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Determination of susceptibility and specific heat critical exponents for weak itinerant-electron
ferromagnets from vibrating reed experiments

K. Balakrishnan and S. N. Kaul*
School of Physics, University of Hyderabad, Central University P.O., Hyderabad 500 046, Andhra Pradesh, India

~Received 10 July 2001; revised manuscript received 30 October 2001; published 19 March 2002!

We report the observation of alinear relationship between the magnetic contribution to Young’s modulus,
DE/E0, and inverse magnetic susceptibilityx21 for amorphous weak itinerant-electron ferromagnets Fe90Zr10

and Fe91Zr9 in the asymptotic critical region near the ferromagnetic-paramagnetic phase transition. The pro-
portionalityDE(T)/E0}x21(T) is shown to provide as accurate a means of determining theasymptoticcritical
exponentg and the leading ‘‘correction-to-scaling’’ amplitudes for susceptibilty from theDE/E0 data as a
direct measurement of magnetic susceptibilty does. Similarly, the well-known relation between the magnetic
contributions to sound velocity and specific heat is fully exploited to extract accurate estimates for theuniver-
sal critical amplitude ratioA1/A2 and the asymptotic critical exponentsa6 for the specific heat from the
sound velocity data. The presently determined values ofa6 and g, together with the reported value for
spontaneous magnetization critical exponentb, not only obey the scaling equalitiesa15a2 anda12b1g
52 but also assert that the atomic magnetic moments in the alloys in question interact with one another
through anattractive interaction whichdecays fasterthan 1/r 5 with the interatomic spacing,r.

DOI: 10.1103/PhysRevB.65.134412 PACS number~s!: 75.40.Cx, 64.60.Fr, 72.55.1s, 75.50.Kj
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I. INTRODUCTION

Investigation of acoustic properties has played an imp
tant role in characterizing the critical behavior1,2 of a wide
variety of systems near phase transitions of different ki
While low-frequency acoustic velocity data provide use
information about the equilibrium properties, static critic
phenomena, and spin-acoustic phonon coupling, ultras
attenuation measurements determine the dynamic beha
characteristic relaxation times, and relaxation mechanis
Early studies have mainly concentrated1,3 on the anomaly in
sound-wave attenuation at the critical point and on the at
dant frequency dispersion or relaxation. With the realizat
that the sound velocity in the low-frequency limit does n
involve relaxation effects, which complicate the interpre
tion of results in the case of sound attenuation, the focus
lately shifted to the investigation of changes in sound vel
ity near the phase transition. Added motivation for pursu
this type of study in magnetic systems, in particular, is p
vided by~i! a well-established3–8 direct relationship between
the magnetic contribution to specific heat,CM , and the rela-
tive change in sound velocity,DV/V0, due to critical spin-
fluctuation–phonon scattering, i.e.,DV/V0 }2CM , in the
critical region, ~ii ! extremely high resolution achieved i
sound velocity experiments than in specific heat meas
ments, and ~iii ! the availability of accurate theoretica
estimates9,10 for the asymptoticcritical exponents that char
acterize different universality classes ofstatic critical point
phenomena. Thus the sound velocity measurements
insulating ~localized-electron! ferromagnets3,4 and
antiferromagnets3,5 and even metallic spin glasses8 have been
used to determine the critical exponenta2 (a1) that char-
acterizes the thermal critical behavior of specific heat n
the magnetic order-disorder phase transition as the cri
point TC is approached from below~above!. Mostly, the
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r-

.
l
l
ic

ior,
s.

n-
n
t
-
as
-

g
-

e-

on

r
al

value of eithera2 or a1 has been extracted3,4,8 from the
sound velocity data; in rare cases where both criti
exponents5 have been determined, the exponent valuesdo
not obey5 the scaling equalitya25a1. Moreover, a large
scatter in the reported3–5,8exponent values precludes a mea
ingful comparison between theory and experiment. A to
neglect of the ‘‘correction-to-scaling’’ terms in the theoretic
expression used to fit the sound velocity data and/or a siz
uncertainty in the estimation of the nonmagnetic backgrou
seem to be the root causes. The sound velocity studies
ried out hitherto have, therefore, proved inconclusive.

