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Local density of states in superconductor–strong ferromagnet structures
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We study the dependence of the local density of states~LDOS! on coordinates for a superconductor-
ferromagnet (S/F) bilayer and aS/F/S structure assuming that the exchange energyh in the ferromagnet is
sufficiently large:ht@1, wheret is the elastic relaxation time. This limit cannot be described by the Usadel
equation and we solve the more general Eilenberger equation. We demonstrate that, in the main approximation
in the parameter (ht)21, the proximity effect does not lead to a modification of the LDOS in theS/F system
and a nontrivial dependence on coordinates shows up in next orders in (ht)21. In the S/F/S sandwich the
correction to the LDOS is nonzero in the main approximation and depends on the phase difference between the
superconductors. We also calculate the superconducting critical temperatureTc for the bilayered system and
show that it does not depend on the exchange energy of the ferromagnet in the limit of largeh and a thickF
layer.
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I. INTRODUCTION

In recent years the interest in the proximity effect betwe
superconducting~S! and ferromagnetic~F! layers has in-
creased considerably. The actual progress in the prepar
of high quality metallic multilayer systems allows a care
study of the mutual interaction of superconductivity and f
romagnetism in hybridS/F structures. The proximity effec
manifests itself in, e.g., changes of the density of sta1

~DOS! or in the dependence of the superconducting criti
temperatureTc on the thickness of theF layer ~see, e.g.,
Refs. 2–4!.

Many theoretical works have been devoted to the stud
such structures, which is not a simple task. In most of th
the DOS and the critical temperature of the superconduc
transitionTc were analyzed in the ‘‘dirty limit.’’ This means
that the retarded and advanced Green’s functions, which
termine the thermodynamical properties, were obtained fr
the Usadel equation~e.g., Refs. 5–10! which is simpler than
the more general Eilenberger equation. In other words, it
assumed that the mean free pathl is much shorter than an
characteristic length~with exception of the Fermi wave
length!, and that all energies involved in the problem a
smaller thant21, wheret is the elastic relaxation time. In
particular, the conditionht!1 has to be satisfied (h is the
exchange energy!. It was shown that in this limit the DOS in
the F layer oscillates and decays with increasing excha
energyh. In the limit ht!1, the period of the oscillations
and the decay length are comparable to each other and a
the orderAD/h.

Calculations in the opposite~purely ballistic! case were
performed in Refs. 11,12. Haltermanns and Valls12 solved the
Bogolyubov and self-consistency equations numerically
presented the results for the LDOS in aF/S structure. Za-
reyan and co-workers11 calculated the LDOS of aF film in
contact with a superconductor. They assumed that the e
trons in theF film are scattered only at the roughF/vac
surface~‘‘vac’’ stands for vacuum!. However, not so much
attention has been payed to the more realistic caseht@1.
0163-1829/2002/65~13!/134505~7!/$20.00 65 1345
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Except for Ref. 13, where this limit was considered for ve
thin ferromagnetic films, a study of the proximity effect
disordered ferromagnetic conductors with strong excha
energiesh is still lacking. This limit is very important when
dealing with ferromagnetic layers made of transition meta
as Fe or Ni, for whichh&1 eV, and whose sizes are larg
than the mean free pathl.

In the present paper, we analyze the DOS and the crit
temperatureTc of the superconducting transition inS/F
structures for which the condition

ht@1 ~1!

is satisfied. Heret is the elastic relaxation time due to im
purity scattering in the bulk. According to condition~1! the
exchange interaction, which is proportional toh is much
stronger than the interaction with impurities, which is of t
order oft21. We will show that in this limit the decay length
of the superconducting condensate function induced in
ferromagnet is of the order of the mean free pathl. There-
fore, despite its smallness, it is very important to retain
impurity scattering term if the thickness of theF layer is
larger thanl. On the other hand, the producttTc may be
smaller or larger than unity. We will see that in the limit~1!
thermodynamical quantities, such as DOS andTc , differ
considerably from those in the dirty5–10 and purely ballistic
limits.11,12

