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Spatiotemporal analysis of Portevin–Le Châtelier deformation bands:
Theory, simulation, and experiment
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In many solid solutions plastic deformation becomes unstable at sufficiently high temperature due to dy-
namic strain aging, i.e., repeated breakaway of dislocations from their solute clouds and recapture by mobile
solutes, producing stress serrations in constant strain-rate tests or strain bursts in constant stress-rate tests. The
instabilities of this well-known Portevin–Le Chaˆtelier ~PLC! effect are closely connected with localization of
strain in ‘‘PLC deformation bands’’ with a width of the order of the specimen thickness and sometimes
propagating like a soliton along the specimen. In the present work, the nucleation and propagation of PLC
deformation bands is studied by means of a multizone laser scanning extensometer, providing information on
local strain along the main part of the specimen, in addition to the conventional measurement of stress
serrations. This enables one to differentiate clearly between the bands of types A, B, and C, and to explore their
ranges of existence at various temperatures, stresses and strain rates as well as transitions between them along
the stress-strain curve. The laser extensometer provides independent data on propagation rate, concentrated
strain and width of the bands. These experimental data are compared with a theoretical space-time analysis of
propagating PLC bands, which explicitly combines a physical description of the kinetics of dynamic strain
aging and plastic deformation. This model provides not only analytical predictions for the above band param-
eters and their dependences on deformation rate and specimen thickness for Type-A PLC bands, but—by
considering types B and C as perturbation modes—is also able to explain the observed transitions between the
various types of deformation bands. Moreover, the effect of strain hardening on the appearance of PLC strain
localization is elucidated. The analytical predictions are validated by numerical simulations of the model and
by comparing them to the experimental findings reported here.

DOI: 10.1103/PhysRevB.65.134109 PACS number~s!: 62.20.Fe, 05.45.Yv, 05.65.1b, 81.05.Bx
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I. INTRODUCTION

The Portevin–Le Chaˆtelier ~PLC! effect, which manifests
itself by serrations in the load trace or sudden elongati
during plastic deformation of many alloys in a certain ran
of temperatures, strain rates, and appropriate predeforma
is one of the most prominent examples of plastic instabiliti
Discovered in the 19th century by Savart and Masson,
first investigated systematically in the 1920s by Portevin a
Le Châtelier, the PLC effect was explained in principle b
Cottrell,1 who proposed the now famous concept of ‘‘d
namic strain aging’’~DSA! by solute diffusion with disloca-
tion breakaway from and recapture in solute ‘‘clouds’’~with
an important modification by Sleeswyk2!. In the period fol-
lowing, this effect was extensively exploited by experime
in the 1970s~e.g., Refs. 3–12!, 1980s~e.g., Refs. 13–19!,
and 1990s~e.g., Refs. 20–27!, with increasing refinement o
phenomenological modeling~e.g., Refs. 28–42!.

While the temperature and strain rate dependen
strongly suggest solute diffusion in and around the mov
dislocations as the main reason for the PLC effect, contri
tions from deformation-induced vacancies were discusse4,11

to explain the observed strain dependence of the PLC ra
More important, however, appears the evolution of the d
location population29,32,42and the cooperative interaction b
0163-1829/2002/65~13!/134109~20!/$20.00 65 1341
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tween dislocations40,41, while the suggestion to explain th
PLC effect from cooperative dislocation motion witho
diffusion43,44seems restricted to certain conditions~i.e., high
local stresses!.

The prominent role of solute diffusion in the PLC effe
in solid solutions was recently established by detecting th
different diffusion mechanisms in Cu-Mn and Cu-A
alloys21–25,45which, due to their different stacking-fault en
ergies, permit one to distinguish between solute pipe di
sion in the core region~‘‘lower’’ temperatures! and in the
stacking fault ribbon between the partial dislocations~‘‘inter-
mediate’’ temperatures!, while bulk diffusion prevailing at
more elevated temperatures finally causes the disappear
of the PLC effect, as the diffusional motion of solutes kee
up with the dislocation motion such that breakaway can
longer occur.46,47

While the kinetics of DSA, with its effect on the effectiv
activation energy for dislocation motion, was thorough
studied in macroscopic stress-strain experiments,21–25 an-
other important feature of PLC behavior is less well und
stood, i.e. the development and propagation of localized
formation bands,31,33,34 which in some cases resemble th
Lüders phenomenon. From the appearance of the reco
load serrations, three types of PLC bands have commo
been distinguished:5,14,17 type-A bands, which are nucleate
near one specimen grip during a slight yield point, and th
©2002 The American Physical Society09-1
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propagate continuously along the specimen with only sli
load fluctuations; type-B bands, which are also nuclea
near one grip, but propagate discontinuously along the sp
men accompanied by rather regular load serrations;
type-C bands, which nucleate at random along the speci
length and cause strong regular load drops at rather
frequency.

Only few investigations of the band propagation behav
exist, the most thorough one by Chihabet al.18 on Al-Mg
alloys and a more general one by Zuevet al.,48 and contro-
versial discussions about the mechanism of propagation
selection of propagation velocity have persisted in the lite
ture for several years~cf. Ref. 34 and references therein!. As
propagation micromechanisms, either a cross-slip of sc
dislocations,49 dislocation pile-ups at grain boundaries,50 or
intergranular compatibility stresses33 have been suggested, a
well as nonuniaxial stress fields arising from local shear~the
Bridgman factor51!.

In the following we report recent experimental investig
tions on PLC behavior in Cu-Al polycrystals. By employin
a laser scanning extensometer technique, the ranges of
tence of the various types of PLC bands, their propaga
behavior, and their local strains are investigated system
cally in dependence on the temperature, strain rate, g
size, and specimen thickness~Sec. II!. Since theoretical re-
sults on those PLC band parameters are not available
formulate a theoretical approach in Sec. III which, by co
bining in an explicit way~and not only phenomenologicall
as in previous attempts! the kinetics of dynamic strain agin
with that of plastic deformation, provides predictions for t
types and propagation rates of PLC deformation bands w
out resorting to further microstructural assumptions.

Having identified the transition to plastic instability~Hopf
bifurcation from a stable focus to a limit cycle behavior! and
the range of occurrence of the PLC effect by a linear stab
analysis~Sec. IV!, we address the problem of PLC ban
propagation both from theoretical and numerical points
view. Approximate solutions of the nonlinear model descr
ing uniformly propagating solitary waves~type-A bands! are
derived in Sec. V. Analytical expressions for the band para
eters are presented, which are in good agreement with
merical simulations and the experimental results reporte
this work. Furthermore, in Sec. VI, strain-rate regimes wh
uniform band propagation either becomes unstable with
spect to jerky propagation~type B! or tends to be suppresse
~type C! are explored, using perturbation theoretical me
ods. In this way, a qualitative understanding of the vario
types of PLC bands and their ranges of occurrence, as
served experimentally, is obtained.

II. EXPERIMENT

The fact that the load instabilities associated with the P
effect are closely related to spatiotemporally inhomogen
plastic deformation is well established.52 From the experi-
mental point of view, however, a direct observation of str
localization in PLC deformation bands is not straightfo
ward. Usually clip-on extensometers with a limited gau
length are used. Most experiments were performed using
13410
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or two clip-on extensometers to approximately determ
characteristic deformation band parameters such as the
velocity cb , the band strain concentrationDeb , and the
bandwidthwb . To the disadvantage of this technique, stra
can be observed only in a very limited part of the samp
whereas observation of the whole specimen gauge leng
required in order to correlate the PLC events. In an ear
investigation by Chihabet al.,18 this was achieved by a spe
cial illumination and video technique, but these observatio
did not permit the determination of the local plastic stra
within the PLC bands.

To obtain the relevant parameters describing inhomo
neous deformation in the PLC regime, polycrystalline Cu-
at. %Al samples~specimen dimensions 753431.4 mm3,
grain sizes 70 . . . 530 mm) were deformed, applying a wid
range of strain rates (6.7 . . .530031026 s21) and deforma-
tion temperatures (273 . . . 573 K). Thetensile experiments
were performed using a multizone laserscan extensom
To this end, up to 22 white reflector markings~width 1 mm,
spacing 1 mm! are applied on the sample surface, such t
each pair, consisting of a white and of an unlacquered s
ment, represents an extensometer of 2-mm gauge length.
markings are detected from the reflected signal of a la
beam scanned along the specimen axis by means of a p
rotating at a constant frequency~50 Hz!. Local strains asso-
ciated with the displacement of the segment edges are
determined from the time delay between two successive
cordings of reflections from the same marking. In this w
the laser extensometry allows for a simultaneous record
of the local strains of up to 22 neighboring extensome
zones at a frequency of 50 Hz along a total gauge length
44 mm. In addition to the high spatiotemporal resolution, t
technique offers the advantage of being noncontacting. C
trary to traditional clip-on extensometry, the strain measu
ment itself can, therefore, not affect the nucleation a
propagation of the PLC bands.

