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Magnetoelasticity of Fe: Possible failure ofab initio electron theory with the local-spin-density
approximation and with the generalized-gradient approximation
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The magnetoelastic coupling constantB2 and the related magnetostriction coefficientl111 of bcc Fe are
calculated by theab initio density functional electron theory in local-spin-density approximation and in
generalized-gradient approximation. BothB2 and l111 exhibit a wrong sign as compared to the available
experimental data, indicating a possible deficiency of the two approximations for the exchange-correlation
functional.
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All practical calculations within the framework of theab
initio density functional electron theory involve approxim
tions for the exchange-correlation functional of the total e
ergy. The two most frequently used approximations are
local-spin-density approximation1 ~LSDA! where the
exchange-correlation energy of the inhomogeneous elec
gas is locally approximated by the exchange-correlation
ergy of the homogeneous electron gas at the respective
electron density,2 and the generalized-gradient approxim
tion ~GGA! ~see Ref. 3, and references therein! where the
exchange-correlation functional takes into account, in
spirit of a Taylor expansion, not just the local electron de
sity but also its gradient. In spite of the very great succes
the LSDA to describe the properties of solids, there are a
some deficiencies. One example is the ‘‘overbinding’’
LSDA, i.e., lattice constants are in general underestimated
a few percent, while cohesive energies and bulk moduli
correspondingly overestimated. The bonding strength is
duced in GGA, and therefore GGA yields improved resu
for the cohesive properties for systems with a LSD
overbinding. On the other hand, in systems for which
LSDA gives rather accurate results, the GGA may lead to
‘‘underbinding’’ and hence to a deterioration of the results4.

It is of great interest to explore the limitations of LSD
and GGA. The 3d-metal Fe thereby is a well-known ex
ample for a failure of LSDA which predicts that nonmagne
fcc Fe is energetically slightly more favorable than ferroma
netic bcc Fe, in contrast to the experimental observatio
whereas GGA yields the correct ferromagnetic bcc grou
state structure~see Ref. 5, and references therein!. In the
present paper we show, however, that the GGA does
describe all the ground-state properties of bcc Fe correc
both LSDA and GGA yield the wrong sign for the magnet
elastic coupling constantB2 and the related magnetostrictiv
coefficientl111 as compared to the experimental data.

The calculation of the magnetoelastic properties of me
has been considered as a big challenge for theab initio elec-
tron theory. In 1993 it has been stated6 that ‘‘even with to-
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day’s supercomputers, precision is insufficient for anab ini-
tio band-structure calculation of magnetostriction.’’ In th
meanwhile, improved calculational methods and compu
efficiencies made anab initio treatment of magnetoelasticit
in rare-earth7 metals and in transition metals8–15 feasible.
The results for the magnetoelastic coupling coefficientB1

and the related magnetostriction coefficientl001 of bcc Fe,
fcc Co, and fcc Ni obtained by GGA agreed12,15 rather well
with experimental data when a full-potential band structu
method was used. In most cases, the LSDA results were
accurate,12,15especially for Fe wherel001 andB1 were over-
estimated by a factor between 2 and 3, respectively. Theab
initio calculations15 were even able to provide data on som
of the nonlinear magnetoelastic coupling coefficients for b
Fe, fcc Co, and fcc Ni. It was shown experimentally16–19and
theoretically13–15 that the magnetoelastic properties of th
films with large epitaxial strains are different from those
weakly strained bulk materials if the results are interpre
by a first-order magnetoelastic theory with effective fir
order magnetoelastic coupling constants. For instance,
experiments which in the case of small strains would invo
only the first-order constantB1 @see Eq.~1!#, one has to
introduce effective constants which depend linearly on
epitaxial straine0. It was suggested16–19 that nonlinear mag-
netoelastic effects are responsible for this difference.
means of the phenomenological nonlinear magnetoela
theory, based on the symmetrized strain variables,6 it could
be shown20 that different effective coupling constantsB1

