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Superconductivity in armchair carbon nanotubes
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We use the momentum space renormalization group to study the influence of phonons and the Coulomb
interaction on the superconducting response function of armchair single-walled nanotubes. We do not find
superconductivity in undoped single nanotubes. When doped, superconducting fluctuations can develop be-
cause of the phonons but remain small and are easily destroyed by the Coulomb interaction. The origin of
superconductivity in ropes of nanotobes is most likely an intertube effect. Projections to zigzag nanotubes
indicate a more favorable disposition to superconducting fluctuations.
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Since 1991,1 carbon nanotubes have attracted a lot of
terest due to their unusual geometry and their structural
electronic properties.2 Band calculations3 ~confirmed by
experiments4,5! have stressed the one-dimensional~1D! char-
acter of single-wall carbon nanotubes~SWCNT!.

Recently Kociaket al.6 reported measurements on rop
of SWCNT making low-resistance contacts to nonsuperc
ducting ~normal! metallic pads, at low voltage and at tem
peratures down to 70 mK. The preparation technique t
have used yields armchair nanotubes.7 Their results show
signs of superconductivity below 0.55 K. The authors pred
a purely electronic mechanism. The question we address
is whether or not 1D superconducting fluctuations can e
in a single single-walled nanotube~SWNT! and if phonons
can play any role.

To achieve this, we perform perturbative renormalizatio
group~RG! calculations8,9 to analyze the low-energy behav
ior of a (n,n) armchair nanotube. The electronic and phon
partsH0 and the electron-phonon contributionHe-ph of the
Hamiltonian were described in a previous publication.10 We
added the Coulomb interactionHe-e . The electron wave
functions come from a nearest-neighbor tight-binding mo
using a pz orbital on each carbon atom of a sheet
graphene which is rolled up in the proper way to generate
armchair nanotube.11 In order to build an effective Hamil-
tonian (H5H01He-e1He-ph) for low temperatures, we dis
card all bands that do not intersect the Fermi level. We t
linearize the band energies around the Fermi lev
«g,p(k8)5(21)g11pvFk8, wherek85(k2pkF), g51,2 is
the band index,vF is the Fermi velocity,kF is the Fermi
momentum, andp56 is the sign ofk. This is shown in Fig.
1. The Fermi level lies exactly at the crossing point for
half-filled band. This is the situation we shall first examin
In the g-ology approach to the RG, both the direct electro
electron and the phonon-mediated interactions give rise
twelve independent scattering amplitudesgi ,e-e

( j ) and gi ,ph
( j ) ( i

51,2,4 andj 51, . . . ,4).Here we have adopted the notatio
of Krotov et al.12 The index i refers to the momentum
branches~p! and j to the velocity branches@sign of the elec-
tron velocity 5(21)g11p# such that 15 interbranch back-
scattering, 25 interbranch forward scattering, 35 umklapp
scattering, and 45 intrabranch forward scattering. There a
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no momentum branch umklapp processes sincekF
58p/3a is not equal to a reciprocal-lattice vector, wherea is
the tube’s unit-cell length. The coupling constantsgi ,e-e

( j ) were
calculated by summing over all tube sites using a Coulo
interaction of the form used by Egger and Gogolin.13

g1,e-e
(1) 5g1,e-e

(3) 5b, g1,e-e
(2) 5g1,e-e

(4) 5b8,

g2,e-e
(1) 5g2,e-e

(3) 5g4,e-e
(1) 5g4,e-e

(3) 5u8,

g2,e-e
(2) 5g2,e-e

(4) 5g4,e-e
(2) 5g4,e-e

(4) 5u, ~1!

whereu (u8) and b (b8) are related to the strength of th
bare Coulomb interaction. The ratios (u/b,b8/b,u8/u) vary
between (2,0.005,0.01) and (20,0.01,0.002) when go
from a strongly screened to an unscreened interaction.
phonon-mediated electron-electron coupling constants in
nonadiabatic regime,14 gi ,ph

( j ) , are given by10

gi ,ph
( j ) [2

2

vq
ge-ph,g~q!ge-ph,g8~2q!, ~2!

wherege-ph,n(q) is the electron-phonon interaction with eac
of the two electrons involved andvq is the phonon fre-
quency. One hasq'2kF for backward scattering andq'0
for forward scattering. These parameters are valid for te
peratures (kB51) smaller than the phonon energy.