As an example for the strain localization associated w
the PLC effect, Fig. 1 shows the abrupt increase of the lo

FIG. 1. Increase of the local tensile strain vs time observ
within a single specimen zone~zone width 2 mm! and the corre-
sponding stress vs time curve during the passage of a PLC typ
band~Cu-15 at. %Al,T5323 K, e ,t56.6731026 s21).
9-2



o
tr
c
s
e

re
P

e
e
g
hi
e
la

p
ur

do
b
it

a-
hi
m
d

ied
a

i-
v

b
m

e

,
now
nd
re

at.
e-
pes
ced
em-
LC
/
f

hich
iffu-
ol-

a
g

re
in

one
e C;
tion

riz-
the
d in

SPATIOTEMPORAL ANALYSIS OF PORTEVIN-LE . . . PHYSICAL REVIEW B 65 134109
tensile strain during the passage of a PLC band across
extensometer zone. The corresponding global stress-s
curve reflects the stress drop that goes along with the nu
ation of the deformation band. The strain record indicate
localized tensile strain of 0.4%~a local extension of one zon
divided by the zone length! carried by the PLC band. An
important feature of PLC deformation is the strongly cor
lated propagation and repeated nucleation of successive
bands. To reveal this correlation, the location~extensometer
zone! of any abrupt strain increase caused by the passag
a PLC band is plotted versus its time of occurrence. Figur
is an example of such a correlation plot, where the propa
tion of three successive PLC bands is clearly visible. T
orderly propagation of a solitary deformation band is d
noted as PLC type A according to the above-mentioned c
sification of PLC types.5,14,17,52,53

During deformation at temperaturesT,425 K, a transi-
tion from PLC type A to type C has been observed. This ty
is characterized by rapid serrations in the stress-strain c
with each stress drop indicating a sharp local increase
strain ~Fig. 3!. As opposed to type A, these strain bursts
not spread as solitary waves along the specimen axis,
they appear at random positions along the gauge length w
out propagation~Fig. 4!. Hence the spatiotemporal correl
tion of plastic deformation is much less pronounced in t
case.~Strictly speaking, these type-C bands are not co
pletely uncorrelated but tend to self-avoid, since each ban
associated with some local strain hardening.! The transition
from type A to type C with increasing strain is accompan
by a decrease in the local strain concentration. This is
indication of a decreasing efficiency of DSA which, ult
mately, leads to the disappearance of the PLC effect at e
larger strains due to an exhaustion effect.25 More commonly,
the transition from type A to type C can be observed
decreasing the applied strain rate or increasing the defor
tion temperature~Figs. 7 and 8 below!.

PLC bands of type B were observed only in the high

FIG. 2. Correlation diagram showing the location of deform
tion events vs time, as it is characteristic of the correlated propa
tion of PLC bands of type A. The propagation velocities of the th
successive bands are determined from the slopes. The arrow
cates the event shown in the previous figure.
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range of temperaturesT.425 K. Similar to the PLC type C
each stress drop is accommpanied by a strain burst,
localized in the front of the advancing deformation ba
~Fig. 5!. In contrast to PLC type C, the strain bursts a
strongly correlated as they relate to a discontinuous~stop-
and-go! propagation of the band~Fig. 6!.

According to Nortmann and Schwink,23 who investigated
the diffusion processes responsible for DSA in Cu-10
%Al, the activation enthalpy for solute diffusion can be d
termined from the transitions between the various PLC ty
and stable deformation behavior. If one plots the redu
stress at which the PLC type changes as a function of t
perature and strain rate, the critical stresses limiting the P
regimes show an Arrhenius-type behavior in terms of 1T

~Fig. 7! and logė ~Fig. 8!. Assuming that the boundaries o
the PLC regimes represent the deformation states at w
the plastic strain rate matches the aging rate by solute d
sion, the activation energy for the diffusion process contr

-
a-
e
di-

FIG. 3. Two successive strain bursts in a single specimen z
and the recorded stress drops vs time characterizing PLC typ
the marked stress drops correspond to the two local deforma
events (T5383 K, e ,t56.6731026 s21).

FIG. 4. Correlation diagram of deformation events characte
ing the uncorrelated PLC type C. While the two arrows indicate
strain bursts shown in the previous figure, other events are note
the time slot in between.
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ling DSA follows directly from the slopes of the Arrheniu
plots. For the present Cu-15%Al alloy the activation ene
is Q50.7460.05 eV, which, within the limits of confi-
dence, agrees with the value determined for ana-phase
CuAl-alloy.23,54 This activation energy is less than half th
volume diffusion energyQD'2 eV. The ratioQ/QD'0.4
is typical of a pipe-diffusion process along the dislocati
cores, as estimated by Balluffi and Granato55: Qpipe/QD
'0.3 . . .0.7.

An important point for the understanding of PLC ba
dynamics is the effect of various material parameters, suc
grain size, and of the specimen geometry on the band ve
ity cb , the bandwidthwb , the local tensile strain rateeb,t ,
and the tensile strain incrementDeb concentrated in the
band. Provided that the band propagates uniformly, th
characteristic band parameters are related to the app
crosshead velocityv according to v5Debcb and v
5eb,twb . The first relation expresses the solitary wave ch
acter of a type-A deformation band~the strain-rate profile

FIG. 5. Stepwise increase of the local tensile strain vs time
single specimen zone and the corresponding stress drops vs
during the discontinuous passage of a type-B band (T5473 K,
e ,t56.6731026 s21).

FIG. 6. Correlation diagram of deformation events characte
ing the discontinous propagation of a PLC band of type B. T
arrow indicates the series of strain bursts shown in the prev
figure.
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preserves its shape during propagation!, whereas the secon
relation states that the whole applied strain rate is accom
dated inside a narrow band of widthwb ~the deformation
activity outside the band is negligible!.

In earlier investigations usually only one of the para
eters: grain size, temperature, or strain rate was varied
laser extensometry allows the simultaneous observation
all band parameters by a single measurement, more exten
parameter studies have become possible. Here we repo
systematic observations of band parameters for various t
peratures, strain rates, grain sizes, and sample thickne
As the strain rate is increased systematically by about th
orders of magnitude, the band strain, the bandwidth and
band velocity are observed to increase~Fig. 9!. It is impor-
tant to note that all of these parameters have been determ
independently without making use of the solitary wave pro
erties. As one infers from the double-logarithmic plots, t
strain-rate dependences are well fitted by power laws w
the exponents given in the inset of Fig. 9. One notes that
band velocitycb is not directly proportional to the applie
strain rate, because the band strainDeb also increases

a
me

-
e
s

FIG. 7. Map of the regimes of different PLC types for Cu-15
%Al, as characterized by the reduced tensile stresss2s0 and re-
ciprocal temperature (e ,t56.6731026 s21).

FIG. 8. Map of the regimes of different PLC types, as char
terized by the reduced tensile stresss2s0 and the logarithmic
applied strain rate (T5373 K).
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slightly with increasing strain rate. While this trend had be
noted before,56 the present work confirms this behavior mo
accurately for a wider range of strain rates. According tov
5Debcb , the exponents ofDeb andcb should add to unity.
The fact that this is the case confirms the solitary characte
the type-A deformation bands. While the bandwidthwb
shows a similar trend as the band strainDeb ,56,57 the present
observations indicate that the corresponding exponents
slightly different: 0.25 and 0.2, respectively. Results by C
hab et al.18 who reportedwb to decrease with increasin
strain rate in an Al alloy, seem to be at variance with t
present observations. However, it should be noted that th
measurements refer to PLC type B. At higher deformat
temperatures (423 . . . 573 K),where Cu-15%Al exhibits a
type B band, we also observed the inverse behavior
wb(v).58

From experimental3,59,60 as well as theoretical points o
view,33,41,61there is an interest in the effect of the grain si
d on the PLC band dynamics. It was proposed that in
granular compatibility stresses provide the spatial coup
between adjacent volume elements that controls the prop
tion of the PLC bands.61 To clarify the question as to th

FIG. 10. Variation of the band strainDeb and the bandwidthwb

in dependence on the grain sized at 293 and 353 K for Cu-15 at
%Al ~full symbols:T5293 K; open symbols:T5353 K).

FIG. 9. Double-logarithmic plots of the band strainDeb , the
bandwidthwb , and the band velocitycb as functions of applied
strain rate atT5373 K.
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relevant propagation mechanism, tensile tests were
formed for three different grain sizes in the range 70mm
<d<530 mm. The results show almost no grain size effe
on the PLC band strainDeb and the bandwidthwb ~Fig. 10!.
According to the solitary wave properties, this also impli
that the band velocitycb is unaffected byd, which has been
confirmed by independent measurements. This comp
with early results ona-brass reported by Munz an
Macherauch,3 provided that the proper reduced-stress int
vals are considered.~Some grain-size dependence can
noted as to the onset of the PLC effect. For instance, aT
5293 K type-A fluctuations set in at 4.7% strain for a gra
size of 70 mm, whereas deformation is stable until 9.1
strain for the coarse grain size of 530mm. Hence results
should not be compared at constant strain, but at cons
reduced stress, in order to describe thed dependence of the
PLC band parameters. From this point of view, results
ported for an Al-Mg-Si alloy in Ref. 59 also show no signifi
cant effect ofd on the PLC dynamics.! The absence of grain
size effects on the band parameters, especially on the b
width, suggests that intergranular compatibility stresses
not controlling PLC band propagation.

As opposed to grain size, the specimen thicknesss does
possess an important influence on the appearance of
bands.57 To see this, we conducted a series of tests wits
increased from 1.4 to 2.4 mm. From Fig. 11 one gathers
the bandwidthwb increases in proportion tos, while the band
velocity cb and the band strainDeb are almost unaffected
This is in accordance with observations on
Al-Mg-Si-alloy.57

The identification of the prevailing propagation mech
nism and its implementation in a spatiotemporal PLC mo
have to be done in the light of these results. Before we co
back to this point in Sec. V, we are going to present a n
model of the PLC effect~Sec. III!, and discuss some of it
basic properties~Sec. IV!.

III. FORMULATION OF THE MODEL

A major objective of the present work is to formulate
PLC model which goes beyond previous models, inasm

FIG. 11. Dependence of the band strainDeb and the bandwidth
wb on the specimen thicknesss, as determined for three differen
deformation temperatures~full symbols:wb , open symbols:Deb!.
The solid lines are linear regressions through the origin, and
dashed lines are horizontal linear regressions.
9-5
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as DSA is to be considered on a physical base. This
prerequisiste for a quantitative interpretation of the exp
mental findings. At the same time, the model should be k
simple enough as to allow for the derivation of analytic
solutions for the fundamental properties of plastic deform
tion bands~band velocity, width, and strain! and for the con-
ditions of occurrence of the various band types~A, B, and
C!. To combine these goals let us start from the previo
idea9 that aging occurs while glide dislocations are temp
rarily arrested at localized barriers~e.g., forest dislocations!
that are overcome by means of thermal activation. T
is expressed by an Arrhenius law for the plastic str
rate e ,t with an effective Gibbs’ free activation enthalp
G5G01DG:

e ,t5nV expF2
G01DG

kT
1

seff

S0
G . ~1!

