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Vortex lattice stability in the SO„5… model
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We study the energetics of superconducting vortices in the SO~5! model for high-Tc materials proposed by
Zhang. We show that for a wide range of parameters normally corresponding to type-II superconductivity, the
free energy per unit fluxF(m) of a vortex withm flux quanta is a decreasing function ofm, provided the
doping is close to its critical value. This implies that the Abrikosov lattice is unstable, a behavior typical of
type-I superconductors. For dopings far from the critical value,F(m) can become very flat, indicating a less
rigid vortex lattice, which would melt at a lower temperature than expected for a BCS superconductor.
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I. INTRODUCTION

The phase diagrams of all high-temperature supercond
ors have a rich structure, with two prominent features at l
temperatures: antiferromagnetism and superconductivity.
tiferromagnetism~AF! is seen at low doping, while supe
conductivity~SC! is observed if the doping exceeds a critic
value.

A description of these phenomena was proposed
Zhang,1 who observed that both superconductivity and an
ferromagnetism involve spontaneous symmetry break
Borrowing heavily on ideas from particle physics, he su
gested that the symmetries involved are unified into a lar
approximate symmetry group. He presented a strong cas
the group SO~5!, with the SC and AF order parameters com
bined, forming a fundamental representation of this grou

The parameters of the potential of the Ginzburg-Land
theory determine the ground state of the model; at high t
peratures, the symmetry is unbroken, while at low tempe
tures, either the AF or SC order parameter attains an ex
tation value, depending on the doping. Because of
coupling between the AF and SC order parameters, ex
possibilities for solitons in the model can arise, as was
served by Zhang in his original paper. These ideas were
veloped in Refs. 2–5; for related work see Refs. 6–8.

In this paper, we wish to further analyze the properties
exotic solitons in the SO~5! model. We will consider in detai
SC vortices,2,3 although other possibilities4,5 can be analyzed
similarly. We will first introduce the SO~5! model and review
the reasons for suspecting that SC vortices might have
cores.

We will then study the free energy of vortices as a fun
tion of their winding number.9 Normally, in a type-II super-
conductor~one for which the Ginzburg-Landau parameterk
satisfiesk.kc51/A2) the energy divided by winding num
berm ~or energy per flux quantum! of a vortex is an increas
ing function ofm. This implies that vortices of winding num
ber greater than 1 are unstable, which is one way of se
that the vortex lattice is the preferred~lowest-energy! con-
figuration of a superconductor placed in an external magn
field. For a type-I superconductor (k,kc), the situation is
0163-1829/2002/65~14!/140512~4!/$20.00 65 1405
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reversed: the energy divided bym is a decreasing function o
m and the vortex lattice is unstable.

However, as will be seen below, this is not necessa
true in the SO~5! model. Under certain circumstances, t
vortex energy per flux of a type-II superconductor can b
decreasingfunction of flux, indicating an instability of the
vortex lattice: type-I behavior.

The underlying reason is the possibility of AF vorte
cores, which have been experimentally demonstrated in
derdoped La2CuO4 samples.8 When AF cores occur in SC
vortices, the AF order parameter makes a contribution to
vortex free energy, which is increasingly negative with i
creasingm.

Two factors are involved. The first is the degree to whi
a superconductor is type-II; the second is the proximity
SO~5! symmetry, which is explicitly broken away from
‘‘critical doping’’ ~that which corresponds to the SC-A
phase boundary!. These factors reinforce one another, so t
a mildly type-II superconductor can easily exhibit type-I b
havior, while a strongly type-II superconductor requires
doping exceedingly close to critical.

This feature of the SO~5! model gives, in principle, a
dramatic prediction of that model. If one varies the doping
a given superconductor, the vortex lattice should become
and less rigid, melting more and more easily as critical d
ing is approached. Eventually, type-I behavior should app

It must be noted that the region of parameter space co
sponding to critical doping appears to be experimenta
delicate; in particular, the appearance of inhomogenei
~stripe formation, phase separation!, Refs. 11–13, could
mask the appearance of type-I behavior. Nonetheless,
duced melting temperatures should appear away from
delicate region, so that an experimental signature is still p
sible. Indeed, Sonieret al. have studied the melting of th
vortex lattice in high-temperature superconductors and h
observed melting at temperatures lower than expected in
derdoped cuprates.14

II. VORTICES IN THE SO „5… MODEL

According to the SO~5! model, the low-energy dynamic
of high-temperature superconductors is written in terms o
©2002 The American Physical Society12-1
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five-component real field transforming as a fundamental r
resentation of SO~5!. The upper two components, say, of th
real field are the real and imaginary components of the c
plex order parameter of superconductivity, while the low
three components are the AF order parameter. We will
these fieldsf5f11 if2 andh5(h1 ,h2 ,h3), respectively.