The symmetry of the electronic functions11 leads to the
following sign constraints for thegi ,ph

( j ) :

FIG. 1. Energy bands of an armchair nanotube near the Fe
energy. The double and single lines refer to each of the overlap
bands. The Fermi level is at the crossing point in the undoped t
and shifts when doped.
©2002 The American Physical Society15-1
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g1,ph
(1) 52g1,ph

(3) 5g1,0, g1,ph
(2) 50, g1,ph

(4) ,0,

g2,ph
(1) 52g2,ph

(3) 5g4,ph
(1) 52g4,ph

(3) 5g2,0,

g2,ph
(2) 52g2,ph

(4) 52g4,ph
(2) 5g4,ph

(4) 5g4,0. ~3!

We then perform a one-loop RG calculation, which is a g
eralization of the one band calculation,8,9 by considering
only the diagrams presenting a logarithmic divergence w
temperature, that is, with electrons on different veloc
branches. The result of this procedure yields the same
equations for the coupling constants that were found by K
tov et al.12 Note that this approach is quite different from th
one of Egger and Gogolin.13 At half-filling, we use a two-
cutoff approach14 with W.\vph whereW is the bandwidth
and the renormalization starting energy scale while\vph is
the phonon energy. For energy~or temperature! scalesE0
5We2 l.\vph , the phonons are adiabatic and thege-ph,g
renormalize only in the random-phase approximation. Wh
E0 reaches\vph , the phonons become nonadiabatic, and
gi ,ph

( j ) become active and are added to thegi ,e-e
( j ) . Contrary to

the usual case of a single band crossing the Fermi level
coupling constants in our case scale towards the stro
coupling sector. An analytical solution of the renormalizati
equations seems to be impossible in the general case, w
forces us to resort to a numerical solution.

The important physical properties of the system can
probed through its various response functions. These h
the coupling constants as input and measure the relative
portance of the underlying fluctuations. It is important
realize that, because of the interband interaction te
(g1

(2) ,g2
(1) ,gi

(3) ,g4
( j )), the particle-hole pairs in the Peier

channel and the particle-particle pairs in the Cooper chan
will be evolving in both bands. It is thus necessary to defi
the following response functions in Matsubara-Four
space:

xm
k,M~ q̃!52E

0

bE dtdxeiqx2 ivmt

3^Om
k,M~x,t!†Om

k,M~0,0!&, ~4!

with k56, M56, andq̃5(q,vm). The Fourier transforms
Om

k,M(q̃) are defined by

Om
k,M~ q̃!5

1

A2
@Om

k ~ q̃!1MOm
k ~ q̃!†#. ~5!

In the Peierls channel, one defines

Om
k ~q'2kF!5

1

AL
(

k,a,b
@c1,2,a

† ~k2q!sm
abc1,1,b~k!

1kc2,2,a* ~k2q!sm
abc2,1,b~k!]/2, ~6!

Om
k ~q'0!5

1

AL
(

k,a,b
@c1,2,a

† ~k2q!sm
abc2,2,b~k!

1kc2,1,a
† ~k!sm

abc1,1,b~k2q!]/2, ~7!
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in which m50 stands for charge-density (CDW) operators
and m51,2,3, for spin-density (SDW) ones. Heres0 and
s1,2,3 are the identity and thex,y,z Pauli matrices, respec
tively, and cg,p,a(k) annihilates an electron of spina in
bandg having momentumk in branchp. In the Cooper chan-
nel, one has

Om
k ~q'0!5

1

AL
(

k,a,b
a@c1,2,a~2k1q!sm

2a,bc1,1,b~k!

1kc2,2,a~2k1q!sm
2a,bc2,1,b~k!]/2, ~8!