With a view to remedy this situation and to exploit the fu
potential of the sound propagation technique in unravel
the exact nature of the singularity atTC , a detailed magne-
toelastic investigation of the critical behavior o
well-characterized11,12 weak itinerant-electron ferromagnet
amorphous (a2)Fe90Zr10 and Fe91Zr 9 alloys, has been un
dertaken. Considerations that led to the above choice
samples for the type of study intended are as follows.~i!
a-Fe901xZr102x (x50,61,62) alloys exhibit Invar behav-
ior13 and weak itinerant-electron ferromagnetism12,14,15; no
Young’s modulus,E(T), or sound velocity,V(T), data in the
critical region are presently available on weak itinera
electron ferromagnets.~ii ! The spin-phonon interaction re
sponsible for the critical anomaly in sound propagati
arises in most cases via the strain modulation of the
change interaction~volume magnetostrictive coupling!. Now
that the above-mentioned compositions in thea-FeZr alloy
series possess large volume magnetostriction,13,16 the
anomaly inV(T) at TC is expected to be pronounced an
hence easily detectable in these samples.~iii ! Earlier at-
tempts to determine the specific heat critical exponentsa2

and a1 from electrical resistivity measurements on t
amorphous alloys in question have failed11 because of the
large nonsingular contribution arising mainly from the sc
tering of conduction electrons from disordered structure.
©2002 The American Physical Society12-1
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II. EXPERIMENTAL DETAILS

Vibrating reed experiments have been performed
stress-relieved~at 100 °C for 14 days! absolutely flat ribbon
strips ~length 10–15 mm, width 2 mm and thickne
;0.03mm), which form the reed, ofa-Fe90Zr10 and
a-Fe91Zr9 alloys at 100 mK steps in the critical region ne
the ferromagnetic-~FM-! paramagnetic~PM! phase transi-
tion and at larger temperature intervals outside the crit
regime, covering as wide a temperature as 80K<T<350K.
Details about the sample preparation-cum-characteriza
and the vibrating reed experimental setup are given in
earlier publications.11,12,17 In these experiments, the funda
mental ~resonance! vibration frequency f 5(d/4pA3)
3(1.875/l )2V ~whereV is the sound velocity whiled and l
are the thickness and length of the ribbon strip! of the sample
reed is measured at different temperatures. Young’s mod
E is related to the sound velocityV asV5AE/r, wherer is
the mass density. In order to arrive at the true values ofV and
E at different temperatures, the density and tempera
variations of the measured resonance frequencyf meas are
corrected for the temperature-dependent thermal expan
coefficient a(T) using the relations18 V(T)} f meas(T)@1
1a(T)D(T)#5 f corr(T) and E(T)} f meas

2 (T)@1
2a(T)D(T)#5 f corr

2 (T), where DT is the change in tem
perature from thereferencetemperature ('TC , the Curie
temperature! at whicha changes sign.

Estimation of the magnetic contribution to the sound v
locity V or Young’s modulusE requires the subtraction of th
nonmagnetic contribution toV or E ~henceforth referred to a
the backgroundcontribution!, arising from the anharmonic
terms in the interatomic potential, from the measuredV(T)
or E(T) data. To accurately determine the background c
tribution f bg(T) or f bg

2 (T), the corrected resonance fre-
quency, f corr(T), or frequency squared,f corr

2 (T), data are
fitted to the expressionF(T)5F(0)2A/(eQE /T21), de-
rived by Varshni,19 where F(T) stands for f corr(T) or
f corr

2 (T), for temperatures well aboveTC using a ‘‘range-of-
fit’’ analysis. In this analysis, the values of the fitting para
etersF(0), A, and Einstein temperature,QE , and the sum of
the deviation squares are monitored as the fit rangeTmin
<T<Tmax is varied by keepingTmax fixed at the highest
temperature value and raisingTmin towardsTmax by progres-
sively leaving out of the analysis the data taken atT
<Tmin . The temperature range over which the values of
fitting parametersdo not changeupon variation ofTmin is
270–350 K~270–320 K! for a-Fe90Zr10 (a-Fe91Zr9). With
the parameter values so obtained,f bg or f bg