The low-energy effective theory can be described in ter
of the following free energy:

F̂5E d2xF ĥ2

8p
1

\2

2m* US 2 i“2
e*

\c
ÂDfU2

1
\2

2m* ~“h!2

1V~f,h!G , ~1!

whereĥ5“3Â is the microscopic magnetic field~hats will
simplify notation shortly, when we go to a description
terms of dimensionless quantities!.

Much information ~including the ground state! can be
found by examining the potential. Including even powers
the fields up to fourth order, the most general potential is

V~f,h!52
a1

2

2
f22

a2
2

2
h21

b1f412b3f2h21b2h4

4
,

~2!

where we have writtenf5ufu and h5uhu. We have given
the quadratic terms negative coefficients since this is wha
phenomenologically interesting. In order for the potential
be bounded from below, the quartic terms must obey
following inequalities:b1,2.0, b3.2Ab1b2.

Strictly speaking, the model should be called an SO
3SO(2) model, since this is the actual symmetry of t
model. Nonetheless, the potential is invariant under
larger group SO~5! if the two mass parameters are equal a
if the three quartic couplings are equal. It will be an appro
mate symmetry if these couplings are approximately eq
In what follows, for simplicity we will set the three quarti
couplings to the same value,b15b25b35b.

In order to study SC vortices, we must restrict ourselv
to the region in the parameter space that gives a SC gro
state. This will be the case if the global minimum of th
potential has a nonzero value off and a zero value ofh.
Examination of the potential shows this to be true ifb
[a2

2/a1
2,1. Then the ground state is (f,h)5(v,0), where

v5a1 /Ab. It is convenient to add a constanta1
4/4b to the

potential, so that the free energy of the superconducting s
in the absence of a magnetic field is zero. Note thatb51
corresponds to the SO~5! symmetric limit of the potential,
and also to critical doping, since neither the SC or AF stat
preferred at that value.

It is easy to see qualitatively why the core of a vort
mighthave an AF core~i.e., a core wherehÞ0). In a vortex
@in the SO~5! model as well as in the familiar case of co
ventional superconductors#, the fieldf changes in phase b
2p at spatial infinity. By continuity,f must have a zero a
some point, chosen to be the origin. Now let us look at h
the fieldh fits into the situation. At infinity,ufu5v and the
energy is minimized forh50. Inside the vortex core, how
14051
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ever, ufu→0. This means that the potential, viewed as
function of h with f50, is minimized athÞ0. Were the
potential energy the only factor,h would certainly develop a
nonzero expectation value inside the core of the vort
However, the potential and gradient energies are in comp
tion ~the gradient energy being minimized ifh is zero every-
where!, and the minimum-energy configuration may or m
not havehÞ0 in the core of the vortex, depending on whic
of these two competing factors dominates. The form of
potential suggests that asb is increased, there is greater like
lihood of an AF core; this is indeed what is found nume
cally ~see below, as well as Refs. 2 and 5!.

As ansatz for the vortex, we use that of a conventio
vortex ~generalized to winding numberm) with in addition
an ansatz forh ~whose orientation is taken to be constan!,
which allows for the possibility of a nonzero core,

f~x!5v f ~s!eimu, ~3!

Âi~x!5a1cAm*

e*
e i j

sj

s
A~s!, ~4!

h~x!5vn~s!, ~5!

where s5r /l, being the penetration depth
l5(m* c2/4pe* 2v2)1/2.

The equations of motion of the dimensionless fieldsf, n,
and A are ~prime denotes derivative with respect tos) as
follows:

1

k2 F f 91
1

s
f 82S m

s
1kAD 2

f G1 f ~12 f 22n2!50, ~6!

1

k2 S n91
1

s
n8D1n~b2 f 22n2!50, ~7!

h81S m

ks
1AD f 250, ~8!

where in the last equationh is the dimensionless magnet
field, defined byh52A82A/s. The dimensionless free en
ergyF5(2e* 2/a1

2m* c2)F̂ of a vortex of winding numberm
is given by

F~m!5E
0

`

ds
s

2H S A81
A

s D 2

1k22F f 821S m

s
1kAD 2

f 21n82G
2 f 22bn21

1

2
~ f 21n2!21

1

2J . ~9!

These expressions contain three parameters: the Ginzb
Landau parameterk5l/j @where the coherence length isj
5(\2/m* a1

2)1/2#, the parameterb defined above, and the
winding number of the vortexm. For high-temperature su
perconductors,k is usually quite large, whileb is deter-
mined in sample preparation by varying the doping.@Specifi-
cally, b can be written in terms of more physical quantiti
as b5128m* j(T)2x(m22mc

2)/\2.# b.1 corresponds to
the AF phase, whileb,1 describes the SC phase. We w
2-2
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be particularly interested inb&1. The equations of motion
are solved numerically, using the relaxation algorithm d
scribed in Ref. 15.