eff

5B11Deffe0 and B̃1
eff5B11D̃effe0 have to be used for the

interpretation of the magnetostrictive stress experiments17–19

and for the measurements of the strain-induced magnetic
isotropy energy, andDeff as well asD̃eff could be related to
some of the second-order magnetoelastic coupling const
appearing in this phenomenological theory. By a combi
tion of theab initio electron theory with the phenomenolog
cal magnetoelastic theory these second-order coupling
stants could be calculated.15 For Deff the same order of
©2002 The American Physical Society36-1
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magnitude was found as in the experiment, confirming
abovementioned suggestion. Similarly, it has been show21

for the case of epitaxial Fe films that for the interpretation
magnetostrictive stress experiments for a geometry which
the case of small strains would involve only the first-ord
coupling constantB2 @see Eq.~1!#, an effective constantB2

eff

has to be introduced that again depends linearly on the l
epitaxial strainse0. First theoretical hints for a strain depe
dence of the effective coupling constantB̃2

eff for the strain-
induced magnetic anisotropy energy were found by theab
initio calculation of Guo14 for fcc Co and fcc Ni. In Ref 22,
the relation between the strain dependence ofB2

eff and some
of the second-order magnetoelastic coupling constants o
symmetrized phenomenological nonlinear magnetoela
theory was found, and the first-order constantB2 as well as
these nonlinear constants were calculatedab initio for bcc
Fe, fcc Co, and fcc Ni. Thereby, the most striking resu
were found forB2. For Co and Ni, the GGA results agree
rather well with the experimental data. The LSDA results
the materials were worse but at least of the same orde
magnitude and of the correct sign. In contrast, for bcc
both the LSDA result (27 MJ/m3) and the GGA result
(23.9 MJ/m3) had another sign than the experimen
result21 (7.62 MJ/m3). Because this indicates a serious d
ficiency both of LSDA and GGA for the calculation of th
magnetoelastic properties of Fe, we have now re-exam
this striking result by various calculational methods and
the use of different band-structure methods.

In the following we use three different types of calcul
tional methods. The first two determineB2 from the strain-
induced magnetoelastic contributioneMCA to the magneto-
crystalline anisotropy energy density, and the third o
determines the magnetostriction coefficientl111 from the
strain-derivative ofeMCA . The quantityl111 is related toB2
via B2523C44l111 with the elastic constantC44.

The calculation 1 starts from the first-order expression
the strain-induced magnetoelastic contributioneme

(1) to the
magnetocrystalline anisotropy energy density of a cu
material:

eme
(1)5B1~e11a1

21e22a2
21e33a3

2!

12B2~e12a1a21e23a2a31e31a3a1!, ~1!

where thee i j are the components of the strain tensor and
a i are the direction cosines describing the orientation of
magnetization. The basic idea is to calculate the stra
induced magnetocrystalline anisotropy energy densityeMCA ,
i.e., the difference ineme

(1) for different magnetization direc
tions in a crystal which is suitably deformed. There are va
ous possible choices of strain modes and magnetization
rections for whicheMCA depends only onB2 but not onB1.
In calculation 1 we select the strain modes roughly accord
to the epitaxial strains which appear in a magnetic film tha
grown on a substrate in@110# or @111# orientation.13,14 We
thereby assume a constant volume mode, i.e., we prescr
lateral straine0 and a perpendicular strain in a such a w
that the unit cell volume of the unstrained bcc Fe is co
served. As stated above, there are many possible varian
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strain modes for the bulk which are appropriate for a de
mination of B2, and this selected strain mode is just o
possible variant~another choice is used for calculation
method 2!. The fact that the strains in real epitaxial films a
probably more complicated therefore does not matter at
For the @110# orientation we then calculateab initio eMCA

5e(a152a25 1
2 A2,e0)2e(a15a25 1

2 A2,e0) and the
quantity B̃2

eff(e0)52eMCA/2e12 with e12523e0. For the
@111# orientation we calculateab initio eMCA(e0)5e(a1

5a251/A6,a3522/A6,e0)2e(a15a25a351/A3,e0)
and the quantityB̃2

eff(e0)52eMCA/3e12 with e12522e0.
According to Eq.~1! the first-order constantB2 may be ob-
tained from extrapolatingB̃2

eff(e0) to e050, and the quanti-

ties22e12B̃2
eff(e0) and23e12B̃2

eff(e0) are the strain-induced
magnetic anisotropies for@110# and@111# orientation, respec-
tively, at large strainse0 for which non-linear magnetoelasti
effects became essential.

