in reduced units, such that the therm
namical fields and energies are scaled in the following w
h→h/A2Hc , H→H/A2Hc , and Fkin→Fkin /(Hc

2/4p), Hc

being the thermodynamic field. The same scaling holds
the magnetic induction which is just the average local fie
B[^h&. These reduced units are convenient because to
9-2
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AVERAGE KINETIC ENERGY OF THE . . . PHYSICAL REVIEW B 65 144509
trieve the above quantities at any given temperatureT from a
single temperature-independent plot, it is enough to sc
energies byHc(T)2/4p, and fields byA2Hc(T).

To show that the function 4pM•B yields the average ki-
netic energyFkin is just a matter of determining how th
mean-square deviation of the local fieldŠ(h2^h&)2

‹ behaves
as a function ofk. This is done here for the GL theory usin
the iterative method of E. H. Brandt.4 This iterative proce-
dure assumes an initial solution, from which one obta
very accurately, after a few iterative steps, the local magn
field and the order parameter for any applied field in
mixed state. The 4pM•B ~continuous line! andFkin ~points!
curves, obtained using this method, are shown in Fig. 1
severalk, ranging from 0.75 to 50. The conclusion is th
these two curves, 4pM•B andFkin/2, become very similar
for large k. The field H* is obtained by determining th
absolute minimum of the 4pM•B curves in Fig. 1, and Fig
2 summarizes these results as aH* /Hc2 vs k plot.

The difference between 4pM•B andFkin/2 is best quan-
tified, as function ofk, by two variance ratios introduce
here and both computed at the fieldH* . We computeŠ(h
2^h&)2

‹/u4pM•BuH* for a few points @k,Š(h2^h&)2
‹/

u4pM•BuH* #: (0.75,0.11), (0.85,0.094), (1.0,0.072
(1.5,0.034), (2.0,0.020), (3.0,0.0088), (5.0,0.003
(10.0,7.8331024), (20.0,1.9931024), (30.0,8.831025),
and (50.0,3.231025). Notice that fork.3 the two curves
can be regarded as the same with an error of less than 1
the neighborhood ofH* . This error is not uniform for all
fields, being smaller nearHc2 and larger nearHc1. In Fig. 2
one has thatH* /Hc250.51 for k53.0, and essentially, fo
k.3, H* is fairly well approximated by its limiting value o
0.5Hc2. The inset of Fig. 2 shows the relative root-mea
square deviation of the local magnetic field,@Š(h
2^h&)2

‹#1/2/^h&uH* , as a function ofk. Again we see a sharp
drop of this quantity ask increases. For instance, fork
53.0, @Š(h2^h&)2

‹#1/2/^h&uH* 50.0213.

FIG. 1. Two theoretical curves, 4pM•B ~continuous! and
Fkin/2 ~dots!, versusH are shown here for severalk, namely, 0.75,
0.85, 1.0, 1.2, 1.5, 2.0, 3.0, and 5.0. For higherk, 10, 20, 30, and
50, the two curves, 4pM•B ~continuous! and Fkin/2 ~points!, are
shown in the inset. The fieldH* , the absolute minimum of the
4pM•B curve, is suggested for a few curves, as examples.
inset clearly shows that for largek H* /Hc2'0.5.
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Analytical expressions for these two variances are
tained in the Abrikosov approximation which starts from t
well-known Abrikosov relation between the local field an
the order parameter,8 h5H22puDu2/k, in reduced units.
From it one obtains an interesting expression that relates
variance to the magnetization:Š(h2^h&)2

‹5(4pM )2(bA
21). From it one finds at the fieldH* , given by Eq.~5!, the
following expressions:

@Š~h2^h&!2
‹#1/2

^h&
U

H*

5S bA21

bA

1

4bAk424~bA21!k21~bA21!
D 1/2

~10!

and

Š~h2^h&!2
‹

u4pM•Bu U
H*

5
bA21

2bAk2112bA

. ~11!

Both expressions display a 1/k2 behavior for largek. For
the triangular lattice, one obtains that @Š(h
2^h&)2

‹#1/2/^h&uH* '0.172 256/k2, and Š(h2^h&)2
‹/u4pM

•BuH* '0.068 815/k2, which agree quite well with the nu
merical method results. We conclude that the curve 4pM
•B can be obtained from the average kinetic energy fok
.kc , with a precision better than 1% forkc'3. Next we
study a niobium sample and obtain the curve 4pM•B ex-
perimentally, starting from the isothermal magnetizati
curves.

III. EXPERIMENT

To exemplify the present ideas we have studied superc
ductor niobium, which along the years has been an impor
reference for the understanding of type-II superconduct
properties.6 The observation of the irreversibility line in pur

e

FIG. 2. The fieldH* , the absolute minimum of the 4pM•B
curve, is plotted here as a function ofk. For k larger than a few
units the ratioH* /Hc2 approaches 0.5. The inset shows that t
root-mean-square deviation of the local field vanishes fork larger
than a few units.
9-3
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MAURO M. DORIA et al. PHYSICAL REVIEW B 65 144509
Nb,7 as observed in high-Tc superconductors,9 has renewed
the interest on this superconductor. Also, effects which
easier to study and understand in Nb, such as sur
pinning,10 vortex avalanches,11 and peak effect,12 has shed
some light on the understanding of similar effects in high-Tc
superconductors.