Om
k ~q'2kF!5

1

AL
(

k,a,b
a@c1,2,a~2k1q!sm

2a,bc2,2,b~k!

1kc1,1,a~2k1q!sm
2a,bc2,1,b~k!]/2,

~9!

wherem50 are singlet superconducting (SS) operators and
m51,2,3 are triplet superconducting (TS) ones. It is through
these band-entangled operators that our response func
are different from the ones of Krotovet al.12 who only used
the untangled (Om

16Om
2) operators. Our definition of the

response functions leads to a fundamentally different beh
ior with temperature.

In order to calculate the evolution of the response fu
tions with the energy scaleE0 ~or temperature!, we introduce
the auxiliary response functionsx̄m

k,M defined through

xm
k,M~ l ,q̃!52

1

pvF
E

0

l

x̄m
k,M~ l 8,q̃!dl8, ~10!

wherel 5 ln(W/E0). We deduce the following renormalizatio
equations:

d

dl
lnx̄CDW

k,M 5ḡ2
(2)~ l !22ḡ1

(1)~ l !1k@ ḡ2
(3)~ l !22ḡ1

(3)~ l !#,

d

dl
lnx̄SDW

k,M 5ḡ2
(2)~ l !1kḡ2

(3)~ l !, ~11!

d

dl
lnx̄CDW8

k,M
5ḡ4

(2)~ l !22ḡ4
(1)~ l !1k@ ḡ1

(2)~ l !22ḡ2
(1)~ l !#

1M $2ḡ4
(3)~ l !1k@ ḡ1

(3)~ l !22ḡ2
(3)~ l !#%,

d

dl
lnx̄SDW8

k,M
5ḡ4

(2)~ l !1kḡ1
(2)~ l !1M @ ḡ4

(3)~ l !1kḡ1
(3)~ l !#,

d

dl
lnx̄SS

k 52ḡ2
(2)~ l !2ḡ1

(1)~ l !1k@ ḡ2
(1)~ l !1ḡ1

(2)~ l !#,

d

dl
lnx̄TS

k 52ḡ2
(2)~ l !1ḡ1

(1)~ l !2k@ ḡ2
(1)~ l !2ḡ1

(2)~ l !#,

d

dl
lnx̄SS8

k
52ḡ4

(2)~ l !2ḡ4
(1)~ l !,

d

dl
lnx̄TS8

k
52ḡ4

(2)~ l !1ḡ4
(1)~ l !,
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with ḡi
( j )5gi

( j )/pvF . CDW8 andSDW8 refer to the anoma-
lous q'0 interband situations whileSS8 and TS8 refer to
the q'2kF ones.

We first report on the calculations without the Coulom
interaction, that is, solely with the phonon-mediated effect
electron-electron interactions~at temperatures below the De
bye temperature for nonadiabatic interactions14!. This was
done for arbitrary amplitudes but with the sign constrai
given in Eq.~3!. We find no sign of a dominant superco
ducting response in a single-walled armchair carbon na
tube. Charge correlations (x̄CDW

2,M andx̄CDW8
2,2 ) are in all cases

the most divergent and open a pseudogap which subdue
superconducting fluctuations. The introduction of Coulom
interactions, throughu and b, reinforces this tendency eve
more. Kociaket al.,6 however, mention the possibility tha
the band occupancy might not be exactly1

2 . If this were the
case, as far as we can estimate from a tight-binding calc
tion, the sign constraints mentioned in Eq.~3! still hold.
However, the Fermi level would shift byDE5dvFkF/2 (d is
the doping level! and the two bands would have differe
Fermi momenta. As a consequence, for energy scales b
DE the ḡi

(3) would vanish because of longitudinal mome
tum conservation. Moreover, the interband backward sca
ing g1,ph

(2) , which was previously zero@see Eq.~3!#, now is
;d2g1. We now use a three-cutoff procedureW.\vph
.DE. The crossing ofDE and\vph occurs at an 8% dop
ing level. In the case where only the phonon-mediated in
actions are considered we have estimated10 ḡ1520.3/n and
ḡ25ḡ4520.1/n. Superconducting correlationsx̄SS