Heren is an appropriate attack frequency,V is the elemen-
tary strain accomplished when all mobile dislocations ha
been activated once,G0 is the basic activation enthalpy i
the absence of DSA,k is the Boltzmann constant, andT is
the absolute temperature. The additional, DSA-related
thalpy DG represents an internal variable of our mod
SinceDG is in proportion to the solute content accumulat
at the glide dislocations, the plastic strain ratee ,t depends on
the aging history.

Thermal activation is facilitated by the effective stre
which drives the mobile dislocations,

seff~e,e ,t ,DG!5sext~e,e ,t ,DG!2s int~e!, ~2!

and which is defined as the externally applied stresssext
~flow stress! diminished by the internal stresss int ~athermal
back stress!. Owing to strain hardening, the latter depen
explicitly on the plastic straine. Finally, the instantaneous
strain-rate sensitivity~SRS! of the flow stress is denoted b
S05]sext/] ln e,tue,DG . This quantity describes the material
response in the absence of variations in strain hardeningand
aging state, i.e., processes which cannot respond insta
neously to changes in strain rate.

According to the premise that aging occurs during
waiting time of mobile dislocations at obstacles,DG in-
creases with increasing waiting time and, hence, decrea
strain rate. While this has been recognized to be the origi
strain-rate softening instability, here we do withouta priori
fixing the strain-rate dependence ofDG, but consider this
quantity as a dynamical internal variable of the model wh
is allowed to depend not only on the momentary value ofe ,t ,
but also on the strain-rate history. This idea is closely rela
to distinguishing the instantaneous SRSS0 which is always
positive, from theasymptoticSRSS` ,

S`5
]sext

] ln e ,t
U

e

5S01
]sext

]DG U
e

dDG

d ln e ,t
, ~3!

which accounts for the material’s response observed afte
internal degrees of freedom associated with DSA have
laxed to a new steady state.S` describes the effect of DSA
13410
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under stationary deformation conditions. Plastic instabi
then goes along with negative values ofS` ~strain-rate soft-
ening instability!.

In principle, the temporal evolution ofDG can be ob-
tained from solving the solute drift-diffusion problem in th
stress field of a dislocation. While this is a formidable task
itself, that has been solved formally for special cases o
~cf. Ref. 62!, we note that theDG dynamics incorporates two
counteracting effects:~i! strain aging itself gives rise to a
increase ofDG with time, while ~ii ! unpinning of disloca-
tions is accompanied by the loss of the solute cloud such
DG is reset to zero. DSA then encompasses the combina
of these effects, which is taken into account by the followi
differential equation:

] tDG5hS DG`

DG D (12n)/n

~DG`2DG!2
e ,t

V
DG. ~4!

Here n denotes the characteristic exponent of the aging
netics ~see below! and h is the aging rate which is in pro
portion to the solute mobility. One notes that, even in t
casen51 ~linear aging!, Eq. ~4! is strongly nonlinear owing
to theDG dependence ofe ,t @cf. Eq.~1!# which figures in the
depinning term.

The role of the aging term@first term on the right-hand
side of Eq.~4!# is clarified if one considersstatic aging (e ,t
50). Then one has] tDG5h(DG` /DG)(12n)/n(DG`

2DG), which reproduces the well-known behavior as
function of aging time~waiting time!: ~i! For small waiting
times, t!h21 and DG!DG` , the initial behavior is gov-
erned by] tDG5hDG`

1/nDG121/n. Integrating with the ini-
tial condition DG(0)50 then gives the power lawDG
'DG`(ht/n)n with the aging exponentn. As a matter of
fact, n depends on the specific type of dislocation pinning
solute atoms~lineal pinning along the dislocation line, o
pointlike pinning at the intersections of the dislocation w
forest dislocations63!, and on the mode of solute diffusio
~bulk diffusion or pipe diffusion along forest dislocations63!.
@Many experimental investigations point atn51/3 ~Refs.
21–25! which is associated to DSA by pipe diffusion of so
ute atoms along the dislocation lines.# ~ii ! For long waiting
times, t@h21 and DG'DG` , one has] tDG5h(DG`

2DG), meaning that aging saturates exponentially acco
ing to DG'DG`(12exp@2ht#). HenceDG` is seen to rep-
resent the ‘‘aging potential’’ given by the maximum increa
of the activation enthalpy experienced by completely ag
dislocations.

The second term on the right-hand side of Eq.~4! stands
for the decay ofDG due to the thermally activated depinnin
of dislocations. As during depinning the solute cloud arou
the glide dislocation is released, the solute content~as repre-
sented byDG) relaxes at the ratee ,t /V. One notes that the
DG dynamics incorporates two characteristic time sca
V/e ,t andh21, a proper balance of which represents a n
essary condition for strain-rate softening instability to occ
This will be elaborated in more detail in Sec. IV.

As the plastic strain rate@Eq. ~1!# depends not only on the
aging stateDG but is also controlled by the effective stre
seff at which the system is operating, the model equation~4!
9-6
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has to be coupled to the mechanical behavior of the sys
Instead ofseff itself, it is more convenient to consider th
generalized driving force

f [
n

h
expF2

G0

kTGexpFseff

S0
G ~5!

as a nondimensional control variable. The temporal evolu
of f decomposes into a contribution from the externally a
plied stress ratesext,t and a contribution from the rate o
increase of the internal stress due to strain hardening@cf. Eq.
~2!#: ] t f 5(sext,t /S02he ,t /S0) f . Here we have assumed
linear strainhardening,s int5he, where h5]sext/]eue ,t ,DG

denotes the strain-hardening coefficient. This assump
does not represent any loss of generality for the subseq
analysis, as the plastic strain carried by a deformation ban
sufficiently small as to ensure quasilinear hardening w
parametric changes inh only.

Using definition ~1! of the plastic strain rate,e ,t
5hV exp@2DG/(kT)#f, we finally arrive at the following se
of constitutive equations:

] t f 5
sext,t

S0
f 2

hVh

S0
expF2

DG

kT G f 2, ~6!

] tDG5hS DG`

DG D (12n)/n

~DG`2DG!2h f expF2
DG

kT GDG.

~7!

Unless constant stress-rate testing (sext,t5const) is consid-
ered, this has to be supplemented with the machine equa
for a tensile test,

sext,t5EeffS v
l

2
1

l E0

l

dxhV expF2
DG

kT G f D , ~8!

according to which the elastic strain rate and the overall p
tic strain rate combine to comply with the imposed crossh
velocity v. Here we have introduced the gauge lengthl of the
tensile specimen and the effective elastic modulusEeff of the
tensile system composed of the specimen and the mach

IV. BASIC PROPERTIES OF THE MODEL

Equations~6!–~8! represent the nonlinear coupling b
tween the aging kinetics@Eq. ~7!# and the mechanical behav
ior of the tensile system@Eqs. ~6! and ~8!#. Before investi-
gating the model, it is convenient to introduce sca
variables to reduce the number of independent parameter

ḟ 5ṡ f 2u exp@2g# f 2, ~9!

ġ5~g/g`!2m~g`2g!2 f exp@2g#g, ~10!

g5DG/(kT) and g`5DG` /(kT) denote the nondimen
sional additional free enthalpy and its value at saturati
respectively, and a dot stands for differentiation with resp
to non-dimensional timet̃ 5ht. The exponentm is defined as
m5(12n)/n. Moreover, we have introduced dimensionle
13410
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parameters by scaling the stress rate and the strain harde
coefficient according toṡ5sext,t /(hS0) andu5Vh/S0, re-
spectively.

In what follows we considerlinear aging, with n51 and
m50, for simplicity. @Although this ‘‘standard model’’
seems not to have a physical realization, it already exhi
all the salient features of a strain-rate softening instabil
and it shares the behavior of the deformation band par
eters with the general casem.0 ~cf. Sec. V!. A generaliza-
tion of the results to non-standard aging is straightforwa
but detracts from the compactness of representation.# In this
case, Eq.~10! reduces to

ġ5g`2g2 f exp@2g#g. ~11!

To investigate the possibility of strain-rate softening instab
ity associated with Eqs.~9! and ~11!, one calculates the
asymptotic SRS as defined by Eq.~3!:

S`5S0S 12
g`

@11e ,t /~hV!#2

e ,t

hV D . ~12!

We note that DSA provides a negative SRS contribut
which may outbalanceS0 and, hence, gives rise toS`,0
provided that the aging potential is sufficiently large (g`

.4) and that the plastic strain rate matches the aging
(e ,t'hV).

Additional information about the loss of stability is ob
tained from linear stability analysis of Eqs.~9! and ~11!. If
one introduces (d f ,dg)5( f 2 f s,g2gs) as the deviations of
f andg from the steady-state values

f s5
ṡ

u
expF g`

11ṡ/u
G , gs5

g`

11ṡ/u
~13!

and linearizes with respect tod f anddg, one obtains

S d ḟ

dġ
D 5S 2ṡ ṡ f s

2
ṡ

u

gs

f s

ṡ

u
~gs21!21D S d f

dgD . ~14!

With (d f ,dg)5(d f 0 ,dg0)exp@lt# one calculates the eigen
valuesl of the evolution matrix,

l65k6Ak22v2, ~15!

with

k5
1

2
S ṡ

u
~gs212u!21D , v25ṡS ṡ

u
11D . ~16!