2 is calculated as
a function of temperature down to the lowest temperat
;80K using Varshni’s expression. The resulting variations
f bg with temperature and the measured resonance frequ
datacorrectedfor thermal expansion,f corr(T) are depicted
in Fig. 1 and denoted by solid curves and symbols~open
circles fora-Fe90Zr10 and open triangles fora-Fe91Zr9), re-
spectively. The data presented in Fig. 1 are also represe
tive of the f bg

2 ~T! and f corr
2 (T) data. More details about th

determination off corr(T) and f bg(T) are given elsewhere.18

The fractionalmagneticcontributions to the sound velocity
13441
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DV(T)/V05@V(T)2Vbg(T)#/Vbg(T0), and Young’s modu-
lus, DE(T)/E05@E(T)2Ebg(T)#/Ebg(T0), shown in Figs.
2 and 3, are accurately~relative accuracy better than 10 ppm!
determined from the equalitiesDV(T)/V05@ f corr(T)
2 f bg(T)#/ f bg(T0) and DE(T)/E05@ f corr

2 (T)2 f bg
2 (T)#/

f bg
2 (T0), whereT05273.15 K is the ice point~reference tem-

perature!. Note that in Fig. 2,DV(T)/V0 is plotted against
the reduced temperaturee5(T2TC)/TC rather than agains
T to facilitate comparison with theory.

III. DATA ANALYSIS, RESULTS, AND DISCUSSION

Figure 4 displays theDV/V0 data in a narrow temperatur
range aroundTC . As already stated in the Introduction, it
customary to extract specific heat critical exponentsa2 and

FIG. 1. Temperature variation of the nonmagnetic part of
resonance frequencyf bg ~solid curves! and the measured resonan
frequency corrected for thermal expansion,f corr , for a-Fe90Zr10

~open circles! anda-Fe91Zr9 ~open triangles! alloys.

FIG. 2. Temperature variation ofDV/V0 over a wide tempera-
ture range embracing the critical region. Solid and dashed cu
represent the least-squares fits to theDV/V0 data for a-Fe90Zr10

~open circles! anda-Fe91Zr9 ~open triangles! based on Eq.~6! of the
text. For details about the different types of fits, see text. By giv
equal weightage to the data within and outside the asymptotic c
cal region, these fits achieve at best a good overall agreement
the data. However, the corresponding fit parameters have unp
cally large values, which are substantially different from those t
reproduce the observed temperature variations within
asymptotic critical region~Fig. 4!. Consequently, such fits deviat
considerably from the data particularly in the vicinity ofe50.
2-2
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a1 from the sound velocity data by making use of thedirect
proportionality3–8 between the magnetic contributions to t
specific heat,CM(T), and sound velocity,DV/V0. Such a
proportionality is strictly valid when the transition atTC is
sharp. When this condition is not met, i.e., when the tran
tion is not sharp, the full thermodynamic relationship b
tweenDV/V0 andCM has to be used. A brief derivation o
this relationship is furnished below.

Consider the form3 of free energy

F5F0~v,T!1T f~T/TC!, ~1!

where the first and second terms, respectively, represen
elastic~nonmagnetic! and magnetic components. In Eq.~1!,
the Curie temperatureTC ~a direct measure of the strength
exchange interactions coupling the spins in the system! is a
function of only the volumev. Using the thermodynamic

FIG. 3. Fractionalmagneticcontribution to Young’s modulus
DE/E0, as a function of temperature for thea-Fe90Zr10 ~open
circles! anda-Fe91Zr9 ~open triangles! alloys. The arrows indicate
the Curie temperatureTC .