The sample has critical temperature below of pure
(Tc59.2 K), indicating that it contains nonmagnetic impu
ties. This causes no problem here; on the contrary, the im
rities turn the compound into a more type-II superconduc
with a larger value ofk. Very pure Nb ~Ref. 13! has k
'1.0, whereas we find herek'4 for this sample, when
comparing the present theory to the experiment.

Next we discuss our data as shown in the figures. T
transition properties of this sample are seen in Fig. 3, wh
shows a rather small reversible temperature region. For fi
below 4.0 kOe, the magnetization becomes essentially
versible. Values ofHc2(T) are extracted from this diagram
following the standard linear extrapolation of the magneti
tion curve.

Figure 4 shows a total of nine isothermal magnetizat
cycles, 0.5 K apart from each other, for temperatures rang

FIG. 3. The ZFC and FC magnetization versus tempera
curves are shown here for several applied fields, ranging from 1
9.0 kOe every 1.0 kOe. Below 4.0 kOe the curves can be consid
as reversible.

FIG. 4. Isothermal magnetization cycles measured in ascen
~ZFC! and descending~FC! fields are shown, starting from 3.5 to
K every 0.5 K. The overlap of the inital part of the cycles into
single straight line defines the demagnetization factor of the sam
14450
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from 3.5 to 8 K. Notice that in the neighborhood of ze
applied field all the magnetization curves overlap formi
one single temperature-independent line. The slope of
line defines the demagnetization factor. For finite-s
samples the demagnetization factor must be included;14 for a
sphere this factor is 1/3 such thatB5Hin14pM /3, where
Hin5H14pM /3 is the internal field. Our sample is an e
lipsoid with axis 2r 154.7 mm and 2r 255.3 mm, whose
sphere with equivalent volume has radius 5.1 mm. We h
experimentally determined the demagnetization of o
sample using the following procedure. We assume thaB
5H12dM whered is a factor to be determined from ou
data such that, in the Meissner phase, the magnetic induc
must vanish. We find that, in this region, a linear extrapo
tion of the magnetization data for all 4pM vs H curves
produces the same value of 2d54.16, independent of tem
perature.

Another important issue here is the removal of the ba
ground magnetization as a function ofH for all temperatures.
The construction of the curve 4pM•B is only useful, e.g., to
determine the critical fieldH* , if all magnetic contributions
that are not of superconducting origin are totally remov
from the original isothermalM vs H data. For the Nb sample
the following procedure was applied. The raw magnetizat
data display a linear nonzero positive slope as a function
H that goes beyond theHc2 field. This curve is universal and
temperature independent. We subtract from the raw mag
tization data at all temperatures this single linear curveM vs
H. This is possible because the background magnetizatio
temperature independent, and just a single measureme
the paramagnetic background signal close or aboveTc is
enough to subtract the unwanted background for any t
perature. It is well known that this source of magnetic sig
is the Pauli paramagnetism of the normal electrons.

Selected isothermal curves 2dMB vs H are shown for
three different temperatures, corresponding toT54.5,6, and
8 K ~Figs. 5, 6, and 7, respectively!. The basic features of the
M vs H curves, such as the critical fields and the peak effe
are also present in the 2dMB vs H curves, although in a
somewhat different way. However, the 2dMB shows a fea-
ture not noticed in the traditionalM vs H plot, namely the

re
to
ed

ng

le.

FIG. 5. A selected isothermal magnetization cycle is plot
here both in the traditional and in the new ways, for the tempera
of 4.5 K. The fieldH* is hardly noticeable whereas the peak effe
is the absolute minimum of the 2dMB vs H curve.
9-4
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AVERAGE KINETIC ENERGY OF THE . . . PHYSICAL REVIEW B 65 144509
new minimum atH* . For T54.5 K the absolute minimum
of the curve 2dMB occurs atH56.0 kOe, a field associate
with the peak effect. Still theH* is observable there. How
ever, for increasing temperature,T56 K, H* becomes the
absolute minimum and the peak effect turns into a lo
minimum, in this case around 4 kOe. Finally atT58 K only
one minimum remains,H* , and the peak effect is essential
absent. Notice that twoH* fields are defined, measured
ascending~zero-field-cooled, ZFC! and descending~field-
cooled, FC! fields. The ZFC and FCH* fields are separate
by approximately 500 Oe for theT54.5-K curve whereas
for 8 K they become the same.

In Fig. 8 we compare thek53,4, and 5 theoretical an
theT58.0 K experimental curves obtained in this paper.
2dMB data sets are normalized along the 2dMB axis to
their maximum absolute values, achieved atH* . Along theH
axis, the theoretical curves are scaled by the inverse of t
upper critical fields, such as in Fig. 1. However, for the e
perimental curve we adopted another normalization pro
dure, namely we scaled fields by 796.98H due to the fol-
lowing reason. Our goal is to shift the 2dMB experimental
curve along theH axis in search of the best theoretical fi
which we find to occur when experimental and theoreti

FIG. 6. A selected isothermal magnetization cycle is plot
here both in the traditional and in the new ways, for the tempera
of 6.0 K. The fieldH* is the absolute minimum, whereas the pe
effect is just a local one, for the 2dMB vs H curve.