The requirement that the real part ofl become positive as
instability sets in is tantamount to the conditionk.0, or
ṡ/u.1/(gs212u). Using definition~13! of gs yields
9-7
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@g`222u2Ag`~g`2422u!#

2~11u!
,

ṡ

u

,
@g`222u1Ag`~g`2422u!#

2~11u!
~17!

for the unstable range of stress rates. The correspon
strain-rate range follows immediately from the equivalen
e ,t5hVṡ/u under steady-state deformation conditions. F
ure 12 shows the PLC range in a semilogarithmic plot. O
notes that the PLC range shrinks as the hardening ra
increased, meaning that strain hardening has a stabili
effect. In the absence of strain hardening (u50), g`.4 is a
necessary condition for instability to occur.

The conditionk50 defines the onset of an oscillato
instability associated with aHopf bifurcation from a stable
focus to an unstable one:l(k50)56 iv. @The Hopf bifur-
cation is subcritical meaning that the unstable range~as pre-
dicted by linear stability analysis! is surrounded by a meta
stable range where instability can be triggered by
presence of~finite-amplitude! noise.64 In practice, the transi-
tion to deformation localization is facilitated by intrins
strain-rate fluctuations induced by dislocation interactio
and by quenched-in fluctuations of the material paramete#
This represents a generic feature of velocity-softening in
bilities associated with solid friction and earthqua
dynamics65 or thermomechanical instabilities at low
temperature plastic deformation.41 The unstable focus is sur
rounded by a limit cycle in the phase plane (f ,g). In a spa-
tially extended system~viz. the gauge length of the tensil
specimen!, the revolution around this limit cycle correspon
to the repeated nucleation and propagation of deforma
bands~Sec. V!.

Figure 13 gives an example of a limit cycle which w
calculated numerically and plotted together with the zeros
Eqs.~9! and ~11!:

ḟ 50 ⇒ f s
( f )5

ṡ

u
expg ~18!

FIG. 12. Semilogarithmic plot of the unstable stress-rate ra
@PLC regime as defined by Eq.~17!# as a function of g`

5DG` /kT for various dimensionless strain hardening ratesu. Note
that the stress rates map to strain rates according toe ,t5sext,t /h.
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and

ġ50 ⇒ f s
(g)5S g`

g
21Dexpg. ~19!

The parametersṡ5u50.01 andg`56 were chosen such
that the steady state ‘‘working point’’~intersection pointḟ
5ġ50) lies on the unstable ascending branch of theġ50
characteristic. For sufficiently small values ofu, the me-
chanical behavior of the system as represented by Eq.~9! is
slow as compared to the aging kinetics ing @Eq. ~11!#. As
Fig. 13 illustrates foru50.01, the nonmonotonic behavior o
the ġ50 characteristic then causes a bistable switching
the system in the (f ,g) phase plane. Most of the time th
system stays close to the stable descending branchesġ
50 ~tantamount to an adiabatic approximation with resp
to the fast variableg which follows the slow evolution off ).
Close to the extrema of theġ50 characteristic, however, th
system has to switch from one stable branch to the other
as the unstable ascending branch is inaccessible. The sw
ing occurs on a fast time scale such thatf is almost unable to
follow ( f 'const), which is why the actual contour of th
limit cycle is governed by theġ50 characteristic.

Figure 14 shows another limit cycle calculated for fas
hardening:ṡ5u50.5, g`56. In this case, time scales ar
not separable, and the four intersection points of the li
cycle and the characteristic curvesḟ 50 andġ50 just define
the horizontal and the vertical tangents of the limit cyc
respectively, while the system no longer evolves close tġ
50. A quantitative distinction between the cases of weak a
strong hardening is postponed to Sec. V.

In concluding this section, we point to the close analo
which exists between the present problem~isothermal plastic

e FIG. 13. Limit cycle~solid line! in the (f ,g) plane as calculated

numerically for a weak hardening case (ṡ5u51022, g`56). The

intersection of the characteristic curvesḟ 50 and ġ50 ~dashed
lines! defines the unstable working point of the system. In the we
hardening case, the values off max,minandgmin,maxare approximately

fixed by the extrema of theġ50 characteristic~adiabatic approxi-
mation! at g1,2, respectively.
9-8
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deformation in the presence of DSA! and thermomechanica
instabilities during low-temperature plastic deformati
~plasticity coupled to deformation-induced generation
heat!.41 Returning to the Arrhenius law@Eq. ~1!#, one notes
that the internal variableDG of the DSA problem plays
much the same role as~reciprocal! temperatureT in the ther-
momechanical problem. As illustrated in Table I, the evo
tion equation~4! then compares to the energy balance:
pinning acts like a heat source due to the dissipation
mechanical work, and strain aging corresponds to heat lo
to the surrounding bath. In both cases, instability is due t
positive feedback between the internal variable and the p
tic strain rate. In view of this formal analogy it is not su
prising that the phenomenological aspects of thermo
chanical deformation at low temperatures closely resem
the PLC effect~localized deformation bands, serrated stre
strain curves!. In fact, also in thermomechanics an instan
neous SRS~response to adiabatic changes in strain rate! and
an asymptotic SRS~temperatureT relaxed to dynamica
equilibrium! have to be distinguished, and bands of types
and C can be discerned.41 While in the thermomechanica
problem, heat conduction provides a diffusionlike spa

FIG. 14. Example of a numerically calculated limit cycle~solid

line! pertaining to strong hardening@ṡ5u50.5, g`56; initial con-
dition: g(0)56, f (0)51023#. The characteristic curves~dashed
lines! coincide with those shown in Fig. 13. Note thatg cannot fall
belowu, while the adiabatic approximation forg is no longer valid
anywhere.

TABLE I. Comparison between the Portevin–Le Chaˆtelier
effect and thermomechanical instabilities.

PLC effect Thermomechanical problem

e,t5nV expF2 G0

kT
2g1

seff

S0
G e ,t5nV expF2 G0

kT
1

seff

S0
G

ġ5g92(g2g`)2(e ,t/hV)g Ṫ5T92(T2T0)1e ,tsext

spatial coupling ? heat conduction
strain aging heat losses to bath
depinning dissipation of mechanical work
g↘
e ,t↗ T↗
e ,t↗
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coupling, it is not obvious which coupling mechanism pr
vails in the PLC problem. This question is addressed
Sec. V.

V. CALCULATION OF TYPE-A DEFORMATION
BAND PARAMETERS

A. Band propagation and effect of strain hardening

In order to relate plastic instability to the concomita
strain localization in deformation bands, some kind of spa
coupling has to be introduced, as was suggested in ea
work by Aifantis.66 Formally this coupling provides a propa
gation mechanism for the deformation bands, as a chara
istic length scale is introduced, which affects the width of t
bands. While, for symmetry reasons, the leading-order c
pling is expected to be a second-order gradient term w
respect to the tensilex coordinate, the physical nature of th
prevailing propagation mechanism remains a controver
issue.61 In principle, band propagation may be provided e
ther by someextrinsic mechanism~related to specimen ge
ometry and deformation conditions! or be anintrinsic mate-
rial property.

In Appendix A, where various propagation mechanis
are discussed, we argue for long-range dislocation inte
tions governing the band propagation in rate-insensitive m
terials. As mobile dislocations correlate over a distancej
}S`

21/2,67–69 loss of strain-rate sensitivity (S`→0 corre-
sponds to an infinite stress sensitivity! goes along with a
diverging dislocation correlation length. Macroscopic dis
cation correlations associated with the PLC effect were c
firmed by glide band observations46 and acoustic emission
techniques.70 In the context of the present work it is interes
ing to note that the observed influence of the specimen th
ness can then be attributed to a finite-size effect, asj cannot
exceed the transversal specimen dimension. In Append
we estimate the dislocation correlations to result in a dif
sionlike coupling in the dynamics ofg with the pseudodiffu-
sion coefficientDg'bggmin(m/S0)eb,ts

2. Herem is the shear
modulus, andbg'0.1 a geometry factor which combine
details pertaining to the dislocation arrangement and to
inclination of the deformation bands with respect to the te
sile axis~cf. Appendix A!. Inserting typical experimental pa
rameter values,Dg is estimated to be of the order o
1 mm2/s. Hence the spatial coupling provided by disloc
tion correlations is sufficient to explain the observed ba
widths from a quantitative point of view~Sec. V C!.

In the following we investigate the deformation bandin
associated with the second-order gradient introduced in
dynamics ofg,

ḟ 5ṡ f 2u exp@2g# f 2, ~20!

ġ5g91g`2g2 f exp@2g#g, ~21!

where primes stand for differentiation with respect to t
dimensionless spatial coordinatex̃5Ah/Dgx. Let us focus
on deformation bands of type A which, once nucleated,
solitary waves that propagate along the tensile axis at a c
stant speed such that the band strainDeb accommodates vir-
9-9
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tually the whole applied strain ratev/ l . Then the relation-
shipsv5Debcb andv5eb,twb hold between the propagatio
speedcb , the local plastic strain rate in the bandeb,t , and
the bandwidthwb . While it is readily verified that such a
particular solution type exists for Eqs.~20! and ~21!, the
stability issue of the solitary wave solution is postponed
Sec. VI.

To calculate the band parameters, we note that
itary waves fulfill ḟ 52c f8 and ġ52cg8 with c
5(Dgh)21/2cb , denoting the nondimensional band spe
and that the dimensionless stress rateṡ can be neglected to
good approximation during band propagation.@The ṡ term
in Eq. ~20! is only appreciable during the quasielastic def
mation preceding the nucleation of a new band, whereas
ing the propagation of a fully developed band the effect
strain hardening in the band largely exceeds that of the
plied stress rate.# Then Eqs.~20! and ~21! read

c f82u exp@2g# f 250, ~22!

g91cg82 f exp@2g#g1g`2g50. ~23!

Before we analyze this set of nonlinear ordinary differen
equations, we have to consider in more detail the effec
the strain hardening coefficientu on the limit cycle behavior
displayed by Figs. 13 and 14.