As it has been pointed out in Refs. 14,15, the Usa
equation is not applicable in the limit~1!, and the more gen-
eral Eilenberger equation should be solved. One can s
the latter equation with the help of an expansion in the
rameter (ht)21 for both the strong and weak proximity e
fect. In the case of a weak proximity effect the solution c
be obtained even for an arbitrary impurity concentration15

i.e., for an arbitrary value of the parameterht. It will be
shown that in the limit of largeht the condensate functionf
oscillates in space with a periodvF /h and decays on a lengt
of the order of the mean free pathl. If one neglects the
impurity scattering in the bulk, as was done in Refs. 11,
©2002 The American Physical Society05-1
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the results for DOS depend essentially on the boundary c
ditions at theF/vac interface. This is because in that case
condensate functionf is formed by interfering waves re
flected from theF/vac boundary. Therefore, the thermod
namical properties depend sensitively on whether these
flections are specular12 or diffusive.11

In the present paper, we assume that the thickness o
ferromagnetic layerdF is much greater than the mean fre
path l and therefore reflected waves are unimportant p
vided the bulk impurity scattering dominates. We show t
in the main approximation in the parameter (ht)21, the
LDOS in the ferromagnetic region in aF/S bilayer is not
affected by the proximity effect. On the other hand the a
plitude of the condensate function in the ferromagnet n
the S/F interface is equal to that in the superconductorS if
the interface transmittance is high, and decays away from
interface at distances of the orderl. In the limit ~1!, the mean
free pathl is much larger than the period of the oscillatio
(;vF /h) and may be comparable withdF . Therefore, one
can speak about long-range penetration of the supercond
ing condensate into the ferromagnet. In the presence of
superconductors~e.g., in aS/F/S sandwich! the situation
changes: a correction to the DOS inF arises in the main
approximation and its magnitude depends on the phase
ference between the superconductors and on the thicknesdF
of theF layer vanishing in the limitdF→`. We also analyze
a variation of the critical temperature of the superconduct
transitionTc for a S/F bilayer for which the condition~1! is
satisfied. We find the dependence ofTc on the thicknessdS
of the superconductor in the limitdF@ l and compare it with
the results obtained in the dirty limit.

II. BASIC EQUATIONS

Physical quantities of interest can be computed using q
siclassical retardedĝR and advancedĝA Green’s functions. In
order to find the retarded Green’s functionĝR ~for brevity we
omit the indexR) one should solve the Eilenberger equati
~the advanced Green’s function can be found in the sa
way!

mvF]xĝ2 i ~e1h!@ t̂3 ,ĝ#2 i @D̂,ĝ#1~1/2t!@^ĝ&,ĝ#50.
~2!

Hereĝ is the retarded Green function in the Nambu space
obeys the normalization condition

ĝ251. ~3!

The angle brackets denote the averaging over angles:^(••
•)&5*0

1dm(•••), m5cosu, u is the angle between the mo
mentum and thex axis ~in all the S/F systems considere
below thex axis is perpendicular to theS/F interfaces!, and
vF is the Fermi velocity. The exchange fieldh vanishes in the
S layers.D̂ is the matrix

D̂5S 0 D

2D* 0 D ,
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andD is the pair potential in the superconductor. We assu
that in theF layers the electron-electron interaction vanish
and thereforeD50. The last term of Eq.~2! describes the
effect of nonmagnetic impurities. Equation~2! is supple-
mented by the Zaitsev boundary condition at theS/F
interface.16

âS R2Râ21
T

4
~ ŝ12 ŝ2!2D5

T

4
@ ŝ2 ,ŝ1#. ~4!

Hereâ andŝ are the antisymmetric and the symmetric~in m)
parts of the Green’s functionĝ; R and T are the reflection
and transmition coefficients. Equations~2!–~4! describe the
system completely and are the basic equations in our st
In spite of a rather simple symbolic representation they
quite complicated and a general solution can hardly be
tained for an arbitrary impurity concentration. According
further calculations are performed under certain assumpt
that allow us to simplify Eqs.~2!–~4! for values of param-
eters which still correspond to real systems.