III. VORTEX ENERGETICS

For a givenm, the vortex may or may not have an A
core, depending on the parameters of the model. We de
bc(k,m), the critical value ofb, such that forb.bc the
vortex core is AF, while forb,bc it is normal. Figure 1

FIG. 1. bc as a function ofk for various winding numbers.
14051
-

ne

showsbc as a function ofk, for various values ofm. One
sees that asm increases,bc decreases. This can be unde
stood intuitively: higherm corresponds to a wider vorte
core, and thus greater impetus forn to attain a nonzero value
in the core.

A very useful quantity for given values ofk andb is the
free energy per winding number of a vortex as a function
m, F(m)5F(m)/m. This quantity clearly influences the be
havior of a superconductor when placed in a magnetic fie
if F increases withm, the field will penetrate in vortices o
winding number 1, while ifF decreases withm, vortices will
coalesce to form large normal regions.

For a conventional superconductor,F increases or de-
creases with m for type-II or type-I superconductors
respectively.16 The SO~5! model givesF(m) for a conven-
tional superconductor by settingb50; then,n(s)50 and the
vortex free energy~9! is identical to that of a conventiona
superconductor.

Figure 2 showsF(m) for various values ofb and k. In
the first three plots, the upper curve (b50) represents a
conventional superconductor:F(m) is decreasing, constan
and increasing for type-I, borderline I-II, and type-II supe
conductors, respectively. The remaining curves reflect the
fect of an AF core in the SO~5! model. The fourth plot cor-
responds to a large value ofk; b50 is not displayed in order
to resolve different values ofb very close to 1.
FIG. 2. F(m) for various values of parametersk andb.
2-3



ro
ly

on
c
nc
a

e
ra
in
,
t

in
o

e

ur

ta
in
e-

si
de

al-

ga-

r-

ore
r in
the
g is

e
per-
esult

ts.
ce
as
sis

d in

of

We

is
En-

RAPID COMMUNICATIONS

M. JUNEAU, R. MacKENZIE, M.-A. VACHON, AND J. M. CLINE PHYSICAL REVIEW B65 140512~R!
It is clear that the development of an AF core has a p
found effect onF(m). This can be understood qualitative
in the following way. As mentioned above, asm increases,
the vortex core width increases. This is already true for c
ventional superconductors, but the effect is more pronoun
for SO~5! superconductors when the core becomes AF, si
in that case the free-energy difference between the AF
SC states is reduced, and the potential energy~which tends to
reduce the core size! is less important. A larger core siz
permits a more spread out magnetic field, and an ove
reduced energy.@Note that anomalously large core sizes
YBa2Cu3O72d at low magnetic fields have been observed17

though whether the SO~5! model can explain this has not ye
been addressed.#

In a type-I superconductor@Fig. 2~a!# F(m) decreases
more quickly once an AF core develops. This changes
quantitative way, but not a qualitative way, the behavior
the material.

Things are more interesting in the case of a type-II sup
conductor@Figs. 2~c! and 2~d!#, where a qualitative transition
from type-II to type-I behavior can be achieved. This occ
at approximatelyb50.98 andb50.9998 fork57.07 and
70.7, respectively.

Clearly for strongly type-II superconductors~as is the
case with high-temperature superconductors!, b must be ex-
tremely close to 1~doping extremely close to critical! for this
transition to occur. Even before this point, there is a subs
tial decrease inF(m), meaning that the energetic savings
forming a vortex lattice~as compared to a large, normal r
gion where the magnetic field penetrates! are substantially
reduced. This would be reflected in a less rigid, more ea
melted lattice. Such behavior has in fact been seen in un
doped cuprates.14
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We have also calculated the surface energy at a norm
superconducting boundary as a function ofb andk, and find
results consistent with the above analysis: a positive or ne
tive surface energy whenF(m) is of negative or positive
slope, respectively. This will be reported elsewhere.

In summary, by analyzing the energy per unit flux of vo
tices as a function of winding number in the SO~5! model,
we find that the development of an antiferromagnetic c
has a profound effect on the behavior of a superconducto
a magnetic field. This effect depends on the doping of
material, becoming more and more strong as the dopin
reduced to the critical value~that corresponding to the
AF/SC transition!. More specifically, we find that the degre
to which a given superconductor behaves as a type-II su
conductor decreases as the doping is reduced. This can r
in a less rigid~more easily melted! vortex lattice, and as the
doping approaches its critical value type-I behavior resul

Speight18 has recently analyzed the static intervortex for
in conventional superconductivity, by treating the vortices
point sources. It would be interesting to repeat this analy
in the SO~5! model to see the effect of then field on these
forces, and to see if the above behavior can be understoo
terms of long-range forces between vortices.

It would also be interesting to extend the work
Bogomol’nyi10 to the SO~5! model. This would circumvent
much of the numerical work done in the present paper.
have not yet succeeded in doing so, however.
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