FIG. 7. A selected isothermal magnetization cycle is plot
here both in the traditional and in the new ways, for the tempera
of 8.0 K. The fieldH* is the absolute minimum of the 2dMB vs H
curve, which is essentially totally reversible.
14450
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H* fields coincide. The experimental absolute maximum
u2dMBu is reached atH* 5329.81 Oe. Next we apply the
scale transformationaH/329.81 and search fora that gives
the best agreement with the theoretical curves. This happ
at a50.46, very close to the theoretical expected ratio
a5H* /Hc2'0.5 of the theoretical curve, described in Fi
2. Notice that the three theoretical curves coincide nearHc2,
as they should, because of the normalization, but not n
Hc1. From this figure we conclude that the theoreticalk
54 curve provides the best fitting to the experimental da
It is worth mentioning that this value ofk agrees with its
experimental estimate derived from the ratio of the critic
fields.Hc2 /Hc1.

Figure 9 presents the phase diagram, obtained from
values ofHc2 that follows from the curves of Fig. 3. Also
plotted in this figure are the values ofH* found in the in-
creasing and decreasing field branches of plots, such
shown in Figs. 5–7.

We find a quite perfect match between the experimen
values ofH* andHc2(T) with the expression obtained from
the theories previously discussed. Thus for this Nb sam

d
re

d
re

FIG. 8. This plot shows the theoretical curves~k53, 4, and 5!
and that, among them, thek54 curve provides the best fitting to th
T582K experimental curve. All four curves were normalized
their maximum absoulte value. Along theH axis the three theoret
ical curves were scaled by theirHc2, and the experimental curve
was scaled such that itsH* field is 0.46 away from the theoretica
normalizedHc2 field.

FIG. 9. The phase diagram of the Nb sample, containing
several critical fields, is shown here.
9-5
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MAURO M. DORIA et al. PHYSICAL REVIEW B 65 144509
we find that the curveHc2/2 fits fairly well the experimenta
H* curve.

We estimate the maximum root-mean-square average
rent Jm for T58 K. First one must obtain the London pe
etration depth from the lower critical field for this temper
ture: Hc1'18 Oe. We obtain thatl'0.36mm and taking
that the maximum ofu2dM•Bu is reached at 3.883103 G2, it
follows that Jm'4.23105 A cm22. Notice that this maxi-
mum mean-square average current density is being obta
in the reversibleregime.

In summary we find here that this 4pM•B curve natu-
rally enhances many aspects of traditional 4pM vs H plots,
such as the peak effect, the first entry field (Hc1), which is
also much more clearly resolved in this kind of plot. Obv
ously the theories considered in the previous section do
describe the many features of the experimental cur
2dMB vs H, especially when irreversible processes a
present. This is expected because those theories do not
into account pinning effects. When pinning effects beco
small and there is reversibility in the magnetization, w
found agreement between theory and experiment. It is
ways possible to cast isothermal magnetic data as a 4pM
•B curve, but the question is whether the present connec
between the 4pM•B curve andFkin still holds when irre-
versible effects are present, such as the peak effect. We
lieve that this connection indeed remains valid in the ir
versible region in some largek limit. Obviously this
connection should always be regarded approximately
corrections are expected due to pinning. We believe
these corrections should be small, based on the fact tha
virial theorem gets little or no modification at all3 when some
types of defects2,15,16 are present. For temperatures close
Tc , where irreversible effects become small, we found t
the present ideas hold and the average kinetic energy in
pretation of the curve 4pM•B is applicable.
ev

nd
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IV. CONCLUSIONS

In conclusion the present proposal of casting isotherm
magnetization data as the product of the magnetization ti
the magnetic induction is useful because it directly gives
average kinetic energy of the superconducting state for
applied field. We have studied here this curve both theor
cally and experimentally. The field of maximum average
netic energy in the condensate is just the minimum poin
the new curve. From this field we estimate the maximu
mean-square average current density. We show using
Ginzburg-Landau theory that this field value is half the upp
critical field value for largek superconductors. Thus its ex
perimental determination can help us to understand pro
ties of the upper critical field which often falls beyond th
experimental capabilities of a given equipment. We fou
analytical expressions for this curve in two special limits
the Ginzburg-Landau theory, namely the Abrikosov and
London limits. In the general situation we have obtained t
curve numerically for several values of the Ginzburg-Land
constant, using an efficient iterative method4 to solve the
Ginzburg-Landau theory. We find that for a Ginzbur
Landau constant larger than a few units the mean-square
viation of the local magnetic field becomes extremely sm
Only for such parameter values does the product magne
tion times the magnetic induction give the average kine
energy. In summary we find the present proposal of plott
the isothermal magnetization useful because it provides
teresting insight into the properties of the mixed state.
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