FIG. 4. DV/V0 as a function of reduced temperaturee5(T
2TC)/TC . The solid curves depict the least-squares fits to
DV/V0 data based on Eq.~6! of the text for thea-Fe90Zr10 ~open
circles! and a-Fe91Zr9 ~open triangles! alloys. The upward arrows
indicate the temperatures that mark the upper bounds of
asymptotic critical region and beyond which the data start devia
from the fits.
13441
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relations BT5v(]2F/]v2)T , Sv52(]F/]T)v and Cv5
2T(]2F/]T2)v for the total isothermal bulk modulus, en
tropy, and specific heat at constant volume, Eq.~1! yields the
magnetic contribution to bulk modulus,BM , in terms of the
magnetic contributions to entropy,SM , and specific heat
CM , in the critical region, as

BM5BT2B052v~]2TC /]v2!SM2v~1/TC!

3~]TC /]v !2CM , ~2!

with

SM5Sv2S052@ f ~T/TC!1~T/TC!~] f /]T!v#, ~3!

CM5Cv2C052T@~2/TC!~] f /]T!v1~T/TC
2 !~]2f /]T2!v#,

~4!

where B05v(]2F0 /]v2)T , S052(]F0 /]T)v , and C05
2T(]2F0 /]T2)v . From Eq.~2!, it follows that the fractional
magneticcontribution to the sound velocity is given by

DV/V05~BT2B0!/2B052~v/2B0!@~]2TC/]v2!SM

1~1/TC!~]TC /]v !2CM#. ~5!

Equation ~5! contains contributions from both first- an
second-order derivatives ofTC with respect to volume or,
equivalently, from both first- and second-order derivatives
exchange coupling with respect to strain.7 Singularandnon-
singular contributions toDV(T)/V0 at TC originate from
terms involvingCM(T) andSM(T), respectively. The sharp
ness of thenegativecusp atTC in DV(T)/V0 is determined
by the relative magnitude of these contributions; i.e.,
cusp atTC is sharp when the singular termdominatesover
the nonsingular one @e.g., when (]TC /]v)2/TC
@(]2TC /]v2)] whereas the anomaly atTC is not pro-
nounced if the reverse is true. In the former case, the rela
~5! permits anindirect but accurate determination of the sp
cific heat asymptotic critical amplitudes ~exponents! A6

(a6) and ‘‘correction-to-scaling’’ amplitudes~exponents!
ac1

6 , ac2

6 (D1 , D2) @cf. Eq. ~6!# from theDV(T)/V0 data.

An elaborate ‘‘range-of-fit’’ analysis12,20 of the DV/V0
data has been carried out based on the general expressi8,20

2DV/V05~A6/a6!ueu2a6
@11ac1

6 a6ueuD11ac2

6 a6ueuD2#

2~A6/a6!1B61Â6~6e!, ~6!

where e5(T2TC)/TC , the plus and minus signs deno
temperatures above and belowTC , the last two terms repre
sent the nonsingular background@the first term in Eq.~5!#,
the remaining terms constitute the singular contribution@the
second term in Eq.~5!#, andA6(ac1

6 ,ac2

6 ) and a6(D1 ,D2)

are theasymptotic~leading correction-to-scaling! critical am-
plitudes and critical exponents, respectively. At first, t
DV(T)/V0 data forT,TC andT.TC areseparatelyfitted to
a single power law~SPL! by settingac1

6 5ac2

6 50 in Eq. ~6!

and the range-of-fit analysis12,20 is used to monitor the
change, if any, in the values of the fitting parametersA6,
a6, B6, Â6, and TC

6 as the temperature range (ueminu

e

e
g

2-3
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TABLE I. Parameter values pertaining to Eq.~6! of the text.R5@B12(A1/a1)#/@B22(A2/a2)#.

Theory
Parameters a-Fe90Zr10 a-Fe91Zr9 d53

Heisenberg modela

Fit rangee,0 (103e) 289<e<20.39 248<e<20.95
Fit rangee.0 (103e) 10.42<e<133 10.26<e<134
TC

25TC
1 ~K! 223.066~5! 208.097~8!

a25a1 20.115(5) 20.115(5) 20.115(9)
A1 (1025) 210.3(3) 29.5(2)
A2 (1025) 26.5(7) 26.16(8)
A1

1 (1025) 28.24(1) 22.95(1)
A1

2 (1022) 2.00~1! 20.80(1)
B1 (1023) 5.36~1! 3.65~1!