2,M are
found to dominate forl greater than a criticall s . This is
shown for a typical run in Fig. 2. Figure 3 shows the cro
over temperaturesTs below which this occurs for variou
doping levels and different diameter SWCNT. The turning
of the Coulomb interaction lowersTs and eventually de-
stroys the superconducting fluctuations dominance fou
*ug1u. At this point, we can conclude that superconduct
fluctuations in single armchair nanotubes originating from
phonon mechanism are possible at an appreciable do
level provided the Coulomb interaction is very small. Th

FIG. 2. Typical flow diagram for the response functions of
doped armchair nanotube.
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last condition seems restrictive in view of our own evalu
tion u@ug1u and the evidence of strong electronic corre
tions in SWCNT.15 Moreover, the finite length of the nano
tubes results in a discretization of the energy levels16

Consequently, the energy scale in the renormalization-gr
procedure cannot be smaller than this spacing. We estim
this would occur at best at 1 K which is still larger than the
temperatures at which the work of Kociaket al.6 shows any
indication of superconductivity. It thus seems likely that t
superconductivity seen in ropes takes place by a coup
effect between the nanotubes. At the dimensionality cro
over temperatureTx;t' /p, where t' is the net intertube
hopping amplitude, intertube hopping becomes coheren17

Any fluctuating superconducting pair that might exist w
thereafter be able to coherently tunnel between tubes. T
surely occurs much before the SWCNT discrete spectrum
felt. The single tube superconducting fluctuations need
be dominant for this to take place. The existence of frus
tion in ropes of close-packed SWCNT would prevent t
further development of bond-order wave deformations~asso-
ciated with a KekuleCDW modulation10! or magnetic order
and allow superconductivity to develop. Moreover, the int
chain particle-hole interactions that might exist atTx could
also play a role in enhancing superconductivity through
mechanism similar to the one proposed for orga
materials.18 All of this is consistent with the small tempera
tures observed for superconductivity in ropes of armch
nanotubes.

The recent discovery of superconducting fluctuations
15 K in a single (5,0) zigzag single-walled carbo
nanotube19 thus seems puzzling in view of the above analy
of armchair nanotubes. In this specific instance, the v
strongs-p hybridization due to the very small diameter
the SWCNT changes the band structure in a dramatic w
and makes the tubes metallic instead of being the expe
insulating state.2 The band structure might share similaritie
with the one in a conducting (6,0) zigzag SWNT.20 The band
structure in the vicinity of the Fermi level would then sho
the crossing between a nondegenerate band (1) and do

FIG. 3. Temperature at which the superconducting fluctuati
dominate as a function of the doping level for three (n,n) armchair
tubes. Only phonon-mediated interactions are considered.
5-3
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degenerate bands (2,3) of opposite curvature and would h
a different transverse angular momentum. Because of
twofold degeneracy, the Fermi level no longer lies at
crossing point but is offset so that the bands (1) and (2
have different Fermi momenta. Moreover, the tight symm
try relationship of the armchair bands exists no longer
tween (1) and (2,3). There are also many different phon
contributing to effective phonon-mediated electron-elect
interactions. Finally, allḡi

(3) will vanish because of longitu
dinal momentum conservation. This, we believe, is quite s
ficient to allow for important superconducting fluctuations
the zigzag tubes. Purely as an illustration and only for cru
,

e

-

ttl,

a

C

t,

la
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order of magnitude estimates, we used the model develo
above with only two cutoffsW5DE;0.3 eV,20 \vph
;0.166 eV, andn53 to account for the smaller tube diam
eter such thatḡ1520.1,ḡ2520.03. We find a dominance o
the superconducting response below room temperature
just the phonons. This is much larger than for the armch
tubes and might explain the origin of the superconduct
fluctuations observed by Tanget al.19 But again adding a
Coulomb interaction quickly reduces this temperature. S
perconductivity disappears again foru*ug1u. The results of
Tanget el. would thus indicate an unexpectedly small Co
lomb interaction in zigzag nanotube.
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