According to the definition of the plastic strain rate,e ,t
5hV f exp@2g#, the peak strain rate in a deformation ba
corresponds to a relative maximum off exp@2g# or g8
5 f 8/ f . Combining this with Eqs.~22! and~23!, for the band
strain rate one finds

eb,t

hV
5

g`2gmin* 1g9

gmin* 2u
, ~24!

wheregmin* denotes the residual DSA enthalpy which is a
tually realized at the peak strain rate~cf. Fig. 14!. As gmin*
cannot fall below u ~singularity!, deviations from the
switching-curve approximation must become appreciable
u approachesgmin from below. This is evident from a com
parison of the limit cycles shown in Figs. 13 and 14, resp
tively. To determine the critical value at which finite
hardening effects become appreciable, we compareu with
the minimum value of the DSA enthalpy,gmin , in the
switching-curve approximation~Fig. 13!. For g`@1 one
readily calculatesgmin from Eqs.~18! and ~19!: gmin'g`(g`

21)exp@2(g`21)#, which amounts to about 0.2 forg`56
and becomes as small as 231026 for g`520. Accordingly,
the transition from weak to strong hardening occurs for

u5
hV

S0
>g`~g`21!exp@2~g`21!#. ~25!

Owing to this exponentialg` dependence, weak hardenin
~and, hence, the validity of the switching-curve approxim
tion! is realized only if DSA is not too strong, say 4,g`

,8. In the following subsections we derive analytical a
proximations of the band parameters for weak hardening
13410
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strong hardening, and compare the results with numer
simulations and with the experimental findings reported
Sec. II, respectively.

B. Weak hardening regime

1. Analytical results

To proceed with the calculation of the band velocityc, Eq.
~23! is multiplied byg8 and integrated along the tensile axi
This yields

c5

E
2`

1`

dx̃f gg8exp@2g#

E
2`

1`

dx̃~g8!2

5
I 1

I 2
. ~26!

After integration by parts and inserting Eq.~22!, the numera-
tor I 1 reads

I 15
u

cE2`

1`

dx̃~11g!~ f exp@2g# !2. ~27!

This integral can be evaluated if one notes thate ,t
5hV f exp@2g# is a sharply localized function that can b
approximated by ad function. For weak hardening (u
!gmin), we obtain

I 15
u

c
~11gmin!S eb,t

hV D 2

w ~28!

wherew5Ah/Dg wb is the dimensionless band width.
For the evaluation of the denominatorI 2 in the regime of

weak hardening, one notes that, according to the switch
curve approximation, the deformation band profile is divid
into three substagesw5wI1wII1wIII , with different ap-
proximations pertaining to different types of dynamics. A
illustrated schematically by Fig. 15, stages I and III cor
spond to the rapid depinning of dislocations in the front a
to the rapid recapturing in the wake of the band, respectiv
These stages are associated with the switching ofg at virtu-
ally constant valuesf 5 f max and f 5 f min , respectively, which
follow from the extrema of theġ50 characteristic~Fig. 13!.
In the intermediate stage II, however,g is in equilibrium with
the evolution of f ~adiabatic approximationġ50) and,
hence, the dynamics is controlled by strain hardening@Eq.
~22!#. As g8 is negligible in stage II, the denominator of E
~26! is approximated by

I 25~gmax2gmin!
2S 1

wI
1

1

wIII
D'2~gmax2gmin!

2. ~29!

Here it should be noted that unity width of substages I a
III is assumed,wI'wIII'1, which represents just a roug
order of magnitude estimate. Againgmax andgmin are defined
by the extrema ofġ50 ~Fig. 13!.

To estimate the widthwII of the central part of the band
we use Eq.~23! in the adiabatic approximation,g8'g9'0,
according to whichf exp@2g#'g` /g21'g` /gmin21. Inte-
9-10
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gration of Eq.~22! yields c ln(fmax/fmin)5u(g` /gmin21)wII ,
and according to definition~5!, one has lnfmax/fmin
5uDeb /V, and therefore

wII5
gmin

g`2gmin

v

VADgh
. ~30!

Note that the actual value of the strain-hardening coeffic
has dropped from this expression.

Combining Eqs.~28!–~30! and returning to dimensiona
units, we obtain the following set of band parameters in
weak hardening regime:

cb5S Dg

h D 1/4A~11gmin!/2

gmax2gmin
Au

v

VAwb

, ~31!

wb52ADg

h
1

gmin

g`2gmin

v
hV

, ~32!

Deb5
v
cb

. ~33!

We note that the functional dependencies ofcb , wb , and
Deb on the crosshead velocityv remain valid for any aging
kinetics with nÞ1. While systematic simulations of th
present PLC model will be presented elsewhere,71 some ex-

FIG. 15. Schematic illustration of a solitary deformation band
terms of f and g ~upper part!, as well ase ,t and e ~lower part!. A
clear distinction between the three substages~I: unpinning; II: rapid
glide; III: recapturing! can be made in the weak hardening regim
only, while for strong hardening the profiles are smeared out.
13410
t

e

emplary numerical results are discussed in the following s
section, proving the validity of results~31!–~33!.

2. Numerical simulations

In order to check the accuracy of Eqs.~31!–~33!, numeri-
cal integrations of Eqs.~20! and~21! and the machine equa
tion ~8! have been performed in the weak hardening regim
The model parameters assumed for the simulation are
following: h50.1 s21, V51025, S051 MPa, Ematerial
5Emachine5105 MPa (Eeff50.53105 MPa), f (0)510213,
g(0)5g`56, Dg51027 m2/s, andl 50.1 m. The govern-
ing equations are discretized both in time and in space,
solved through a fully implicit finite-difference integratio
scheme on the space coordinate at each time step. A no
mensional time stepD t̃ 50.1 and an array of 100 segmen
~‘‘blocks’’ ! along the specimen length have been conside
Fixed boundary conditions have been imposed, namely,
the first and last blocks,ḟ 5ġ50 at each instant of time. To
trigger the PLC instability, the initial conditionf (0) is per-
turbed in space by a random multiplicative factor varyi
between 1 and 30, which alters the local yield strength by
to 10%.

Figure 16 ~top! shows numerical results concernin
type-A PLC band propagation for an applied strain rate
v5131027 m/s, right in the center of the PLC range.
this case, PLC band nucleation is triggered by an initial p
turbation at the second block only. Parabolic plastic str
hardening is prescribed by a nondimensional hardening
efficient which decreases parametrically with the spatia
averaged plastic straineav according to the linear dependenc
u5u02231026 (eav/V), whereu05Vh0 /S051022 is the
initial nondimensional hardening coefficient correspond
to h05103 MPa. During the imposed loading history, th
resulting hardening parameterh then ranges from 1000 to
about 200 MPa. Note that the corresponding nondimensio
hardening coefficient isu50.01 . . .0.002, such thatu
!gmin'0.6 refers to the weak hardening case. In Fig.
~top! the space-time correlation map of the strain-rate ac
ity is displayed together with the post-yield stress evolut
in time. The correlation map is derived from the full plast
strain rate field by scoring a mark in the space-time pla
whenever the local plastic strain rate reaches a relative m
mum above a certain threshold. The information about
band propagation behavior obtained in this way, can be c
pared to the space-time correlation plots from laser ext
sometry ~Sec. II!. The PLC bands are seen to propaga
smoothly through the specimen and display a reflective p
tern of type A. The corresponding stress-time curve show
staircase profile, which is typical of this zig zag propagati
mode.58

As another example, Fig. 16~bottom! summarizes the nu
merical simulation of a tensile test with the same parabo
hardening, but at somewhat lower crosshead veloc
namely,v50.631027 m/s. Here the initial conditions forf
are perturbed by a random factor at all blocks. Again
space-time correlation map is shown together with the co
sponding stress-time curve. A full spectrum of PLC ban
ranging from type C to A is observed during the tensile te
9-11
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in qualitative agreement with experimental observations.
tially, isolated plastic strain bursts of type C erupt random
along the specimen length. Then, as the hardening coeffic
u decreases, the plastic bursts tend to correlate in time
space to form PLC bands partially traveling and hopp
through the specimen. Genuine type-B propagation set
toward the second half of the loading history. Later on,
even loweru, these bands stabilize further and approach
fully correlated type-A propagation mode. As opposed to
previous case, the type-A bands now repeatedly propaga
the same direction, giving rise to a serrated stress-t
curve.58

Those patterns have been observed in the whole P
range, depending on the simulated strain rate and the h
ening rate. As a general trend, it has been noted that typ
and -B bands are favored during the initial loading pha
~large hardening rate! and towards the lower bound of th
strain rate range where the PLC instability develops, wher
a type-A band prevails at high strain rate and-or low hard
ing rate. A theoretical interpretation of these observatio
will be given in Sec. VI.

FIG. 16. Uniaxial tensile tests simulated under constant app
crosshead velocity v51.031027 m/s ~top! and v50.6
31027 m/s ~bottom!, with the parametersh50.1 s21 and S0

51 MPa in both cases: space-time correlation map of strain-
activity ~left axis, scatter plot with circles! and post-yield stress
time curve~right axis, continuous line!.
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The type-A band velocitycb and bandwidthwb for v
5131027 m/s are represented in Fig. 17 as a function
the imposed hardening coefficientu. The band velocity is
calculated from the slopes of the space-time correlation
terns shown in Fig. 16~top!, while the bandwidth is deter
mined from the base width at threshold of the plastic str
rate bursts. One notes thatwb is virtually independent ofu in
accordance with Eq.~32!, noting some minor variation ow
ing to the strain-hardening dependence of the variablegmin .
The variation range ofwb in Fig 17 is actually confined to
one block, i.e., 1/100 of the specimen length. Quantitat
accordance with Eq.~32! is achieved for 2ADg /h
52 blocks andgmin'0.6.