Calculation 2 is more evolved. Instead of using the fir
order expressioneMCA

(1) for the magnetoelastic energy densi
given by Eq.~1! it is based on the phenomenological expre
sion for the magnetoelastic energy density containing fi
and second-order terms of symmetrized strain variables.6 We
calculate by theab initio electron theory the strain-induce
magnetocrystalline anisotropy energies for two differen
strained crystals, namelyeMCA,1 5e(e115e125e0 ,a15a2

5 1
2 A2) 2e(e115e125e0 ,a251) and eMCA,2 5e(e335e12

5e0 ,a15a25 1
2 A2) 2e(e335e125e0 ,a251), and we rep-

resent the data points by parabola,eMCA,15a1e01b1e0
2 and

eMCA,25a2e01b2e0
2, see Fig. 1, assuming that the strai

independent contribution to the magnetocrystalline anis

FIG. 1. Theab initio data for eMCA,1(e0)(1) and eMCA,2(e0)
~3! for LSDA ~top! and GGA~bottom!, together with the parabolic
fits, according to calculation 2.
6-2
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ropy energy density is negligible. By the phenomenologi
second-order magnetoelastic theory it can be shown~for de-
tails see Ref. 22! that the coefficientsa1 ,b1 ,a2, andb2 may
be expressed as linear combination ofB2 and two second-
order magnetoelastic coupling constants~as well asB1 and
two other second-order constants which determineB1

eff and
which have already been calculated in Ref. 15!. From the
coefficientsa1 ,b1 ,a2, andb2 fitted to theab initio data we
therefore can determine not onlyB2 but also the two addi-
tional second-order constants, and this is an advantage
the calculational method 1.

Calculation 3 starts from the linearized theory of magn
tostriction of a cubic material, which yields the followin
gy
In

l-
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expression for the magnetostrictive changeD l in length
along (b1 ,b2 ,b3) when magnetizing the sample in the d
rection (a1 ,a2 ,a3) with respect to the crystalline axes:

D l

l 0
5

3

2
l001S (

i 51

3

a i
2b i

22
1

3D 13l111~a1a2b1b2

1a2a3b2b31a3a1b3b1!, ~2!

wherel 0 denotes the corresponding length in the nonmag
tized state. The magnetostriction coefficientl111 thus may be
obtained by measuring the fractional change in length al
the @111# direction (b i51/A3) when switching the magneti
zation direction from@111# to @112̄#:
l11152
2

3

l 0S a15a25
1

A6
,a352

2

A6
D 2 l 0S a15a25a35

1

A3
D

l 0S a15a25a35
1

A3
D , ~3!
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where it is assumed thatl111!1. In principlel111 could be
determined from the equilibrium lengthsl 0(a15a2

51/A6 ,a352 2/A6) and l 0(a15a25a351/A3) of the
unit cell along the@111# axis for the two orientations of the
magnetization obtained by minimization of the total ener
which, however, would be numerically rather delicate.
stead we proceed on the line of Wuet al.12: We calculate the
total energy densitye(a15a25a351/A3 ,l ) as a function
of length l for a constant-volume mode and fit theab initio
data by a parabola,al21bl1c, see Fig. 2, yieldingl 0(a1

5a25a351/A3)52b/2a. Furthermore, the magnetocrysta
line anisotropy energy density eMCA( l )5e(a15a2

51/A6,a3522/A6,l )2e(a15a25a351/A3,l ) is calcu-
lated as a function ofl, Fig. 2, and thenl 0(a15a2

FIG. 2. The total energye(a15a25a351/A3,l ) per unit cell
as function of the lengthl along the@111# direction, and the mag-
netocrystalline anisotropy energy per unit celleMCA( l ) according to
calculation 3.
,
-

51/A6,a3522/A6) is obtained from 2b/2a
21/2a]eMCA /] l u l 0. From Eq. ~3! we finally find l111

522/3b]eMCA /] l u l 0. It becomes obvious from Fig. 2 tha

eMCA exhibits a strong nonlinear trend. A third order polyn
mial fit is required to represent the data in the whole range
consideredl / l 0 values. This means that for pure shear-str
distortions of Fe the influence of third-order magnetoelas
constants becomes relevant for strains which are acces
in epitaxial films.~In our preliminary calculation for Co and
Ni we did not find this peculiarity.! The quantity]eMCA /] l u l 0
is obtained from the linear term of the polynomial fit.