B2 (1023) 5.068~1! 3.479~1!

R 0.99~1! 0.96~4!

A1/A2 1.55~3! 1.54~4! 1.55~3!

aReferences 9, 10, and 22.
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<ueu<uemaxu) of the fit is narrowed down by raising~lower-
ing! ueminu (uemaxu) towards uemaxu (ueminu) while keeping
uemaxu (ueminu) fixed at a given value. The optimum values
the fitting parameters and the fit ranges over which they
main stable are displayed in Table I. The salient featu
~Table I! that emerge are as follows.~i! TC

25TC
1 and a2

5a1 within the uncertainty limits.~ii ! The ~universal! am-
plitude ratioA1/A2.1.55 regardless of the alloy compos
tion. ~iii ! As dictated by the requirement that, fora,0,
DV1/V05DV2/V0 at T5TC , the parameter values satis
the equalityB12(A1/a1)5B22(A2/a2) within the error
limits. ~iv! While the term (A6/a6)ueu2a6

in Eq. ~6! is
mainly responsible for the singularity inDV(T)/V0 at T
5TC , the term linear ine @i.e., the last term in Eq.~6!#
governs the temperature dependence ofDV/V0 in the critical
region except for temperatures in the immediate vicinity
TC . Next, the range-of fit analysis is carried out using t
full expression~6!, which includes the leading correction-to
scaling terms. The agreement between the theory and ex
ment is optimized by varying the paramete
A6, a6, B6, Â6, ac1

6 , ac2

6 , andTC
6 while keepingD1 and

D2 fixed at the theoretically predicted9,10,21 estimates ofD1
50.11 andD250.55. The main outcome of this exercise
that the quality of the theoretical fits and the values of all
SPL fitting parameters, listed in Table I, remain essentia
unaltered. This is so because the coefficients of the lea
correction-to-scaling terms, i.e.,ac1

6 andac2
6 , possess negli-

gibly small values. The optimum SPL fits to theDV/V0 data
~open symbols! are depicted by the solid curves and the e
tent ~width! of the asymptotic critical region~ACR! is indi-
cated by upward arrows in Fig. 4. Moreover, the presen
determined values for the critical exponentsa6 and the uni-
versal amplitude ratioA1/A2 conform very well with those
theoretically predicted9,10,22for a three-dimensional isotropi
nearest-neighbor Heisenberg ferromagnet, i.e., for apure~or-
dered! spin system with space dimensionalityd53 and spin
dimensionalityn53; see Table I.
13441
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When theDV/V0 data over a wide temperature range a
fitted ~dashed curves in Fig. 2! separately for temperature
above and belowTC to the modified version of Eq.~6!, in
which ac1

6 andac2

6 are set equal to zero, withTC
6 fixed at the

values determined in the ACR, good overall fits are obtain
for T,TC andT.TC , except for temperatures in the ACR
with a1.a2520.26(2) and20.33(2) fora-Fe90Zr10 and
a-Fe91Zr9, respectively, but @B12(A1/a1)#.2 @B1

2(A2/a2)#. If the DV/V0 data are fitted over the entir
temperature rangeTmin,TC,Tmax with the constraint@B1

2(A1/a1)#5@B22(A2/a2)# imposed and the exponen
a1 anda2 fixed at the values obtained from the individu
fits above and belowTC , the quality of the fit~solid curves
in Fig. 2! worsens, as is clearly noticed in Fig. 2. From t
results of the different types of fits to theDV/V0 data at-
tempted based on Eq.~6!, we conclude that the magnitude
of the critical exponentsa6 and critical amplitude ratio
A1/A2 listed in Table I are their trueasymptoticvalues.