It is apparent from Figs. 16~top! and 17 thatcb decreases,
while u is decreasing during the tensile test, in good agr
ment with the square root dependence predicted by Eq.~31!;
see the power law fitcb}u0.54 shown in Fig. 17. The band
velocities range from about 0.05 to 0.10 blocks per seco
which, with the assumed lengthl 50.1 m divided into 100
blocks, translates into 0.05–0.10 mm/s. Withgmin50.6 the
simulated band velocities are about twice as large as
theoretical results@Eqs.~31! and~32!#. This discrepancy rep-
resents an immediate consequence of the crude approx
tion made in the last step of Eq.~29!. In fact, better agree-
ment results if the factor of 2 is suppressed there.

In order to check the functional dependence of the ba
velocity cb on the bandwidthwb predicted by Eq.~31!, it is
convenient to plotcbAwb /u as a function of the imposed
strain ratev/ l for various simulation runs performed wit
different constant hardening coefficients in the weak hard
ing range, 1023<u<1022, and with linearly increasing
strain rates. Figure 18 confirms that the data almost colla
on a common straight line through the origin, as expec
from Eq. ~31!, and proving the validity of analytical expres
sions~31! and~32!. Moreover, we have checked that Eq.~33!
holds, provided that there is not more than one band pro
gating at any time.

d

te

FIG. 17. Numerical results of a uniaxial tension test simulated
constant applied crosshead velocityv51.031027 m/s (h
50.1 s21, S051 MPa,V51025). Band speed~left axis, numeri-
cal results represented by solid symbols, power-law fit by full lin!
and band width~right axis, open symbols! vs hardening coefficient.
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In concluding this subsection, we point at the complex
of band propagation patterns observed experimentally
well as in the simulations of the model. Figure 19 shows t
typical examples of space-time correlation maps of
strain-rate activity, the simulation result~bottom! obtained
toward the upper strain-rate range of the PLC regime,
laser extensometric result~top! referring to the lower tem-
perature range of the PLC regime.~Note that for the ther-
mally activated processes under consideration, lowering
temperature has qualitatively the same effect as increa
the strain rate.! In both cases, one observes a variety of ba
propagation modes:~i! subsequent PLC bands traveling
the same direction~no reflection!, ~ii ! zigzag propagation
with reflections at the ends of the specimen,~iii ! and multiple
band propagation with phase shifts suffered during the co
sion of bands traveling in opposite directions. While the
tual material system certainly exhibits a considerable deg
of quenched-in randomness~e.g., flow stress variations du
to the polycrystalline structure!, it is interesting to see tha
the present PLC model reproduces those patterns wit
any element of randomness@except for the random perturba
tions imposed on the initial conditionf (0)#. Additional re-
sults of systematic numerical simulations of the model
given in Ref. 71.

C. Strong hardening regime

It is obvious from Fig. 14 that the three band substa
I–III can no longer be distinguished in the strong harden
regime (u*gmin). To calculate the band parameters, the n
dimensional bandwidthw is now identified with the charac
teristic decay length off. According to Eq.~22! one has
f 8/ f 5ueb,t /(chV)'2/w and, hence,wb52V/(eb,tu)cb .
On the other hand, one easily checks that Eqs.~28! and~29!
and, consequently, Eq.~31!, continue to hold ifgmin andgmax

are replaced by the actual extremagmin* and gmax* as intro-

FIG. 18. Numerical results for the rescaled band velocit

cbAwb /u as a function of the applied strain rateė5v/ l for various
nondimensional hardening coefficientsu5(V/S0)h in the weak
hardening regime (h50.1 s21, S051 MPa,V51025). Note that
the data collapse on a common master curve, which is appr
mately represented by a straight line through the origin. Simula
results~scatter plots! and linear regression fit to all data~full line!.
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duced in Fig. 14. Combining those equations and using
localization conditioneb,twb5v, we arrive at the band pa
rameters for thestrong hardening regime:

cb5
u

2V
v, ~34!

wb5
2

u

11gmin*

~gmax* 2gmin* !2
ADg

h
, ~35!

Deb5
v
cb

5
2V

u
. ~36!

Again these results approximately hold for any aging kin
ics nÞ1, apart from insignificant correction factors of th
order of unity. As opposed to the weak hardening case p
sented above, band velocity and strain do not depend on
spatial coupling provided by the pseudodiffusion coefficie
With Dg}s2, this compares to the observation that tho

s

i-
d

FIG. 19. Comparison between an experimentally obser
space-time correlation map of strain-rate activity with the cor
sponding stress-time curve superimposed~top! and a qualitatively
similar numerical simulation result~bottom!. Top: polycrystalline
Cu-15 at. %Al alloy tested with an applied strain rate of 6.
31026 s21 at 20 °C~Ref. 58!. Bottom: same as Fig. 16, but with
v52.031027 m/s. In both cases, one notes a wealth of PLC ba
propagation modes, including parallel propagation, zigzag propa
tion, and multiple band propagation with phase shifts during ba
collision.
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band parameters are not affected by variations in speci
thicknesss, whereas the bandwidth scales aswb}s.

To compare those results with the experimental findin
reported in Sec. II, we note that for Cu-15%Al one hasS0

'1 MPa, V'531024, gmax* 'g`'8, h21'60 s, h
'1000 MPa, andm'43104 MPa at T5353 K. Hence,
u'0.5@gmin'0.05 such that the strong hardening case
applicable. With a band strain rateeb,t'331024 s21 ob-
served at the basic applied strain ratev/ l 56.6731026 s21,
the pseudodiffusion coefficient~Appendix A! follows asDg
'1.2 mm2 s21. This leads to the following theoretical ban
parameterscb,th50.25 mm/s, wb,th50.9 mm and Deb,th
50.2 % which is to be compared with the experimental
sults from Fig. 9, cb,ex50.19560.01 mm/s, wb,ex50.6
60.2 mm, andDeb,ex50.2560.05%, determined forv/ l
56.6731026 s21. Consequently, quantitative agreement
satisfactory.

Regarding the functional dependence of the band par
eters on the applied strain rate, we note that the pseudo
fusion coefficient itself is rate dependent:Dg}eb,t5v/wb .
Therefore, the theoretical band parameters obey the po
laws cb,th}vac, wb,th}vaw, and Deb,th}vae with the expo-
nentsac51, aw51/3, andae512ac50. The experimen-
tal investigations compiled in Fig. 9 yieldac50.8, aw
50.25, andae50.2, respectively. While the fundament
trends are correct, we note some systematic deviation, i
much as the observed band velocities do not completely
commodate the applied strain rate:ac,1 and ae.0. The
reason for this discrepancy is related to the fact that mate
parameters have been assumed to be constant, but ac
are not completely rate independent. In particular, this is t
for the strain-hardening coefficienth. In fact, if one corrects
for the experimentally observed rate dependence ofh, the
band velocity exponent increases toac50.9, which comes
close to the theoretical predictionac51. At present, it can-
not be excluded that additional rate corrections have to
plied, for instance, to the instantaneous strain-rate sensit
S0. Further experiments are required to clarify this point.

VI. ANALYSIS OF BAND TYPES B AND C

From the experimental observations we know that, as
applied strain rate is lowered, the solitary behavior of type
deformation bands tends to give way to a less regular be
ior associated with bands of type B~intermittent propaga-
tion! and type C~propagation suppressed!. This leads us to
investigate the stability of type-A bands with respect to sm
perturbations. As we shall see, transitions to types B an
can then be related to bifurcations from stable to unsta
behavior of type-A bands subjected to certain perturba
modes.

The perturbation analysis, details of which are presen
in Appendix B, is performed in the comoving coordina
frame of a type-A band~velocity c) where the band profile is
stationary. The analysis applies both to weak and str
hardening. Denoting deviations from stationarity in DSA a
tivation enthalpyg by c( x̃, t̃ ), we arrive at the following
linearized equation governing the growth of perturbations
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the form exp@iv t̃#c(x̃) with complex-valued frequencyv
5R(v)1 iI(v):

ivc1Hc52Y. ~37!

The left-hand side of this equation is formally equivalent to
Schrödinger equation with the ‘‘Hamiltonian’’H52] x̃

2
1V,

while the right-hand sideY describes the effect of the feed
back of the tensile machine on the aging kinetics@cf. Eq.
~B11! of Appendix B#. The ‘‘potential’’ V which is defined in
terms of the unperturbed type-A solution@cf. Eq. ~B10!# has
the form of a double well. The example depicted in Fig.
refers to strong hardening associated with the limit cycle
Fig. 14. Accordingly, perturbations tend to be localiz
mainly in the front~the deep minimum inV(x) to the right!
and, to a lesser extent, in the wake~the shallow minimum to
the left! of the band. In the case of a temporally oscillatin
and growing perturbation@R(v)Þ0, I(v),0# this gives
rise to a ‘‘breathing’’ of the deformation band which is ass
ciated to the discontinuous band propagation of type B in
laboratory coordinate frame. On the other hand, type-C
havior is associated with exponentially growing perturb
tions without oscillations@R(v)50, I(v),0#.

To a first approximation~cf. Appendix B! the real and
imaginary parts ofv are given by

@s22ul1u22I~v!#R~v!50, ~38!

@I~v!#22~s22ul1u!I~v!1s1Y112s2ul1u2@R~v!#250,
~39!

where s15@VEeff /(S0l )#ADg /h and s25(Eeffv)/(S0h l )
are combinations of material parameters, andY11 is a matrix
element defined in Eq.~B15!. The ground state ofH with the
eigenvaluel1,0 represents the only bound state of the
genvalue problem. From Eqs.~38! and ~39!, the following
conclusions are derived.