III. LOCAL DENSITY OF STATES IN A SÕF BILAYER

In this section, it is assumed that the mean free pathl s in
the superconductor is larger than the coherence lengthjs . In
this case the last term in Eq.~2! can be disregarded in the
region. We consider first aS/F bilayer. TheS/F interface is
located atx50, the superconductor and ferromagnet occu
the regionsx,0 andx.0, respectively. We also assume th
the thickness of both layers are much larger than the cha
teristic lengths over whichĝ varies, i.e.,js in theS layer and
l in theF layer. We focus first on the LDOS in the superco
ductor for subgap energiese,D. It is clear that in this en-
ergy range and foruxu@js the LDOS vanishes as it should b
in a bulk superconductor.

We assume a perfectS/F interface transparency. In thi
case and according to the boundary condition Eq.~4! both
the symmetric and the antisymmetric parts must be cont
ous at the interface. For simplicity we approximate the d
pendenceD(x) by a steplike functionD(x)5DQ(2x).
Then, the solution of Eq.~2! in the superconducting regio
has the form

ĝS5~e/j2sgnmD/jCeksx!t̂3

1@D/j2sgnm~e/j!Ceksx# i t̂21Csgnmeksxt̂1 .

~5!

Here j5Ae22D2, ks522i j/umuvF , and C is a constant
which has to be determined from the boundary conditio
Note that the solution~5! can also be represented in terms
the eigenfunctionsÛ5(u,v) of the Bogolyubov equation
i.e., it can be written as

ĝS5ĝSb1 t̂3Û1~x! ^ Û~x!, ~6!

where ĝsb is the Green function in the bulk. For energie
ueu,D the functionsÛ(x) decay exponentially away from
the S/F interface.
5-2
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Now we have to solve Eq.~2! in the ferromagnet. In the
limit determined by Eq.~1! one can check that the solutio
of Eq. ~2! in the main approximation with respect to (ht)21

is

ĝF5 t̂31D exp~2kx/umu l !i t̂21sgnmD exp~2kx/umu l !t̂1 ,
~7!

wherek5122i (e1h)t. The second and third terms in E
~7! describe the condensate function induced in the fe
magnet due to the proximity effect.

As opposed to many authors claiming that the de
length of the condensate function is proportional tovF /h
~see, for example, Ref. 7!, Eq. ~7! clearly shows that the
penetration depth of the condensate is of the order of
mean free pathl and does not depend on the exchange fi
h. Thus, for clean and strong ferromagnets, the superc
ducting condensate penetrates over long distances comp
to the magnetic lengthvF /h. As mentioned in the Introduc
tion, in the dirty case,ht!1, the penetration length of th
condensate into the ferromagnet decreases with increasih,
which is true for the singlet component of the condens
function ~the triplet component of the condensate may p
etrate into the ferromagnet over a long length of the or
AD/T.17,18 This triplet component may be induced by th
presence of a magnetic inhomogeneity close to theS/F
interface.17! However, we see from Eq.~7! that a long-range
proximity effect exists even for singlet pairing and homog
neous magnetization. Using the fact thatĝ is continuous at
x50, one can determine the constantsD andC from Eqs.~5!
and ~7!

C5D5
2j1e

D
. ~8!

The normalized LDOS is given by the well known expre
sion

ñ5n/n05~1/2!ReTrt̂3ĝ, ~9!

wheren0 is the LDOS in the normal state. From Eqs.~5!–~9!
one obtains in theS region (e,D)

ñ~x,e!5^exp~2AD22e2x/umuvF!&. ~10!

In Fig. 1, we plot the spatial dependence ofñ and the abso-
lute value of the imaginary part of the symmetric condens
function@second term in Eq.~7!#. Due to the proximity effect
of the ferromagnet the superconductor becomes gaples
the region close to theS/F interface. According to Eqs.~7!
and ~9! the LDOS in the ferromagnet remains unchang
despite the presence of the condensate function induce
the F region @second and third term in Eq.~7!#. The reason
for that is the cancellation of the symmetric@second term in
Eq. ~7!# and antisymmetric parts@third term in Eq.~7!# in the
normalization condition~3!. Thus, the coefficient in front o
t3 in Eq. ~7! is 1 and thereforeñ51.