A mean-fieldtreatment23 of the electron-electron~Cou-
lomb plus exchange!, phonon-phonon, and electron-phono
interactions in itinerant-electron ferromagnets yields the f
lowing expression for the magnetic contribution to sou
velocity ~hence to the Young’s modulus! in theparamagnetic
state:

DE~T!/E05~V/V0!2215~j21!1@~xP /xS~T!#. ~7!

In Eq. ~7!, V0 is the Bohm-Staver sound velocity of th
itinerant-electron system in the absence of exchange inte
tion ~the so-called ‘‘nonmagnetic background’’ contribution!,
and j represents the short-range ion-core–ion-core inte
tion and is, therefore, sensitive to thermal volume expans
while xP andxS are, respectively, the Pauli and Stoner sp
susceptibilities. For Invar systems such as the ones un
consideration, thermal expansion is negligible13 and hence
DE(T)/E0}xS

21(T). Though a mean-field description is no
valid in the critical region, we explored the possibility o
such a direct relation between the measuredDE/E0 and the
2-4
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previously published12 intrinsic magnetic susceptibility24

~i.e., the measured susceptibilityxmeascorrected for demag
netizing effects! x(T) of the amorphous alloys with the sam
nominal composition as the present ones. Alinear relation-
ship betweenDE(T)/E0 and x21(T) for temperatures in a
narrow range aboveTC is borne out clearly by the data pre
sented in Fig. 5. In this context, the earlier claim25 that
DE(T)/E0}xmeas

21 (T) for a-Fe90Zr10 has to be treated with
caution since the temperature variations ofx(T) and
xmeas(T) are widely different, particularly in the critical re
gion; x(T) divergesat TC while xmeas(T) remainsfinite.

In view of the above observation~Fig. 5!, DE(T)/E0 data
are analyzed in terms of the expression12 for x(T):

S DE~T!

E0
D2S DE~TC!

E0
D5G21eg~11ax1

1 eD11ax2

1 eD2!21,

~8!

which includes the leading correction-to-scaling~CTS! terms
and is valid in the ACR fore.0. The same fitting procedur
as that adopted earlier for sound velocity is followed and
elaborate range-of-fit analysis is carried out based on Eq~8!
by either including or excluding the CTS terms. The sing
power-law fits, based on Eq.~8! with ax1

1 5ax2

1 50, do not

reproduce the observed temperature variation ofDE/E0 in
the critical region as closely as the CTS fits~solid curves in
Fig. 6! do, as is inferred from a substantially lower sum
the deviation squares in the latter case. The optimum va
of the free fitting parametersTC , g, G21, ax1

1 , andax2

1 ~with

D1 andD2 fixedat9,10,21D150.11 andD50.55) for the CTS
fits are displayed in Table II and compared with the cor
sponding values obtaineddirectly from the susceptibility data
previously.12 The presently determined values for the CT
amplitudesax1

1 ,ax2

1 and critical exponentg, though obtained

via anindirect method, are in excellent agreement with tho
yielded earlier by susceptibility12 and also with the most ac
curate theoretical estimate9,10 for g for an ordered spin sys
tem with d5n53 ~Table II!.

FIG. 5. DE/E0 versusx21 plots for a-Fe90Zr10 ~open circles!
anda-Fe91Zr9 ~open triangles! alloys. The straight lines through th
data represent the least-squares fits. The susceptibility data us
construct such plots are taken from Ref. 12.
13441
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The following observations can be made based on
data presented in Tables I and II.~i! The sound velocity and
Young’s modulus data yield thesamevalue for TC

1 for a
given alloy composition, as demanded by the internal c
sistency between the two sets of data.~ii ! The values of the
critical exponentsa6 and g, together with the previously
reported12 value of the critical exponentb for spontaneous
magnetization, satisfy the scaling equalitiesa15a2[a and
a12b1g52, valid for a second-order phase transition.~iii !
The universal specific heat critical amplitude ratioA1/A2