For calculation 1 the spin-polarized relativistic~SPR! lin-
ear muffin-tin-orbital method23 ~LMTO! was applied which
adopts the atomic-sphere approximation24,25 ~ASA! for the
effective potential, withs, p and d muffin-tin orbitals and
with the combined-correction terms.24,25We used the Vosko-
Wilk-Nusair parametrization26 for the LSDA and the GGA
functional of Perdewet al.27 The anisotropy energyeMCA
was calculated by means of the force theorem.28 For calcu-
lation 2 we applied theWIEN97 code29 which adopts the full-
potential linearized-augmented-plane-wave meth
~FLAPW! not involving any shape approximations for th
potential. We used the LSDA functional of Perdew a
Wang30 and the GGA functional of Perdewet al.3 The an-
isotropy energyeMCA was again calculated by means of th
force theorem, and spin-orbit coupling was treated pertur
tively using the second variational method.31 For calculation
3 we used the NorthwesternFLAPW code32 and the GGA
functional of Perdewet al.3 The energy densityeMCA was
calculated by the torque method,33 and the spin-orbit cou-
pling was treated by the second variational method. In
calculations a satisfactory convergence with respect to
convergence parameters of the band-structure method
6-3
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obtained. As an example, Fig. 3 showseMCA( l ) of calcula-
tion 3 for l / l 051.02 as a function of the band filling fo
different energy cutoffs for the basis set of the FLAP
method and for different numbers ofk points used for the
sampling of the Brillouin zone. A cutoff of 16 Ry is obvi
ously sufficient, since a 20.25 Ry cutoff gives almost iden
cal eMCA in the whole range of band filling. In contrast,
12.25 Ry cutoff is too small and its use causes an obvi
shift of theeMCA curve. A number of 13 858k points for the
sampling of the irreducible Brillouin zone also appears to
large enough since the results with 4626k points are already
reasonably close. Finally, an energy cutoff of 225 Ry w
used for the representation of the charge density and
potential.

FIG. 3. The magnetocrystalline anisotropy energy densityeMCA

of calculation 3 versus the filling of thed band forl / l 051.02 with
different number ofk points (Nk) and basis energy cutoffs (Ecut).
Thick solid line: Nk513 858 andEcut516 Ry; thick dashed line:
Nk513 858 andEcut520.25 Ry; thin solid line:Nk54626 and
Ecut516 Ry; thin dotted line:Nk513 858 andEcut512.25 Ry.
e

ys
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Table I gives the results forB2 from the three types of the
calculations. It becomes clear that all three calculations y
another sign ofB2 than the experiment, both for LSDA an
GGA.

There are two possible conclusions. First, the results m
indicate a deficiency of the two most frequently used a
proximations LSDA and GGA for the exchange-correlati
functional of theab initio density functional electron theor
for the calculation of the magnetoelastic properties of
Second, one could also suspect that there are problems
the former experimental determinations ofl111 and B2 for
Fe. For instance, to obtain single-crystalline Fe, the mater
were doped with Si atoms in the past and this may reduce
averaged-occupation number. It becomes obvious from F
3 that there is a range of reducedd-band filling for which a
change in sign forl111 and B2 is expected. We therefore
suggest that the experimental determination ofl111 andB2 is
repeated for the nowadays available ultrapure Fe sin
crystals.

One of the authors~R.W.! acknowledges support for th
ONR ~Grant No. N00014-95-1-0489! and computing grants
from NAVO and DRDC.

TABLE I. Results forB2 ~in MJ/m3) from the three types of
calculations. For calculation 3,B2 was obtained from B2

523C44l111 with the valuel11151231026 calculated by GGA
and with the experimental valueC4451.1531011N/m2. The experi-
mental results areB2517.62 MJ/m3, see Ref. 21, andl1115
222.731026, see Ref. 19.

1 2 3

LSDA 21.84 27.0
GGA 24.04 23.9 24.14
gn.
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