The correction to the LDOS in the ferromagnet is not ze
if one takes into account higher order terms in the expans
in the parameter (ht)21. We calculate this correction assum
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ing for simplicity that the transparency of theS/F interface
is low. In this case, the Green function in the superconduc
is not affected by the proximity effect and is given by

ĝS5GSt̂31FSi t̂2 , ~11!

whereGS5e/Ae22D2 and FS5D/Ae22D2. For a low in-
terface transparency, the boundary condition~4! reduces to

â5g@ ŝF ,ŝS#>gFSt̂1 . ~12!

Here g5T(m)/4R(m)!1 is the parameter describing th
transmittance of the interface. The way how to solve Eq.~2!
was presented in Ref. 15. The exact Green function is gi
by

ĝF~x!5 t̂31 f 2~x!i t̂21 f 1~x!t̂1

5 t̂31E ~dk/2p!@ f 2ki t̂22~m l /k! f 2kt̂1]x#e
ikx,

~13!

where

f 2k5
2kFSl

M @12k^1/M &#
@2k~gm^1/M &2^gm/M &!1gm#,

~14!

M5(klm)21k2, and k5122i (e1h)t. In the case under
consideration, i.e.,ht@1, one can easily show tha
uk^1/M &u,1 and hence we can expand Eq.~14!:

f 2k>
2kFSl

M
~gm1kg0 /Mm51!. ~15!

FIG. 1. The spatial dependence of the normalized LDOSñ
~dashed line!, and the imaginary part of the symmetric condens
function uImf 2u ~solid line!. TheS ~F! layer is located in the region
x,0 (x.0). D0 is the value ofD for T50. D/D050.8, e/D0

50.4, tD051, andh/D0510. Although the functionuImf 2u exhib-
its a strongly oscillating and weakly decaying behavior in the f
romagnet, the LDOS remains unchanged in this region.
5-3
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For simplicity we have assumed that the transmission c
ficient T(m) has a sharp maximum atu50, i.e., g(m)
5g0d(m21). The first correction to the normalized LDO
proportional to (ht)21 can be now obtained. After cumbe
some but straightforward calculations one obtains at low
ergies

dn5
1

2
Rê ~ f 2!22~ f 1!2&52g0

2~e22x/ l /4ht!sin~4htx/ l !.

~16!

Equation~16! shows that for sufficiently largeht, the cor-
rection to the LDOS of the normal metal is small. This co
rection to the LDOS proportional to (ht)21 reveals a
damped-oscillatory behavior similar as the one reported
Ref. 10, where the caseht!1 ~dirty limit ! was considered
The spatial dependence of the local DOS is shown in Fig

IV. LOCAL DENSITY OF STATES IN A SÕF ÕS SANDWICH

Now we consider a Josephson-likeS/F/S structure~see
Fig. 3!. In this case, the correction to the DOS is not ze
even in the main approximation in the parameter (ht)21.
The thickness of theF layer isdF , and we assume again th
the transparency of theS/F interfaces is low. The solution o
Eq. ~2! can be sought in the following form:

FIG. 2. Spatial dependence of the LDOS in the ferromagnet
different values ofht. The solid, dashed, and dash-dotted lin
correspond toht515, ht510, andht55, respectively.

FIG. 3. TheS/F/S structure.
13450
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ĝ5 t̂31 ŝ1â, ~17!

whereŝ and â are the symmetric and antisymmetric part
the condensate function induced in the ferromagnet. T
equations which determineŝ andâ can be obtained from Eq
~2! and written in the form

~m l !2]xx
2 ŝ2k2ŝ2k^ ŝ&50,

â52~m l /k!t̂3]xŝ, ~18!

wherek is defined in Eq.~14!.
In the limit of a weak proximity effect, the boundary con

ditions atx56dF/2 are@the upper~lower! sign corresponds
to x5dF/2 (x52dF/2)#

â57gt̂3F̂S . ~19!