and the critical exponentsa6, g possess values that tall
well with those theoretically predicted9,10,22 for an isotropic
d53, n53 spin system. Considering the fact thata-Fe90Zr10
and a-Fe91Zr9 are weak itinerant-electron ferro-
magnets,12,14,15the observation~iii ! that these alloys behav
as an orderedd53 nearest-neighbor Heisenberg~localized
electron! ferromagnet in the asymptotic critical region seem
untenable. This apparent contradiction can be resolved
follows. The renormalization group~RG! calculations26 on a
d-dimensional spin system with anisotropic n-component
order parameter andlong-rangeattractive interactions decay
ing as 1/r (d1s)(s.0) with the interspin spacingr reveals
that the critical exponents assume theirshort-rangevalues
for all d if s.2. For a d53, n53 spin system wherein
spins are coupled through attractive interactions thatdecay
faster than 1/r 5, these RG calculations26 predict the same
critical behavior as that of ad53 nearest-neighbor Heisen
berg ferromagnet. The observation~iii ! thus asserts that th
alloys in question are the experimental realizations of t
RG prediction.

IV. SUMMARY

High-resolution Young’s modulus and sound velocity da
have been obtained on amorphousInvar Fe90Zr10 and
Fe91Zr9 alloys over a wide temperature range that spans

to

FIG. 6. Variation ofDE/E0 with reduced temperaturee5(T
2TC)/TC for a-Fe90Zr10 ~open circles! and a-Fe91Zr9 ~open tri-
angles! alloys. The solid curves depict the least-squares fits to
DE/E0 data based on Eq.~8! of the text. The upward arrows indi
cate the temperatures that mark the upper bound of the asymp
critical region beyond which the data start deviating from the fit
2-5
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TABLE II. Parameters values pertaining to Eq.~8! of the text.

Fit range TC
1 (K) g G21 ax1

1 ax2

1

Alloy Method (103e)

a-Fe90Zr10 CTS 0.41–20 223.069~4! 1.386~2! 0.558~4! 20.045(2) 20.80(4)
(DE/E0)

CTS 0.78–45 224.97~4! 1.390~5! 233~11! 20.05(1) 20.8(1)
$x(T)%

a-Fe91Zr9 CTS 0.69–25 208.097~8! 1.388~2! 0.168~2! 20.045(2) 20.80(1)
(DE/E0!

CTS 0.39–41 209.63~3! 1.383~4! 175~9! 20.03(1) 20.5(1)
$x(T)%

d53 1.386~4!

Heisenberg
modela

aReferences 9 and 10.
a

u

l
e
y
e-
ity
-
d

b
pi

al
eat

to
p-

ibu-

r
Dr.
an,

rt-
ta,
s-
re-
e-
critical region near the ferromagnetic-paramagnetic ph
transistion from the vibrating reed experiments. Alinear re-
lationship is found to hold between the magnetic contrib
tion to Young’s modulus,DE(T)/E0, and inverse magnetic
susceptibility x21 in the critical region. This relationship
permits asaccuratea determination of the asymptotic critica
exponentg and the leading correction-to-scaling amplitud
for susceptibilty fromDE(T)/E0 data as is possible directl
from thex(T) data. The well-established proportionality b
tween the magnetic contributions to sound veloc
DV(T)/V0, and specific heat,CM(T), has been used in ob
taining accurate estimates for the universal critical amplitu
ratio A1/A2 and the asymptotic critical exponentsa6 for
specific heat from theDV(T)/V0 data. The values ofa6 and
g, so obtained, along with the previously determined12 mag-
nitude of the critical exponentb, not only obey scaling
equalitiesa25a1 anda12b1g52 but also conform well
with the corresponding theoretical estimates yielded
renormalization group calculations for an ordered isotro
d53, n53 spin system in which spins~atomic magnetic
moments! interact with one another through anattractive
o

s

13441
se

-

s

,

e

y
c

interaction whichdecays fasterthan 1/r 5 with the interspin
distancer. Finally, it should be emphasized that the critic
amplitudes and exponents for susceptibilty and specific h
have been obtained by anindirect method that exploits the
direct relationships between the magnetic contribution
Young’s modulus and inverse ‘‘zero-field’’ magnetic susce
tibilty, on the one hand, and between the magnetic contr
tions to sound velocity and specific heat, on the other.
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