~1! For R(v)Þ0 the solutions to Eqs.~38! and~39! read

FIG. 20. Plot of the double-well potential@Eq. ~B10!# corre-
sponding to the limit cycle shown in Fig. 14. If perturbations whi
tend to localize in the front~right well! start growing monotoni-
cally, a transition from type A to C occurs, whereas oscillati
perturbations give rise to a periodically modulated band propa
tion associated with type B.
9-14
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I~v!5
s22ul1u

2
,

R~v!56As1Y112S s21ul1u
2 D 2

. ~40!

Hence, oscillatory type-B instability is expected to occur

s2,ul1u,2As1Y112s2 , ~41!

where the lower boundary ensures the growth of the per
bation @I(v),0# and, hence, the instability of the type-
solution, while the upper bound follows from the requir
ment thatR(v) be real~oscillatory instability!.

~2! For R(v)50 ~no oscillations!, Eq. ~38! is trivially
fulfilled, while Eq. ~39! yields

I~v!5
s22ul1u

2
6AS s21ul1u

2 D 2

2s1Y11. ~42!

The occurrence of a type-C instability then requires

ul1u.2As1Y112s2 . ~43!

~3! If s2.2As1Y112s2, namelys2.(s1 /s2)Y11, the type-B
range@Eq. ~41!# does not exist, and a type-C instability o
curs for

ul1u.
s1

s2
Y11. ~44!

In principle, inequalities~41!–~44! can be used to set up PL
maps like Figs. 7 and 8 representing the experimental res
However, this necessitates a detailed knowledge of the st
strain rate, and temperature dependences of the param
s1 , s2 , Y11, and l1. Since a comprehensive discussion
the implications of conditions~41!–~44! is quite intricate, we
shall concentrate on the leading dependences on cross
velocity v, which governs the occurrence of the various ba
types. To this end it suffices to note that, according to E
~B6! and ~B15!, one hass15const(v), s2}v, andY11}v2.
Hence the characteristic functions (s1 /s2)Y11 and 2As1Y11
2s2 both increase in proportion tov, while the modulus of
the ground-state eigenvalueul1u is a monotonically decreas
ing function ofv @cf. Eqs.~31! and~B10!#. Figure 21 gives a
schematic view of thosev dependences together with th
resulting types of deformation bands. In the upper part of
figure s2,(s1 /s2)Y11 gives rise to the occurrence of an in
termediate type-B regime which is missing in the oppos
case@s2.(s1 /s2)Y11 ~lower part!#. Out of the various pa-
rameters affecting the ocurrence of type B, we just point
that this oscillating deformation mode is facilitated by a s
machine@the conditions2,(s1 /s2)Y11 is the easier to fulfill
the smallerEeff ; cf. Eq. ~B6!#. It is important to note that
regimes of types A and C may also be absent if their velo
ranges are masked by stable deformation behavior@~cf. result
~17! of the linear stability analysis#.

The influence of the strain-hardening coefficientu on the
deformation banding is governed by theu dependence o
ul1u ~sinces1 and s2 are independent of, andY11 depends
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only weakly onu). As u decreases during plastic deform
tion, ul1u also decreases, and a type-C behavior tends to
way to a type-A behavior@cf. Eq. ~44!#. This trend has been
confirmed by the numerical simulations of the model eq
tions ~20! and ~21!, as reported in Sec. V B 2, Fig. 16~bot-
tom!, and Ref. 71.

To summarize, when the PLC regime is scanned by
creasing the crosshead velocityv, the following sequences o
band types are possible in principle:s-C-B-A-s, s-B-A-s,
s-C-B-s, s-C-A-s, s-A-s, s-C-s, ands-B-s wheres stands
for stable deformation behavior. As one infers from Fig.
the Cu-Al alloy of the present work exhibits a direct tran
tion from type C to type A as the crosshead velocity is
creased (s-C-A-s), whereas the intermediate type-B beha
ior (s-C-B-A-s) was observed, for instance, for an Al-M
alloy by Balik and Lukac26 as well as in our numerical simu
lations ~Fig. 16; also see Ref. 71!.

VII. CONCLUSIONS

The experimental investigations reported in this wo
have shown that laser extensometry provides a most valu
tool to analyze the spatiotemporal dynamics of plastic de
mation bands associated with the PLC effect. A major adv
tage of this technique consists of the unambigous identifi
tion of the various types of deformation bands in terms
high-dimensional space-time correlation plots. This typific
tion turned out to be not always possible in terms of sca
stress-strain curves alone. Moreover, laser extensometr

FIG. 21. Schematic illustration of the strain-rate ranges of
various PLC types~cf. the text!. For s2,(s1 /s2)Y11 an intermedi-
ate type-B range shows up~upper part! which is absent in the op-
posite case~lower part!.
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lows the precise determination of the band paramet
propagation velocity, band width and band strain.

Stimulated by the extensive data provided by laser ex
sometry and noting the lack of theoretical results on P
deformation bands, a model of the PLC effect has been
posed in the present work. Our main concern was to acco
for DSA on a microphysical base, and not only in a pheno
enological way, thus avoiding a shortcoming of previo
models. Attention was also directed to the nature of the s
tial coupling which governs the propagation of the deform
tion bands. It has been argued that long-range disloca
interactions lead to highly correlated dislocation glide whic
in the PLC regime, becomes manifest on the macrosco
scale.

The salient feature of the model is the explicit incorpo
tion of the DSA kinetics. The additional time scale associa
with DSA plays an important role in the qualitative appe
ance of the PLC effect. For instance, at the onset of P
instabilities, the DSA time scale determines the type of
furcation ~Hopf bifurcation!. Moreover, DSA represents th
reference time scale with respect to which the machine
sponds during discontinuous type-B band propagation. Th
features could not be explained appropriately in terms
previous models which implicitly assume the DSA kineti
to be in equilibrium with the dislocation dynamics@as in
Penning’s model~Refs. 28–33!# or which assume DSA to be
close to dislocation dynamical equilibrium~as in McCor-
mick’s model,17,39 where a linear relaxation is postulated f
the DSA kinetics!.

The differences between the present theory and the ea
approaches become particularly pronounced if mechan
tests at a constantstress rate are to be described (ṡ
5const). Under this testing condition staircase-type stre
strain curves are observed with PLC bands propagating
idly at virtually constant stress and quasielastic loading
tervals separating the nucleation or propagation of succes
bands. From a glance at the characteristic times involved~the
duration of band propagationtprop'1021 s is much less than
the duration of the intermediate loading phasest load'10 s)
we conclude that most of the aging occurs during the ela
loading. In fact, as the characteristic time of solute diffus
h21'10 . . . 100 s largely exceedstprop, dynamicstrain ag-
ing during band propagation is not significant at all, b
static aging occurs during elastic loading. Obviously, th
case cannot be described in terms of a DSA kinetics whic
in, or close to, equilibrium with the dislocation dynamic
The present model, however, also covers theṡ5const case,
since it combines the interplay between static aging and
namic depinning of dislocations. The extension of the the
and a quantitative interpretation of the experimental obse
tions pertaining toṡ5const tests will be presented in a fort
coming publication.
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APPENDIX A: ESTIMATES OF SPATIAL
COUPLING PARAMETERS

Deformation banding is associated with inhomogeneit
in the plastic strain and strain rate which act back on
effective stress state in the deformation band. To leading
der this effect can be expressed by diffusionlike coupl
terms entering the balance of the DSA activation enthalpg
and/or of the mechanical drivingf. From a qualitative point
of view, various intrinsic propagation mechanisms can
imagined as follows.

~1! Obviously, the solute diffusion associated with DS
gives rise to a diffusive coupling in the dynamics ofg. The
corresponding diffusion coefficient, however, hardly excee
D'1026 mm2/s. Hence this mechanism is too inefficient
establish the macroscopic spatial coupling observed with
PLC bands~on the mm scale with characteristic times in t
s range!.

~2! Similar arguments hold for the double cross-slip
screw dislocations~Refs. 49 and 61!. While this mechanism
also provides a random exchange of dislocations betw
parallel slip planes and, therefore, can be mapped on a
fusionlike coupling, cross-slip is unlikely to govern PL
band propagation from a quantitative point of view.

~3! As to polycrystalline materials investigated here, a
other spatial coupling is established by the compatibi
stresses in the granular system.61 Provided that intergranula
stresses cannot be relaxed efficiently by plastic deformat
this mechanism may carry over to the macroscopic scale
coarse-grained materials. However, as no grain-size de
dence of the band parameters was observed in the ra
70 . . . 530 mm, we conclude that compatibility stresses
not prevail during band propagation.

Since the predominance of those coupling mechanis
seems unlikely in view of the experimental findings, w
compare two other coupling mechanisms which are in acc
dance with the observation that the bandwidthwb scales in
proportion to the specimen thicknesss: ~i! bending moments
according to Bridgman’s analysis of a cylindrical neck, a
~ii ! a long-range correlated dislocation glide.

An extrinsicpropagation mechanism proposed in Refs.
relates to the nonuniform, multiaxial stress state that de
ops around a PLC band. Due to the plastic strain gradie
associated with deformation banding, deviations from
uniaxial tensile stress~bending moments associated with th
Bridgman effect51,39! arise which scale with the square of th
specimen thicknesss. To see this, we note that, according
Bridgman, the actual stress in the presence of a cylindr
neck iss5sextF,51,39 wheresext represents the nominal ap
plied stress and the correction factor

F5F S 11
2R

r D lnS 11
r

2RD G21

'12
r

2R
. ~A1!