F̂S is the condensate function of the superconductors wh
now is given byF̂S(w)5 i t̂2FSexp(6iwt̂3), whereFS is de-
fined in Eq.~11! andw is the phase difference between th
superconductors. The general solution of Eq.~18! with the
boundary conditions Eq.~19! was presented in Ref. 15. I
the limit ht@1 one obtains

ŝ~x!522kFlmgFS(
n

@ i t̂2cosw/21 i t̂1~21!nsinw/2#

3E dk/2pe2 ikxeik(2n11)dF/M

52gFSF i t̂2cos~w/2!
coshu~x!

sinhu~dF/2!

1 i t̂1sin~w/2!
sinhu~x!

coshu~dF/2!G , ~20!

whereu(x)5kx/ l umu andn takes integer values from2` to
1`. From Eq.~18! one obtains the expression forâ

â~x!5gFSF t̂2sin~w/2!
coshu~x!

coshu~dF/2!

2 t̂1cos~w/2!
sinhu~x!

sinhu~dF/2!G . ~21!

The correction to the LDOS due to the proximity effect
then given by

dn52
1

2
Re~ ŝ21â2!

52
D2

e22D2
ReK g2

sinh22u~dF/2!

3@11cosw cosh 2u~dF/2!#L , ~22!

where 2u(dF/2)5kdF / l umu As one could expect,dn van-
ishes in the limit of a very large thicknessdF of the F layer.

r

5-4
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At the same time, one can see that the correction to
LDOS is notx dependent but it depends on the phase diff
encew. This behavior is quite interesting and rather une
pected. The correction to the LDOS, Eq.~22!, may be both
positive and negative depending on the phasew. In Figs. 4
and 5 we plot the dependence ofdn on the thicknessdF and
on the phase differencew. As before we assume tha
g2(m)5(g0

2/dm)d(m21), where dm is the width of the
peak in the dependenceg(m). Thus, for aS/F/S sandwich
the correction to the LDOSdn is much larger than in the
case of aS/F bilayer. In the latter case the correction
proportional to the small factor (ht)21, while in theS/F/S
structuredn is finite in zeroth order in (ht)21 and propor-
tional to the large factor 1/dm.

V. CRITICAL TEMPERATURE FOR A SÕF BILAYER

Another thermodynamic quantity we are interested in
the superconducting critical temperature of aS/F bilayer in

FIG. 4. LDOS versus the thicknessdF of the F layer. Hereet
50.1, Dt51, andw50. The solid and dashed lines correspond
ht515 andht510.

FIG. 5. LDOS versus the phase differencew for the parameters
et50.1, Dt51, anddF / l 55. The solid, dashed, and dash-dott
lines correspond toht515, ht510, andht55, respectively.
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the limit ht@1. The opposite case (ht!1) was studied in
Refs. 5–7, 9. Here we consider a bilayer system consistin
oneS layer of thicknessdS and oneF layer of thicknessdF .
Of course, the superconducting transition temperature
considerably change only provided the thickness of the
perconducting layer is not very largeds&jS . We assume
that theS/F interface has a very high transparency, oth
wise the proximity effect does not affect substantially t
critical temperatureTc . The computation of the condensa
function f̂ 5 ŝ1â from Eq.~2! follows as before. In the limit
ht@1 the solution in theF layer is given simply by Eq.~7!.
The solution in theS region requires a little more care. Fo
temperatures close toTc one can seek for solutions in th
form

ĝS5 t̂31F2i t̂21F1t̂1 . ~23!

If we assume thatD(x) is a slow varying function ofx, then
the functionF2 can be written as19

F25D/e1dF. ~24!

Bearing in mind that the functionsF1 andF2 are continuous
at theS/F interface, one obtains the following equation f
dF:20

~m l !2]xx
2 dF2ks

2dF2ks^dF&522umu lksDd~x!, ~25!

whereks52112i et, and D is the constant from Eq.~7!.
Equation~25! can be easily solved in the Fourier space. T
solution is given by

dFk5
2lksD

MS~11ks^1/MS&!
~ umu1umuks^1/MS&

2ks^umu/MS&!. ~26!

HereMS5(klm)21ks
2 . In the dirty limit, i.e., whenet!1,

the expression Eq.~26! can be simplified:

dFk>
3lksD

~ lk !226i et
~27!

and the value of the functiondF(x) at x50 is given by

dF~0!5E dk

2p
dFk52

A3~11 i !