Herer stands for the local specimen radius, andR@r is the
radius of curvature of the neck. WithR21'2]x

2r , and ex-
9-16
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pressing the variation inr due to a spontaneously forme
neck by the plastic strain variationDr /r 052De/2, the ac-
tual stress can be approximated by

s'sextS 11
r 0

2

2
]x

2e D , ~A2!

where r 0 denotes the specimen radius outside the ne
While this holds for a cylindrically necked specimen, a sim
lar stress correction is applicable to a deformation band
flat specimen when the specimen radiusr is replaced by the
specimen thicknesss,

Ds5s2sext5b fs
2sext]x

2e, ~A3!

with a geometry factorb f'0.25.
As opposed to that extrinsic geometry effect, correla

dislocation glide affects, through long-range internal str
fields, the average effective stressseff5sext2s int acting on
the mobile dislocations,

Dseff5s int

rm/2

r t
Fe ,t~x1j!2e ,t~x!

e ,t~x1j/2!
1

e ,t~x2j!2e ,t~x!

e ,t~x2j/2! G
's int

rm

2r t
j2]x

2~ ln e ,t!, ~A4!

whererm andr t stand for the mobile and the total disloc
tion density, respectively,s int is the average internal stres
~back stress! produced by dislocation interactions, and

j'
mb

4pAs intS`

~A5!

denotes the correlation length~glide plane distance! over
which dislocation interactions are strong enough as to ind
correlated dislocation motion.67–69Equation~A4! reflects the
idea that half of the mobile dislocations gliding on the plan
x6j5const ~those having the appropriate sign! support or
obstruct dislocation glide on the reference planex5const,
depending on whether they move faster or slower. The
pression in square brackets then represents the relative
quency at which dislocations onx5const are overtaken by
or overtake, dislocations onx6j5const. In the front and in
the wake of the band whereS`→0, the correlation length
diverges, such that correlations are only limited by the fin
specimen thicknesss. Assuming the band to be inclined a
45° with respect to the tensile axis, one hasj→s/A2.

According to the different physical mechanisms reflec
by the stress correction@Eq. ~A3!# owing to a gradient in
plastic strain and by the strain-rate dependent correction@Eq.
~A4!#, the corresponding coupling mechanisms are forma
distinct. To a first approximation, the Bridgman effect can
expressed as a diffusionlike coupling inf ~i.e., ] t f 5D f]x

2f
1•••), with the pseudodiffusion coefficient

D f5b f

sext

S0
e ,ts

2. ~A6!
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As opposed to this, dislocation correlations affect mainly
~nondimensional! depinning term in Eq. ~11!, ġ(2)

52 f exp@2g#g52@e,t /(hV)#g of the dynamics ofg. As
]x

2(ln e,t)']x
2g, this leads toġ(2)5ġ0

(2)2(Dg /h)]x
2g with

Dg5
1

4

rm

r t

s int

S0

e ,t

V
g s2. ~A7!

Using the well-known relation between the internal stre
and the total dislocation density,s int5ambAr t, and express-
ing the elementary strain byV5brm/Ar t ~shear modulusm,
length of the Burgers vectorb, and numerical factora
'0.4), Eq.~A7! simplifies toDg'bggmin(m/S0)eb,ts

2 which
is, up to a factor (bggmin /bf)(m/sext)'102, of the form of
Eq. ~A6!. From this we conclude that dislocation correlatio
provide the more efficient spatial coupling mechanism. F
thermore we note that, for simplicity,Dg is considered con-
stant by replacingg ande ,t by gmin andeb,t , respectively, i.e.
the values attained within a deformation band.

APPENDIX B: PERTURBATION ANALYSIS
OF BAND TYPES B AND C

We perform the perturbation analysis in the comovi
frame of a type-A band~velocity c!. Here @ f 0( x̃),g0( x̃)# is
associated with the stationary profile of a type-A band wh
represents a steady-state solution of

ḟ 5c f81ṡ f 2u exp@2g# f 2, ~B1!

ġ5g91cg81g`2g2 f g exp@2g#. ~B2!

Let us now introduce deviations from solitary type-A beha
ior by writing (g, f )5(g0 , f 0)1(exp@2cx̃/2#y,u). ~Extract-
ing exp@2cx̃/2# from the perturbation ing makes the differ-
ential operator ofy self-adjoint.! Linearization with respect
to the small perturbationsy andu gives, for the aging kinet-
ics,

ẏ5y92S f 0exp@2g0#~12g0!111
c2

4 D y

2g0exp@2g0#exp@cx̃/2#u, ~B3!

while the mechanical perturbations obey the linear equat

u̇5cu81ṡ0u1 f 0ṡ1

2u f 0exp@2g0#~2u2 f 0exp@2cx̃/2#y!. ~B4!

Here the stress rate is split into the unperturbed contribu
ṡ0 and the perturbationṡ1 associated with deviations from
type-A behavior: ṡ5ṡ01ṡ1. According to the machine
equation~8!, the stress-rate perturbation reads

ṡ15s1E dx̃~ f 0exp@2g0#exp@2cx̃/2#y2exp@2g0#u!

'2
s2

f 0
u1s1E dx̃f 0exp@2g0#exp@2cx̃/2#y, ~B5!
9-17
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with

s15
VEeff

S0l
ADg

h
, s25

Eeff

S0

v
h l

. ~B6!

For an investigation of types B and C bands, we may fo
on the reaction of the tensile machine to plastic strain-r
fluctuations. This nonlocal mechanical feedback occurs o
fast time scale@Eq. ~B5!#. For this reason, the following
approximations can be applied to Eq.~B4!.

~1! The stress rateṡ0 in the absence of fluctuations
small and will be neglected.

~2! Variations associated with thelocal strain hardening
~coefficient u) are negligible as compared to thenonlocal
machine response.

~3! For the same reason, gradients ofu remain small, as
the machine responds uniformly along the gauge len
u8'0.

With these approximations Eq.~B4! reduces to

u̇' f 0ṡ1'2s2u1s1f 0E dx̃f 0exp@2g0#exp@2cx̃/2#y.

~B7!

Equations~B3! and ~B7! represent a system of linear inte
grodifferential equations the solution of which will tell u
about the possibility of deformation bands of types B and
To this end we integrate the mechanical response and w
Eqs.~B3! and~B7! in formal analogy to a Schro¨dinger equa-
tion with additional inhomogeneity. This is achieved b
setting

y5exp@ ivt#c, u5exp@ ivt#w ~B8!

with a complex-valued frequencyv5R(v)1 iI(v). This
ansatz gives

ivc1Hc52Y, ~B9!

with the ‘‘Hamiltonian’’ H52] x̃
2
1V, the ‘‘potential’’

V5 f 0exp@2g0#~12g0!111
c2

4
, ~B10!

and thec dependent ‘‘inhomogeneity’’

Y5
s1

s21 iv
f 0g0exp@2g0#exp@cx̃/2#

3E dx̃8 f 0exp@2g0#exp@2cx̃8/2#c. ~B11!

Note thatc describes the perturbed aging kinetics, while t
mechanical response enters through the inhomogeneityY.

The formal solution of~B9!–~B11! is obtained by an ex-
pansion ofc andY in terms of the Hamiltonian’s eigenfunc
tions fn pertaining to eigenvaluesln , namely, Hfn
5lnfn ,

c5 (
n51

`

cnfn , Y5 (
n51

`

dnfn , ~B12!
13410
s
te
a

h:

.
ite

e

with coefficientscn and dn , respectively. Then Eq.~B9!
reads

(
n51

`

@~ iv1ln!cn1dn#fn50. ~B13!

Making use of orthonormality of the eigenfunction
*dx̃fnfm* 5dnm , we obtain

dn52~ iv1ln!cn5E dx̃fn* Y5
s1

s21 iv (
m51

`

cmYnm ,

~B14!

with the coefficient matrix

Ynm5E dx̃fn* f 0g0exp@2g0#exp@cx̃/2#

3E dx̃8fmf 0exp@2g0#exp@2cx̃8/2#. ~B15!

The solvability condition of the algebraic problem@Eq.
~B14!# reads

detF s1

s21 iv
Ynm1~ iv1ln!dnmG50. ~B16!

The determination of the set of eigenfunctions$fn% and of
the corresponding spectrum$ln% is complicated by the fac
that the explicitx̃ dependence of potential~B10! is not ex-
actly known. However, from definition~B10! and the quali-
tative behavior of the unperturbed type-A solution, we kno
thatV represents a double-well potential, as depicted in F
20. Corresponding to the minima ofV, perturbations tend to
be localized preferentially in the band front where disloc
tions are depinned from their solute clouds, and in the w
of the band where dislocations are recaptured. Furtherm
we know that the ground state ofH represents the only
bounded state ofV (l1,0, ln>0 for n>2). This is clear
from the fact that the Goldstone mode, while having a z
eigenvaluel250, possesses one node:f2}exp@cx̃/2#g08 .
~This zero mode restores the translational invariance whic
broken by the presence of the type-A band@g0( x̃), f 0( x̃)#.!
As the eigenvalues of a Sturm-Liouville problem increa
with increasing number of zeros of the corresponding eig
functions, the node-free ground state~indexn51) must pos-
sess a negative eigenvalue. This state is governing the st
ity of the type-A band with respect to perturbations of typ
B and C.

For a qualitative discussion of the way a type-A ba
loses stability, we restrict ourselves to the perturbations
duced by that ground-state eigenfunctionf1. This represents
a bimodal function with extrema in the front and in the wa
with respect to the unperturbed type-A band. If the grou
mode is oscillating@R(v)Þ0#, the superposition with the
type-A solution represents a breather mode in the comov
frame. Transferred to the laboratory frame, this breathe
associated with type-B behavior, i.e., intermittent ba
propagation with the concomitant serrations in the stre
9-18
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strain curve. If, however, the ground mode is growing wit
out oscillations@R(v)50, I(v),0# the resulting solution
is either blowing up while it is slowing down or it is fadin
away, depending on the sign of the ground mode. In b
cases, type-C behavior results as the propagation of the
tends to be suppressed.

To obtain a more quantitative idea, we assume that
ct

k

i

te

13410
-

th
nd

e

elements of the coefficient matrixY1m'0 for m.1, such
that Eq.~B16! is solved by

s1

s21 iv
Y111 iv2ul1u'0. ~B17!

After separation of real and imaginary parts, one obtains E
~38! and ~39!, which are discussed in Sec. VI.
.
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