4

D

Aet
. ~28!

From Eqs. ~7!, ~24!–~28!, and the fact that all the
functions are continuous atx50, one can determine th
constantD

D5
D

e

4Aet

A3~11 i !
. ~29!

We see that the constantD does not depend on the streng
of the exchange fieldh, and therefore the condensate fun
tion in the superconductor is noth dependent. Thus, we com
to the following conclusion: in the limitht@1 and if dF
. l the thermodynamic quantities of the superconductor
not depend on the strength of the exchange fieldh; in par-
5-5
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ticular, the critical temperature of the bilayer does not d
pend on the thickness of the ferromagnetic layer. This re
is in qualitatively agreement with experimental data p
sented in Ref. 3, in which the dependenceTc* (dGd) of Nb/Gd
systems was determined and a saturation ofTc* for largedGd

was observed.
In order to estimate the critical temperatureTc* of the

system, we need to calculate the pair potentialD(x). The
latter satisfies the self-consistency equation

D5lE de tanh~eb!~F2
R2F2

A!. ~30!

We notice that all equations presented above are for the
tarded component. The advanced Green functionF2

A can be
obtained using the relation (F2

R)* 52F2
A . One can easily

check that atx50 the integral in Eq.~30! diverges as 1/Ae
and therefore the functionD(x) must vanish atx50. Thus,
the boundary condition for the pair potential at theS/F in-
terface can be written as

D~0!50. ~31!

Using the Ginsburg-Landau equation

jGL
2 D952D, ~32!

wherejGL5j0 /A12Tc* /Tc, and the boundary condition Eq
~31! we obtain

D5A sin~x1ds!/jGL . ~33!

At the boundary with the vacuum (x52ds) ]xD50. From
this condition we obtain an expression which determinesTc*

12Tc* /Tc5~pj0/2ds!
2. ~34!

We remind the reader that Eq.~34! is only valid in the case
uTc* 2Tcu,Tc . It gives the asymptotic value ofTc* in the
limit ht@1 and dF@ l . This formula describes the usu
proximity effect in aS/N structure:Tc* coincides withTc if
ds@j0 and decreases with increasingds Ref. 21. The same
expression forTc* is valid in the dirty limit (ht!1, see Ref.
7!.
tt.

v.
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VI. CONCLUSION

In conclusion, we have considered differentS/F struc-
tures in the case of a strong exchange fieldh, when the
conditionht@1 is satisfied. The results of our analysis diff
considerably from those obtained in the ‘‘dirty’’5–10 and in
the pure ballistic limit.12 We have shown that the thermody
namic properties~ such as local DOS and critical temper
ture! of a S/F bilayer do not depend onh in the main ap-
proximation with respect to the small parameter (ht)21. It is
worth mentioning that in this approximation the LDOS do
not change in the ferromagnet belowTc . The superconduct-
ing gap is however suppressed near theS/F interface~gap-
less state! and restored at distances of the order ofjs

;vF /D. In a S/F/S sandwich the correction to the LDOS i
the ferromagnet is nonzero, spatially constant, and depe
on the phase differencew between the superconductors. Th
different behavior of the LDOS in aS/F andS/F/S structure
is due to the interference of the induced condensate funct
created at eachS/F interface. Thus, the changes of th
LDOS n due to the proximity effect may be observed mo
clearly in aS/F/S structure by measuring the dependence
n on the phase differencew between the superconductors.

Note added in proof.A similar problem was analyzed b
Baladie and Buzdin in a recently published paper.22 The au-
thors of Ref. 22 also came to the conclusion that in the lo
est order in the parameter (ht)21, there is no change in the
DOS in the ferromagnetF. Unlike our approach which al-
lows one to obtain an exact solution for the condensate fu
tion @Eq. ~14!#, the authors of Ref. 22 obtained an appro
mate solution making an expansion in the parameter (ht)21.
The systemS/F/S, where the DOS is changed in the lowe
order of (ht)21, was not studied in Ref. 22.
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